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A priori message from SYHAI

"The main purpose of these series of lectures is to make
you understand ABC of OCT and help you prepare ad-
vanced course on stochastic optimal control theory that
yvyou might have in future. ”
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Lecture Schedulesl

ABC of Optimal Control Theory
PMP v.s. Bellman’'s dynamic programming
Hamilton-Jacobi equations (classical theory)

Hamilton-Jacobi equations (modern theory)
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What do you mean by control of system ?I

Control of a system has a double meaning:

e (Weak sense): Checking or testing whether the system’s be-
havior is satisfactory.

e (Strong sense): Putting things in order to guarantee that
the system behaves as desired.



Maximsl

e ""Since the building of the universe is perfect and is created
by the wisdom creator, nothing arises in the universe in which
one cannot see the sense of some maximum or minimum.” by

Leonhard Euler

e " The words control theory are, of course, of recent origin, but
the subject itself is much older, since it contains the classical
calculus of variations as a special case, and the first calculus of
variations problems go back to classical Greece.” by Hector J.

Sussmann.



Lecture 1: ABC of Optimal Control Theory



Goal of OCT'

The objective of OCT is to determine the control signals that
will cause a process to satisfy the physical constraints and at
the same time minimize (or maximize) some performance

criterion.

Minimize cost and maximize payoff, utility

"A problem well put is a problem half solved”
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T hree giants of modern control theoryl

e Richard Bellman (August 26, 1920 - March 19, 1984)

Bellman's dynamic programming (1953)
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e Lev Pontryagin (3 September 1908 — 3 May 1988)

Pontryagin's Maximum principle (PMP) (1956)
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e Rudolf E. Kalman (19 May 1930)

Kalman filter, Kalman’'s rank theorem (1960)
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X.

U.

Controlled dynamical systemsl

(Dynamical system)

z = f(z,1),

state (variable)

(Controlled dynamical system)

a.: — f(x7u7t)7

control (parameter)

Y xn)7

Y fu/m),

x = xz(t) € R"™.

u=u(t) € R™.
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e Example 1: Merton’'s optimal investment and consumption

o Step A: (Modeling of a problem)

Consider an individual whose wealth today is WO, and who will
live exactly 1" years. His task is to plan the rate of consumption
of wealth C'(s) for 0 < s < T . All wealth not yet consumed earns
interest at a fixed rate r. We have, for simplicity, assigned no
utility to final-time wealth (a bequest).

Let W(t) to be the amount of wealth at time ¢t.

W=rW-C, 0<t<T,
w(0) = Wb,



o Step B: (Identification of physical constraints)

W(t) >0, W(T)=0, C()>0.

¢ Step C: (Performance measure)

P[C] = /OT e~ PtU(C(s))ds, max P[C].

where p is a discounting rate, and U is the utility function of
consumption.

e Reformulation as calculus of variation problem

T .
va?);/o e P'h(rW — W)ds, subject to W(0) = w?.



e Example 2. (automobile problem): Minimum-time optimal
problem

o Step A: (Modeling of a problem)

The car is to be driven in a strainght line away from the point O
to the point e. The distance of the car from O at time t is given
by d(t). For simplicity, we assume that the car is denoted by the
unit point mass that can be accelerate by using the throttle or
decelerated by using the brake.

We set
d(t) = a(t) + 8(1),

where o« and g stand for throttle accelerate and braking decel-
eration respectively.



Again we set
x1 = d, xo = d, up .— o, uy .= G.

Then our controlled dynamical system is given by

a‘c(t>=(8 é)x<t>+<(j }>u<t>,

and two point boundary conditions:

aﬁ(to):<8>, .:U(tf)=<8>.



¢ Step B: (Identification of physical constraints)

State constraints

Control constraints

O0<wu; <M;, —My;y<wupx<O.

Assume that the amount of gasoline at time ¢t = tg is G gal-
lons, and the rate of gas consumption is proportional to both
accelerate and speed, thus the amount of gasoline used

/tf (’“1“1(’5) + kzxz(t))dt <G.
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¢ Step C: (Performance measure)

Minimum-time control
minimize J 1=ty — tp.

In general, the performance measure takes the form of

by
J = g(x(tp),ts) + /t Tr(e(®),u(®), Dt

g = 0; Lagrange problem, r = 0: Mayer problem

Admissible controls: controls satisfying physical constraints,
admissible trajectory



Optimal control probleml

Optimal control problem is to find an admissible control «* which
causes the system =z = f(x,u,t) to follow an admissible trajectory
x* that maximize the performance measure (payoff)

P= g(e(ty).ty) +/ r(@(®), u(®), ) dt.

terminal payoff running payoff

In this lecture, we assume that U,; denotes the set of all admis-
Sible controls:

Uy ={u:Ry — U: u=u() is measurable
and satisfies constraints},
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and U = [-1,1]": symmetric and convex.
e Basic problem

To find a control u* = u*(t) € U,; which maximize th payoff

Plu*] > Plu), € Uyg.



