Joint hyponormality of rational Toeplitz pairs

In Sung Hwang and Woo Young Lee

Abstract. We characterize hyponormal “rational” Toeplitz pairs which are
pairs of Toeplitz operators whose symbols are rational functions in L°°. The
main result of this article is as follows. If T = (Ty,Ty) is a hyponormal
rational Toeplitz pair then ¢ — B1p € H? for some constant 3; in other words,
their co-analytic parts necessarily coincide up to a constant multiple. As a
corollary we get a complete characterization of hyponormal rational Toeplitz
pairs.
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1. Introduction

In the monograph [CL], R. Curto and the second named author characterized the
joint hyponormality of Toeplitz pairs which are pairs of Toeplitz operators with
trigonometric polynomial symbols. We here obtain a complete characterization of
hyponormal rational Toeplitz pairs which are pairs of Toeplitz operators whose
symbols are rational functions in L°°.

The Bram-Halmos criterion on subnormality ([Br]) states that an operator
T on a Hilbert space M is subnormal if and only if =, (T"z;,T7x;) > 0 for all

finite collections xg,x1, - ,xr € H. It is easy to see that this is equivalent to the
following positivity test:

1 T ... T*k

T T*T ... T*T
(L.1) : S _ >0 (all k>1).

Tk T*TR .. TrRTE
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In 1988, the notion of “joint hyponormality” (for the general case of n-tuples of
operators) was first formally introduced by A. Athavale [At]. He conceived joint
hyponormality as a notion at least as strong as requiring that the linear span of
the operator coordinates consist of hyponormal operators, the latter notion being
called weak joint hyponormality.

Subnormality, joint hyponormality, and weak joint hyponormality have been
studied by A. Athavale [At], J. Conway and W. Szymanski [CS], R. Curto [Cu], R.
Curto, P. Muhly, and J. Xia [CMX], R. Douglas, V. Paulsen, and K. Yan [DPY],
R. Douglas and K. Yan [DY], D. Farenick and R. McEachin [FM], C. Gu [Gu], S.
McCullough and V. Paulsen [McCP], D. Xia [Xi], R. Curto and the second named
author [CL], and others. Joint hyponormality originated from questions about com-
muting normal extensions of commuting operators, and it has also been considered
with an aim at understanding the gap between hyponormality and subnormality
for single operators. To date, much of the research on joint hyponormality has
dealt with commuting tuples of hyponormal operators.

The study of jointly hyponormal Toeplitz operators started from D. Farenick
and R. McEachin [FM]. They studied operators that form hyponormal pairs in
the presence of the unilateral shift. Since the unilateral shift is a Toeplitz operator
on the Hardy space of the unit circle, one can ask whether the results in [FM]
extend to Toeplitz pairs, that is, pairs whose coordinates are Toeplitz operators
on the Hardy space of the unit circle. R. Curto and the second named author
[CL] gave a complete characterization of hyponormal trigonometric Toeplitz pairs
which are pairs of Toeplitz operators with trigonometric polynomial symbols. C.
Gu [Gu] studied the joint hyponormality of Toeplitz pairs whose coordinates have
the same co-analytic parts. The purpose of this article is to provide a complete
characterization of hyponormal rational Toeplitz pairs.

Let H be a complex Hilbert space and let B(H) be the algebra of bounded
linear operators acting on H. For A, B € B(H), we let [A, B] := AB — BA; [A, B]
is the commutator of A and B. Given an n-tuple T = (T1,...,T,) of operators on
H, we let [T*, T € B(H® --- & H) denote the self-commutator of T, defined by

[Ty, T4 [T5,Th] ... [T7,T]

[Tl*a TQ] [TQ*a TQ] s [T:’ TQ]
[T, T] = : : ) :

[Ty, T [T5,Tn] ... [T5T,]

(This definition of self-commutator for n-tuples of operators on a Hilbert space was
introduced by A. Athavale in [At].) By analogy with the case n = 1, we shall say
([At], [CMX]) that T is jointly hyponormal (or simply, hyponormal) if [T*,T] is a
positive operator on H&®- - - dH. Clearly, the hyponormality of an n-tuple requires
as a necessary condition that every coordinate in the tuple be hyponormal.

