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Exercise 1: Let (X, d) be a metric space. For 0 < r ∈ R, x ∈ X let B(x, r) := {y ∈
X|d(x, y) < r}. Let D ⊂ X be dense. Let

B := {B(x, q) |x ∈ D, 0 < q ∈ Q}.

Let y ∈ X, 0 < r ∈ R. Show that B(y, r) =
⋃
{B ∈ B|B ⊂ B(y, r)}.

Exercise 2: Let X = (−∞, π + 1), f : X → R2 such that

f(x) :=

{
(x, 0) for x ≤ 1

(cos(x− 1), sin(x− 1)) for 1 ≤ x < π + 1.

Is f an embedding?

Exercise 3: a) Consider the following equivalence relation on R: x ∼ y ⇔ x − y ∈ Z.
Show that R/∼∼= S1. b) Let T be the (2-dimensional) torus. Show that T ∼= S1 × S1.

Exercise 4: Let p : X → X/∼ be the quotient map induced by an equivalence rela-
tion ∼ on X. Let f : X → Y be continuous such that

x ∼ y ⇒ f(x) = f(y).

Show that there exists a unique continuous map

f ∗ : X/∼→ Y

with f ∗ ◦ p = f .

Exercise 5: Let X = Rn+1 \ {0}, n ≥ 1, n ∈ N. For x, y ∈ X let

x ∼ y ⇔ ∃λ > 0 x = λy.

Equip X/∼ with the quotient topology. Show that X/∼∼= RP n.

Exercise 6: a) Let S2
− := {x ∈ S2|x3 ≤ 0}. For x, y ∈ S2

− let: x ∼ y ⇔ x = y or
x = −y. Consider S2

−/∼ with the quotient topology. Show that S2
−/∼∼= RP 2. Use this to

indicate an embedding of the Moebius strip into RP 2.
b) Show that RP 1 ∼= S1.

Exercise 7: a) Show that [0, 1] ⊂ R is connected.
b) Let f : [0, 1] → [0, 1] be a continuous map. Show that f has a fixed point, i.e. there
exists an x ∈ [0, 1] with f(x) = x.