- Main questions

1. Does an optimal control exist 7 (Existence of optimal con-
trol)

2. How can we characterize an optimal control mathematically
? (characterization of optimal control)

3. How can we construct an optimal control 7 (realization of
optimal control)



TwoO examplesl

1. Control of production and consumption

x(t) := amount of output produced at time ¢t > 0

o Assumptions:
e \We consume some fraction of output at each time

e \We reinvest the remaining fraction
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Let v = u(t) be the fraction of output reinvested at time ¢ > 0,
O <u<1l. In this case

r=uxr, 0<t<T,
z(0) = 9,

where
x>0, 0<u<1l, U =1[0,1].

and

Plu] = /OT(1 — w(t))z(t)dt.



2. A pedulum problem

0(0) = 60y, 6(0) = wp.

We use the approximation

{9’+A9+w25in9=u, 0<t<T,

sinf~0, 0Kl
to get the linear approximate equation

f+XM+w?0=u, 0<t<T,
0(0) =6y, 6(0)= wp.
So the main question is to determine the control « so that (6,46

approaches (0,0) as soon as possible. (minimum-time control
problem)



We set

then, we have

a(2)=(2 4)(n)+(

We now set
T = 7[a(-)] : first time such that (

We also define

]
Pla] = —/O 1dt = —.



Controllability

In order to be able to do whatever we want with the given dynam-
ical system under control input, the system must be controllable.

16



Controllability I

Consider a controlled dynamics

r= f(z,u), to<t< oo,
z(tg) = Y,

We set the solution of the above controlled system as z(¢; tg, z°):

eNatural a prior question before optimal control

For a fixed desired state azo,azf € R™, can we find a control v € U4
and ¢y < oo such that

z(tr; to, 29) = T
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e Controllability question
Given the initial point z° € R™ and a set S C R",

does there exist a control u steering the system to the set S in
finite time 7

For the case S = {x}, controllability question asks us

3T <oo, ueU,; such that
z = f(z,u), 0<t< oo,
2(0) =29, «(T) = Tr.



Controllability for a linear systeml

From now on, consider a linear-control system and S = {0}, i.e.,

= Mz+ Nu, MecM*"™™ N M*™m (1)
z(0) = z0.

Definition:

1. A linear-control system (?77) is completely controllable <=
For any z9,2¢ € R", there exists a control w : [0,t;] - R™
such that z(tf) = xy.
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2. Reachable set

C(t) = {zp:3uec A suchthat z(tu,z) =0},
C = U;>0C(t) : reachable set

e Simple observation

O0ecC(t) and
LPect), >t = ec@.



Looking for sufficient and necessary
condition of controllability
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Snapshot of ODE theoryl

Consider a homogeneous linear ODE:

=Mz, t >0, Me M :constant matrix
z(0) = 0.

Then we have
z(t) = & (t)aP,

where ® is a fundamental matrix define by

®(t) = etM< -3 tk}i‘lﬁ>

k=0



Consider an inhomogeneous linear system:

r= Mz + f(t), t >0,
z(0) = 2.

Then the solution x can be given by the variation of parameters
formula (Duhamel’s formula)

2(t) = d(1)z° + /Ot O(t— s)F(s)ds,

where & (¢t — s) = ® ()P 1(s).



We now return to

r= Mx—+ Nu, t >0,
2(0) = 0.

Then by Duhamel’'s formula, we have

2(t) = d ()20 + D (1) /O " o1(s)Nu(s)ds.

Note that

20 € C(t) — z(t)=0
t
<— 29 = _/o > L(s)Nu(s)ds, for some u € U,



e Theorem (Geometry of reachable set)

Rechable set C is symmetric and convex, i.e.,

(7) Pec = -lec
(i7) 2°,7% e, e [0,1] = M+ (@ -MNz%ec



Kalman’s rank theorem (1960)'

Consider
t=Mz~+ Nu, MecM"™"™, NecM"™, (2)
We define a controllability matrix
G(M,N) := [N|MN|---|M" 1N].

e Definition

The linear control system (?7) is controllable — C = R"

21



e T heorem

rankG(M,N)=n <= 0eCP.

Proof. ¢ (=)

Suppose that 0 € ¢9. Note that

rankG(M,N) < n.
If rankG(M, N) < n, then there exists b %= 0 such that

b'G(M,N) = 0.



This yields
VN =bMN=...=pM" 1IN =0.
By Cayley-Hamilton's theorem, we also have

BMEN =0, k>0, bo lt)N=0.