Let T = R/27Z be the unit circle. The Hilbert space L? = L?(T) has a
canonical orthonormal basis given by the trigonometric functions e,(z) = z",
for all n € Z, and the Hardy space H?> = H?(T) is the closed linear span of
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{en :n = 0,1,...}. An element f € L? is said to be analytic if f € H?, and
co-analytic if f € L2 © H?. If P denotes the orthogonal projection of L? onto H?2,
then for every ¢ € L> = L>°(T), the operator T,, on H? defined by

Tsg:=P(¢g) (g€ H?)

is called the Toeplitz operator with symbol ¢. If ¢ is a trigonometric polynomial of
the form ¢(2) = ZnN:_m a,z", where a_,, and ay are nonzero, then the nonnega-
tive integers m and N denote the co-analytic and analytic degrees of ¢, respectively.
If ¢ € L, write

¢, =P(p) € H> and ¢_ = (I — P)(p) € zH?.

Thus we can write ¢ = ¢_ + ¢,. D. Farenick and R. MaEachin [FM] showed that
if U is the unilateral shift on H? then the hyponormality of (U, T) implies that 7T is
necessarily a Toeplitz operator. Furthermore they proved that if ¢ = ¢_+¢, € L>®
and if ¢ = ¢_ + U*¢p; € L™ then (U, T,) is hyponormal if and only if the single
Toeplitz operator Ty, is hyponormal. R. Curto and the second-named author [CL]
have studied the hyponormality of T = (T, Ty) when both symbols ¢ and ¢ are
trigonometric polynomials. In [CL], a complete characterization of hyponormal
Toeplitz pairs in this case was given. The core of the main result in [CL] is that
the hyponormality of T = (T}, Ty) (where ¢ and 9 are trigonometric polynomials)
forces that the co-analytic parts of ¢ and 1 necessarily coincide up to a constant
multiple, that is,

(1.2) ¢_ = pp_  for some g € C.

C. Gu [Gu] gave a characterization of hyponormal Toeplitz pairs T = (T, Ty)
under the constraint (1.2) on the symbol - the assumption of equal co-analytic
parts. In this article we show that if ¢ and 1 are rational functions in L°°, then
the condition “symbols have equal co-analytic parts” is indeed necessary for the
hyponormality of the pair T = (T}, Ty): this follows a spirit of the main result in
[CL]. Thus we get a characterization of hyponormal “rational” Toeplitz pairs. A
key step for the proof of the main result is accomplished by a direct and careful
analysis on the self-commutator of the pair.

The organization of the article is as follows. In Section 2 we introduce basic
facts about Toeplitz operators and Hankel operators. In Section 3 we provide
auxiliary lemmas to be used in proving the main results. Section 4 is devoted to
prove the main results.

Observe that if (T7,T5) is hyponormal, then so is (77 — A1, T2 — A2) for every
A1, A2 € C. Thus if ¢, ¢ € L have Fourier coefficients qg(n), 1[)(11) for every n € Z,
respectively, then the hyponormality of (T, Ty) is independent of the particular
values of é(O) and ’(/AJ(O) Therefore, throughout the article, we will assume that
the 0-th coefficient QAS(O) of the given symbol ¢ of a Toeplitz operator is zero.
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2. Preliminaries

A bounded linear operator A is called hyponormal if its self-commutator [A*, A] :=
A*A— AA* is positive (semidefinite). Normal Toeplitz operators were characterized
by a property of their symbols in the early 1960’s by A. Brown and P. Halmos
[BH] and 25 years passed before the exact nature of the relationship between the
symbol ¢ € L> and the positivity of the self-commutator [T;, Ty) was understood
(via Cowen’s theorem [Co]). We shall employ an equivalent variant of Cowen’s
theorem [Co], that was first proposed by Nakazi and Takahashi [NT].

