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Exercise 1: For a > 0 and

Tn =
∑

k:k>(1+a)n

nk

k!

determine the asymptotic behavior of T
1
n
n , i.e. its limit as n→∞.

Exercise 2: Let S be a finite set, µ the uniform distribution on S, U : S → R an arbitrary
map and (µλ)λ∈Λ the corresponding exponential family. Show with the help of Cramér’s
Theorem that

lim
n→∞

1

n
log |{x̄ = (x1, . . . , xn)| 1

n

n∑
i=1

U(xi) ∈ [m,m+ ε)}| = H(µλ(m))

form >
∫
U dµ and ε > 0.

Exercise 3: Let S be a finite set, (Ω,A) a measurable space and Xk : Ω→ S A/P(S)–
measurable, 1 ≤ k ≤ n. Show with the help of Exercise 1, no. 4: for any An ∈
σ(X1, . . . , Xn) there exists Cn ∈ Sn with

An = {ω ∈ Ω|(X1(ω), . . . , Xn(ω)) ∈ Cn} .

For Exercises 4-6 let S be a separable metric space with coressponding Borel σ–
algebra B(S).

Exercise 4: Let M1(S) be the set of all probability measures on S equipped with the
weak topology, B(M1(S)) the coressponding Borel σ–algebra. Let further (Xk)1≤k≤n be a
family of random variables on a probability space (Ω,A,P) with values in S. Show with
the help of Exercise 6 (next page), that the empirical distribution

%n : Ω→M1(S), ω 7→ %n(ω) :=
1

n

n∑
i=1

δXi(ω),

is A/B(M1(S))–measurable.



Exercise 5: Let (Xn)n∈N be i.i.d. on (Ω,A,P) with distribution µ on S and %n(ω) :=
1
n

∑n
i=1 δXi(ω), n ∈ N, the sequence of empirical distributions. Show with the help of

Exercise 6, that
%n −→ µ weakly P–a.s.

Exercise 6: Let µn, µ be probability measures on S. Show:

(i) There are open subsets U1, U2, . . . of S with

lim
n→∞

µn = µ weakly ⇔ lim inf
n→∞

µn(Uk) ≥ µ(Uk) für alle k ∈ N .

(Hint: Let S0 ⊂ S be a countable dense subset, U0 = {Bq(s0)|q ∈ Q+ , s0 ∈ S0} and
U = {

⋃m
n=1 Vn|m ∈ N, Vn ∈ U0, 1 ≤ n ≤ m}. Show that there exists for any open

subset U ⊂ S a sequence (Vn)n∈N ⊂ U with Vn ⊂ Vn+1 and U =
⋃
n∈N Vn. Show

then, that lim infn→∞ µn(Vk) ≥ µ(Vk) for all k ∈ N implies lim infn→∞ µn(U) ≥ µ(U)
and apply Theorem I.10.3.)

(ii) There are functions g1, g2, . . . ∈ Cb(S) with

lim
n→∞

µn = µ weakly ⇔ lim
n→∞

∫
gk dµn =

∫
gk dµ for all k ∈ N.

(Hint: Let U1, U2, . . . be as in (i). For each Uk construct a sequence of continuous
functions (fkn)n∈N with 0 ≤ fkn ≤ 1Uk

and limn→∞ fn ↗ 1Uk
pointwise.)

Please drop the solutions into the homework box for the lecture until 9.6.2017,
6 pm

2