We now claim
b is perpendicular to C(t), i.e., ¢%=0.
If 29 € C(t), then
0 t o1
x° = _/O O " (s)Nu(s)ds, u € U,y.
Therefore,

t
bla0 = _/O bl 1(s)Nu(s)ds = 0.



e (=) Suppose that 0 €Y, i.e.,
0 € (C°)° C Nyo(CO(1))".
Then 0 € CO(¢t), V t>0. Therefore
0 € aC(t).
Since C(t) is convex, there exists b # 0 such that
ptz0 <0, 20 ec).

For 20 € C(¢),

20 = — /Ot S 1(s)Nu(s)ds, well,,
Thus

bla0 = — /Ot b'd~1(s)Nu(s)ds < 0.



This yields
i~ 1(s)N = 0.
By differentiating the above relation, we have
VN =bMN=..-=b'M"IN =0,ie. bG(M,N)=0.
Hence rankG(M,N) < n.



e T heorem Let A\ be the eigenvalue of M.

rankG(M,N) = n and Re(A\) < 0 == The system (?7) is
controllable.



e T heorem Kalman (1960)

The system (?7) is controllable <— rank(G) = n.

This rank indicates how many components of the system are sensitive to the

action of the control



e Examples

1.
n=2  m=1, A=][-1,1]
x1 =0, t>0,
2> = u(t).
2.
Ty = w2, 1 >0,
x> = u(t).
3.

{ 1 = u(t), t >0,

x> = u(t).



ODbservability

In order to see what is going on inside the system under obser-
vation, the system must be observable
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Observability I

e Consider uncontrolled system:

=Mz, t>0, MecM™" xc R",
0 . (3)
x(0) =z : unknown.
Note that
z(t) = M0, (4)

Once we know z9, then we know everything !!

Suppose that we have observed data y:

y(t) = Nz(t), NecM™" m<n.
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e Observability question

" Given the observation y = y(-) which is low-dimensional, can

we in principle construct high-dimensional real dynamics x = x(-)
?

Thus problem is how to recover zY € R™ from the observed data
y.
Note that

Nz(0) = NzP,
Nz(0) = NM=zP,

y(0)
y(0)

y=D0) = Nz(""D(0) = NMn 120,



This yields

(

Thus, we have

(?7) and (?77) is observable

y(0)
y'(0)

\ y("~1(0) )

NM

NMn—l

<

rank

N
NM

NMn—l



e Definition
r= Mx, t >0,
£(0) =29, y= Nz
=  For two solutions z! and z2 such that
Nzl = Nz2 on [0,t] z%(0) = 22(0).

IS observable

Example: N =1, N = 0.

e Theorem (Observability is a dual concept of controllability)

{ z = Mz, t>0, IS observable

y = Nz,
&~ = M'24+ Ny is controllable.



La Salle’'s Bang-bang controll

U, :={u :[0,0) U =[-1,1]"" : wu is measurable}.

e Definition Let u € U,,.

u= (ul, - ,u"") is a bang-bang control
<— w'(t)|=1, Vt>0,i=1,---,m.

e Theorem (Bang-bang principle)

t = M N
{ i(O) :xw—(l)_ " L C()

— Ju"=4u"(-) : bang-bang control such that
t
20 = _/O > 1(s)Nu*(s)ds.
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Preliminaries for bang-bang principlel

L>* = L*°0,t;R™)={u : [0,t] > R™ : sup |u(s)| < oo},
0<s<t
ullge = sup |u(s)|, L*cC (L®)*.
0<s<t

e Definition Let up,u € L°°.

un, — u IN weak-star topology

t t
<— /Oun(s)go(s)ds—>/0u(s)cp(s)ds,
<— upn converges to u in weak-star topology,

where ¢ is a Li-test function with [§]¢(s)|ds < co.
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e Theorem (Banach-Alaoglu)
Any bounded set in L°° is weak-star compact.

e Corollary

If up €U,y :={u : [0,t] —» [-1.1]"" : u is measurable},
3 {un,} :subsequence of uy such that
up, — u Weak-star topology.



e Definition Let K C R"™ and z € K.

1. K is convex <— Ve,ye K, 0<A<1, Xx+4+(1-Nyc¢c€
K.

2. z € K is an extreme point =i
there does not exist z,z € K and X\ € (0,1) such that z =
Ax + (1 — M)z.

e Theorem (Krein-Milman)

K #=( : convex and weak-star compact
— K has at least one extreme pint.



The proof of bang-bang’s principlel

Let 20 € C(t). Then, we set

K ={uel,y : usteers 29 to 0 at time t}.

e Lemma

K #= (0 : convex and weak-star compact.
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