Cowen’s Theorem. For ¢ € L, write
E(¢) ={ke H®:|lkl|loo <1 and ¢ — k¢ € H>}.
Then Ty is hyponormal if and only if £(¢) is nonempty.

Cowen’s method is to recast the operator-theoretic problem of hyponormality
for Toeplitz operators into the problem of finding a solution with specified proper-
ties to a certain functional equation involving the operator’s symbol. This approach
has been put to use in many works to study hyponormal Toeplitz operators on the
Hardy space of the unit circle.

Let J be the unitary operator on L? defined by J(f)(z) = Zf(%). For ¢ € L,
the operator on H? defined by

Hyf = J(I - P)of) (feH?
is called the Hankel operator Hy with symbol ¢. If we define the function v by
9(z) := v(Z), then H, can be viewed as the operator on H? defined by (zuv, ¢) =
(Hyu, ) for all v € H*. We write HZ := {zf: f€ H*}and L= {f: f € L} for
L C L?(T). We write, for an inner function 6,

H(0) := H> © 0H?.

The following is a basic connection between Hankel and Toeplitz operators ([Ni]):

(i) Toy — ToTy = H3Hy (9,9 € L*);

(ii) HyTh = Hyp = TgHy (h € H*, ¢ € L™).
From this we can see that if k € £(¢) then
(2.1) (15, Ty) = H%Hg —Hi;Hy = HgHg - H;nga = H%(l —TeTg) Hy.
We here observe that if T = (Ty,Ty) then the self-commutator of T can be
expressed as:

(T3, Ts]  [T7,Ty)

[T, 7] = ([T;,Tw (75T,

) - (15{;@}1(m — HiHy— H:Hy- - H;;H¢> |
v

HEHH — HKHK HKHW — HIHf
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A function ¢ € L is said to be of bounded type (or in the Nevanlinna class) if
there are functions 1,99 € H*(D) such that

_ hi(2)
P2(2)

for almost all z in T. Evidently, rational functions in L°° are of bounded type. We
recall ([Ab, Lemma 6]) that if T} is hyponormal and ¢ is not analytic then ¢ is of
bounded type if and only if ¢ is of bounded type. In [Ab, Lemma 3], it was also
shown that

¢(2)

¢ is of bounded type <= ker H, # {0} <= ¢ = 0b,

where 6 is an inner function, b € H*>, and 6 and b are relatively prime, i.e., there
does not exist a nonconstant inner function w such that 6 = wly and b = wby for
some 0g.bg € H>*. Thus if f € H? is such that f is of bounded type and f(0) =0
then we can write

f= 6,
where 6 is an inner function and b € H(0) satisfies that b and 6 are coprime. In
particular, we can easily show that

(2.2) f = 0b is a rational function <= 6 is a finite Blaschke product.

Since TxHy = HyT, it follows from Beurling’s theorem that ker H(ZT = Gy H? and
ker HE = 6, H? for some inner functions 6y, 6. If T, is hyponormal and ¢ is not
analytic then by (2.1), [|[Hgf|| = ||[Hz—f]| for all f € H?, so that

(2.3) 0, H? = ker Hy- Cker Hy— = 0o H?,

which implies that 6y divides 04, i.e., 84 = 0pf; for some inner function 6;. Thus
if ® = ¢_ + ¢ is of bounded type, ¢ (0) = ¢_(0) = 0, and T} is hyponormal
then we can write

(2.4) ¢y =06pb1a and ¢_ = 6pb, where a € H(0p0;) and b € H(by).

On the other hand, as in (2.3), the hyponormality of Toeplitz pairs is also related
to the kernels of Hankel operators involved with the analytic and co-analytic parts
of the symbol. Indeed it was shown ([Gu, Lemma 6.2]) that if neither ¢ nor ¢ is
analytic and if (T, Ty )is hyponormal, then

(2.5) ker (Hgz—) C ker (Hy—) and  ker (Hy—) C ker (Hg—).

