Gerald Trutnau Department of Mathematical Sciences, SNU
Topics in Mathematics 1 - Spring term 2017

Exercise sheet no.10 (18.5.2017)

Exercise 1: Let p be an absolutely continuous distribution with density f. Define the
corresponding entropy through

Hin) = - [ f(a)log f(2) do.

Show the following:

(i) The exponential distribution with parameter m~! has maximal entropy among all
absolutely continuous probability distributions on [0, c0) with fixed expectation m >
0.

(ii) The standard normal distribution has maximal entropy among all absolutely con-
tinuous probability distributions on R with fixed variance 1.

Exercise 2: Show that the following statements are equivalent for a random variable X:
(i) The Laplace transform Z()\) = E[e*¥] of X is finite in a neighborhood of 0.

(ii) There are a,b > 0 with P(|X|>t) < ae ® ¢t > 0.

Exercise 3: Show that for the random walk S,, from Exercise 2, Exercise sheet no.5:

1
lim P(Sn>cm)%: for0<a<1.
n—00 \/(1 + a)lJra(l _ a)lfa

What does in case @ > 1 hold ?

Please drop the solutions into the homework box for the lecture until 25.5.2017,
6 pm