Throughout the article, whenever writing f = #a € H? (where # is an inner
function and a € H(#)), we will assume that § and a are relatively prime.



6 In Sung Hwang and Woo Young Lee

3. Auxiliary Lemmas

To prove the main result we need several auxiliary lemmas. The first two lemmas
are technical lemmas about Hankel operators. If M is a closed subspace of L?, we
write Py, for the orthogonal projection of L? onto M.

Lemma 1. If 6y and 01 are inner functions, then

Hm = TQH%-F HmPQOHz.

Proof. We first claim that Hg-l3((6,) = T Hg,l#(0,)- Indeed, if f € H(fo) then
O f € HZ, and hence z6yf € H2. Thus

Hyg=f = J(I — P) (8001 f) = J (0001 f) = 20001 f = T (200 f) = T Hg=f.
But since ker Tfﬁ Hy = ker Hys = 0o H?, it follows that

Hm = HmPH(go) + HMP90H2 = T(’EIH% + HmP90H2'

Lemma 2. If 6y and 6, are inner functions, then
Hy g Poo > = Py g Hygpr
Proof. For f € H? write f = f1 + fa + f3, where f1 € H(0y), fo € 0p01H? and
f3 € H(6p01) © H(6p). Thus f3 = Oph for some h € H?. Observe that
fs = Ooh € H(00,) <= 0,0,00h € HZ <= h € H(0;).
Therefore we have that
Hyg-Poyuz f = Hyg-00h = J(I — P)(@0160h) = J(B1h) = 20, h.
On the other hand, we have that
Py ey Hogar [ = Prys)Hoger (f1 + f3)
— Pyyg) (I — P) (@b fr + i)
= PH(@)J(MJCI +Eh)
= PH(@)(Z%%% + PH(@)(E%E)
— %0k,
where the last equality comes from the following observation:
f1 € H(bo) = 7001 € H? = 2000, [y € 01H? = P, (20061 J1) = 0.

This completes the proof. O
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For a notational convenience we adopt the following notation: If ¢ = ¢_ +
¢+ € L and if 6, and 0, are inner functions, we write

0010, = Pz (016-) + Pryz(020+).

Thus we have that (¢, ,0,)+ = Pp2 (O2¢+) and (¢g, 0,)— = Py (616_). We also
abbreviate

o = Po,0-

Lemma 3. Let ¢ = ¢_ + ¢, € L™ be of the form
¢+ =0pb1a and ¢_ = 905,

where 01 and 02 are inner functions, and a € H(0p61) and b € H(0y). Then we
have:
(i) Suppose 8 is a factor of 61 and w is a factor of 0y. If Ty is hyponormal then
Ty, , is hyponormal. Further if w = 1 then the converse is also true.
(ii) If 0 is an arbitrary inner function and Ty is hyponormal then Ty, is hyponor-
mal.
Proof. (i) Write 6; = 0A; and 0y = wAq. If Ty is hyponormal then by Cowen’s
theorem there exist a function k € H> with ||k||cc <1 and a function h € H? for
which 0ob — kfofia = h, that is, ka = 01(b — 6ph). Since a and 6, are relatively
prime, it follows that k = 61 for some ( € H*>. If we put k; := Ajlw then
|k1]|oo <1 and Agb — k109A1a € wH?, so that Py (Agb) — ky Py (6pAqa) € H?,
which implies k1 € £(dw,9), that is, T,, ¢ is hyponormal. For the second assertion,
observe that if k € £(¢y,9) then kO € £(¢).

(ii) Note that if h € H*> and ¢ € L* then HPHg e = HP(Ep) = Hg), =
HgTh. Thus,
T Ty, | = H—— H- — —H* _ _ H —
230> Tso] Pya(094) " Pz (09+) Pya(09-) " Pyz(09-)
= HygHogo — Hyg—Hyg—
= Ty (H2—Hy— — Hi—Hz=)T,
= TO* [Tg, T¢]T97
which implies that if T is hyponormal then so is Tj,. 0

The converse of Lemma 3(ii) is not true in general: indeed, a straightforward
calculation shows that if ¢(z) = 272+ 3271 + 22+ 222 then T is not hyponormal,
whereas T, is hyponormal.

Lemma 4. Let ¢ = ¢_ + ¢ € L™ and ) = ) + 1, € L™ be of the form
¢y = 0obha, ¢_ =0ob, 1y = 0205¢ and _ = bad,

where a € H(001), b € H(bp), ¢ € H(0203), and d € H(02). Suppose 0 is an inner
function. If T = (Ty, Ty) is hyponormal then Tg = (Ty,, Ty,) is hyponormal.
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Proof. From the same argument as in the proof of Lemma 3(ii), we have that

[T* 7T¢ ] [T* vT¢ ]
[ o ] [T¢9’T¢9] [TvaTwe]

Ty HaHy Ty — Ty H2—Hy=Ty Ty HiHy Ty — Ty H:—Hy—Ty
T H H Tg TyH,-Hy~Ty TyH: Hy Ty~ Ty Ho—Hy Ty

Ty 0N e g (To O
—(o Sywn(s 4)

which implies that if T is hyponormal then so is Ty. |

If one coordinate of the Toeplitz pair has an analytic symbol then the hy-
ponormality of the pair can be determined by the hyponormality of a single
Toeplitz operator (cf. [CL, Theorem 1.10]; [Gu, Theorem 4.1]).

Lemma 5. If ¢ € H™ is such that ¢ = 0a for a € H(0) and ¢ =p_ +1p, € L is
arbitrary then T = (Ty,Ty) is hyponormal if and only if Ty, , is hyponormal.

Proof. See [Gu, Theorem 4.1]. O

4. Main Results
Our main theorem is as follows:
Theorem 1. Let ¢ and ¢ be rational functions in L. If T = (Ty,Ty) is hyponormal
then ¢ — By € H? for some constant (3.
Proof. In view of (2.2) and (2.4), we can write
¢y = 0001a, ¢— = 0ob, 1y = 0205¢ and h_ = bad,

where the 0; are finite Blaschke products, a € H(6061), b € H(by), ¢ € H(6203)
and d € H(62).

We split the proof into four steps.
STEP 1: If 0 is the greatest common inner factor of 01 and 03, then

(4.1) T = (Ty,,,Ty,,) is hyponormal = T = (Ty,Ty) is hyponormal.

Proof. We first claim that

(42) [TQZ7 T¢] [Twl 9° T¢1 9] + H P’)—[(?)H
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Write 0y = 0§, and 03 = 663 for some inner functions d1, d3. Then we have that
(4.3)

HﬁHi = HeoelaHmc

(H9o91T ) <H9293T)
— (ToHgss; T + Hygg PoosioTa ) (ToHazs Te + Hygg Poss, T
_T*H* TTgH T —l—T*H* TH9203P9253H2T
—I—T PgongzH T§H026 T, —I—T P9051H2H9 % H0203P9253H2TC,

where the third equality follows from Lemma 1. Observe that
(4.4)
T, Hy5-TeTeHy 5. T, = Tr Hy-Hy 5. Te = Hy—- Hys = HmHi(%,S);

For each h € H?, if we write hy := Pyy9)h then

T5Hyzg:(0203h) = T (I — P)(8:050305h) = T (Ohy) = T5(0h1 ) =0,
which implies TgHmPezgs g2 = 0, and hence
(4.5) T*H* TH@ZHSPQQ(SJHZT =0.
Similarly, we have that TéHmPgo(;l g2 = 0, and hence Py s, g2 HiT g = 0. There-
fore we have that
(4.6) T P9051H2H TgHGQ%T 0.
On the other hand, by Lemma 2, we have that

T P9051H2H H Py, s.m2Te =T, H* P P, e Hi—7-T,

0203 H(®' H®) 0205
(4.7) ;
= PH@)H
Hence by (4.3)-(4.7), it follows that
(T, Ty) = H—Hy— — Hoo—H—
—H<¢1 s>+H(m> +He Py Hor — Hig - Ham-

[Td)l 97T¢>1 9}+H PH(@)H
which proves (4.2). Applying (4.2) to [T}, Ty] and [T, Ty] gives that
[T*v T] = [TT,Bv Tlﬁ] +V,

<H PH@)H H(TPH@H )
H—Py gtz Hi-PygH

where

<

But since

&
i

(P

H(B)

(PH(9)
V= ( 0 0

) ) (ng)H PH@)HW> S0
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it follows that if T1¢ is hyponormal then T is hyponormal. O
STEP 2: If 0 is the greatest common inner factor of 01 and 63 and if w is the
greatest common inner factor of 6y and 65 then

T = (T, Ty) is hyponormal = (Tw)1 0= L6100 T(wpu)re) 08 hyponormal.
Proof. By Lemma 4, T, = (T, Ty, ) is hyponormal. Thus without loss of gener-
ality we may assume that 6y and 6, are relatively prime. Also by (2.5) we have

9091H2C92H2 and 0203H2C00H2.

Thus 6; = 057 and 03 = Oyws for some inner functions wy, ws3. But since 6y and
05 are relatively prime, it follows that

(4.8) 01 = 0A7 and 3 = 0pAs form some inner functions Aq, As.

Now let a1 := Pyg,5,)0 and c1 := Py(g,5,)c- Then we have that

[T* Tle} = ([T$1,97T¢1=9} [lel,e’T‘z’l,G])
167 [T$1,97T¢1,9} [TJI,Q»TMQ]

(H;#)Hme — Hi—Hy—  Hi— Hyp — H;_H¢>

H Hyoy — Ho Hy— Hoo Hyy — HY Ho—

* A = L & A * A = I &
_ <H0061a1H9051a1 HOUbHHOb H9061a1H9253€1 HGQdH905>
= 0 .

_ * g * S _ * g
H%bHezd H0263c1 H925361 H@dHGQd

mcl mal
Observe that ker [T} Ty, ,] D 0p61H? and hence ran (T3, , Ts16) C H(Bo61).
Thus [T T, ,| has the following matrix representation:

H: — Hs; —HX H;-, O H(0p61) H(6pd1)
* — 00d1a1  fodrar 0ob " bob . 001 001
[T¢1,97T¢1,9} - < 0 0 ’ 0) ’ (9051H2> — (9051H2 ’

where the left-upper corner will be, without loss in simplifying the notation, un-
derstood as the restriction of Hys- Hoosia, — Hy Hygy to H(6pd1). By similar

arguments for [Ty . Ty, ], [T5, ., Ty, ,] and [T Ty, | using (4.8), we can see
that the positivity of [T19, T1¢] is equivalent to the positivity of the restriction,
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say E, of it to H(0p01) & H(62603). Note that £ can be written as:

o Hoosia, = Hop Hagy 0 Hiwr, Hogsee, — Hy o Hagy 0
. 0 0 0 0
H;zilsgcl Hmm - H;T)ngd 0 H; 83c1 Hmc’l o HQ%dH@d 0
(4.9) 0 0 0 0
H(0p01) H(0p01)
(9091) N 9061H2 N H(0091) n 90(51H2
(92(53) H(9263) ’
H(By05) 1 055 H? H(0205) () 0265 H

where each entry of E should be understood as a restriction to a suitable subspace.
Let
Aa = Pro,0)Malr(0,0,) and A := Pro,05) Melr(0,04)

where M, is a multiplication operator with symbol z. We now argue that A,
and A. are invertible. To see this, suppose A,f = 0 for some f € H(0p61). Then
PH(QOQI)(af) = 0 and hence af € 6y6, H?. Since the inner part of a and 6y6; are
relatively prime, it follows that f € 661 H?. So f € 0p01 H>*NH(0p01) = {0}, which
implies that A, is one-one. But since A, is a finite dimensional operator (because
000, is a finite Blaschke product), it follows that A, is invertible. Similarly, A. is
also invertible. Observe that

Pri(695,) AalH(8061) 0006, 2 = Pri606,) MalH(606,)n605, 52 = 0.

Thus A, has the following matrix representation:

A _ ap 0 . H(90(51) . H(9061)
@ as az)’ H(9091) N 90(51H2 H(Goel) n 90(51H2 ’
Since a1 = Pr(9,6,)Mal|+(045,), We can see, by the same argument as for A,, that

a1 is invertible. As a result, ag is also invertible. Thus the inverse of A, is lower

—1
. . _ 0 - . .
triangular; in fact, A;! = ( S ) Similarly, the inverse of A, is also
—ag aza;  ag

lower triangular. Write
(AN 0\ [H(6o6) H(6p61)
G = ( 0 Agl> ' (H(azag) T\ H(0205) )
Since G is invertible, it follows from (4.9) that

[T7g, T1g] is positive <= D :=G*EG > 0.

Since A;! and A1 are both lower triangular, D should be of the form
(4.10)

d1 0 d2 0 (9051) (9051)
L]0 000 H(000) N 0051 H2 | | H(B061) 1 0031 H
“lds 0 4 0 H(0255) H(655)
0 0 0 O H(0293) n 92(53H2 (6‘293) N 9263H2
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On the other hand, we know that
[T»{97 T19] = [T*aT] -V,

where, for a notational convenience, each term will be understood as a restriction
to H(0pb1) & H(O205) (Note that H(0o01) & H(0203) reduces [T*,T], [T7,, T10]
and V). Thus V' can be viewed as:

(- PH@)H H:— PH(@)H '<H(9001))_)<H(9091))
H* Prue s H —PyeHyr) " \M(6265) H(6205)

Observe that
C=G"VG

(A;l 0 > (H —PreHso H;J,PH(&Hm) AU 0 >

(4.11) 0 A7) \H -PygH; Hi-PygHy )\ 0 A
<A VHI_Pyy g Hy A AT HIP, ()HmAj)
A 1*H* Py Hy ALY AL 1*H* Py Hy A )
Since .
ALV HE Py B A = (HigiaAd") Prygey (HagraAs)
and

_ —1
aoalaAa HMT,IAG
—1
= HG 61PM (PH(eoel)Ma|H(9091))

—1
= Hyg-Pri(6,6,) Mal#(6061) (PH(9091)M11|H(0001))
—H

0001°
it follows that
(4.12)
1% pr= _
Ao HoPrya Horda oo e Hoger
= H; 91H9091P0051H2 (by Lemma 2)

= Pr(696,)Poos, 2 (since HZ*HE = Py for an inner function ()
= Pr(0061)n005, H2-
Similarly, we also have that

AI*H*P HAl AV HE — Poo Hy AT P

H(B) 00601a" H(B) " 60203c ¢ H(?)H

0203 °

Thus, by Lemma 2, we get
(4.13)
Proos) Aa ' Hi—Pry)Hym AL Pruoss0) = Preoos,) HymgPry(s Haay Prucess)

- PH(0061)H H0293P0253H2PH(0253)
=0.
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Similarly, we also have that

(4.14) A;l*H;jPH(g)HKA;I = P1(0,65)n6255 1
Therefore by (4.11)-(4.14), C should be of the form
(4.15)
0 0 0 =« H(9061) H(00(51)
C = 0 1 x =x . H(9091) n 9061H2 H(Goal) N 9051H2
* x 0 1 H(0293) n 92(53H2 H(9263) N 9253H2
In particular, we have that
(4.16) Pri(0061)0H(0255) C Pri(ooo1)@H (6265) = 0-

Observe, by (4.10), that T1g = (T,,,Ty,,) is hyponormal if and only if the fol-
lowing operator matrix D is positive:

~ _(dy d2\ . (H(0o01) H(6o61)
(4.17) D= <d3 d4> : (H<9263) — (s )
But since by (4.10), (4.11), (4.16), and (4.17),

= Pr(006,)0H(6265) (G* [T, T|G — C) Pri(0061)@1(0253)

= Pr(0061)@H(60265) G [T, T] G Pry(6,5,)01(8255)
2 O;

it follows that T1g is hyponormal and this proves (4.1). O

STEP 3: We claim that
(4.18) 0y = E0y  for some nonzero £ € C.

Proof. In view of STEP 1, STEP 2, and Lemma 4, we may assume that 6; and 03
are relatively prime and 6y and 65 are relatively prime. Thus for (4.18) it suffices
to show that 6y and 62 are constant. Since T = (T, Ty) is hyponormal it follows
from again Lemma 4 that Tg, = (T, ,Ty,,) is hyponormal. Observe that
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Thus ¢y, is analytic. Therefore by Lemma 5, T, is hyponormal, where

w = PHg (071(/(#90)4») + (1/}60)— = PH& (EPHg (%92936)) + PHOZ (%928)
Since T = (T}, Ty) is hyponormal we have, by (2.5), that 6y61H? C 6;H? and
0205 H? C 0oH?. Since y and 6, are relatively prime we can see that §; = A4
and 03 = 6yA3 for some inner functions A; and Az. Observe that

P2 (006203¢) = Ppz(0243¢) = 05 A3c3,

where c3 := Py p,a,)(c). Since the inner part of Ajcz and Ag are relatively prime
(because ¢ and 65 are relatively prime) we have that

wi = Ppz(0102053) = Pz (A1AsT3) = Az Pray)(Arcs),

where Az and Pjy A3)(A103) are relatively prime. Since 0yd and 65 are relatively
prime we also have that

w_ = Py (6002d) = 02 P9, (60d),

where 03 and Pyg,)(0od) are relatively prime. Therefore the hyponormality of T,
forces that Az = 05(3 for some inner function (3. Therefore 03 = 6yA3z = 6y02(3
and hence 69 is a common inner factor of 6, and 3. But since 6; and 63 are
relatively prime, we must have that 6, is a constant. Interchanging the roles of ¢
and 1 in the above argument gives that 6y is also a constant. This proves (4.18).
O

We write Z(0) for the set of all zeros in D of the inner function 6.

STEP 4: We conclude that
b_ =p_, ie., ¢— P e H? for some constant 3.

Proof. Suppose T = (T4, Ty) is hyponormal. Then Ty4_ g, is hyponormal for all
B € C. In view of STEP 3, we may assume that 0 = £, for some £ € C. Observe
that
¢ — arp = 090103 (03a — Eabic) + 0y (b — Ead).
We want to show that b = Gyd for some Gy € C. Assume to the contrary that
b # Bd for any 5 € C. Then we can see that (Ty_gy,Ty) is hyponormal (cf. [Gu,
Lemma 5.1]). Let 8 € Z(6y), i.e., 8y = bghs with bg = IZ:B'BZ and some finite
Blaschke product 3. Since 6y and d are relatively prime, it follows that d(3) # 0.
Write
b(B)

=& —=

d(s)
Then bs(b — £ad) € H?. Thus we have that

(6~ o) =03 (bs(b — Ead) ).
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But since (T—ayp, Ty) is hyponormal, applying STEP 3 with (Tyy_qy, Ty) in place
of (Ty,Ty) gives that 6y is an inner factor of 3 up to a unitary constant, a
contradiction. Hence b = [yd for some g € C, and hence ¢_ = [¢_ for some
(€ C. This completes the proof of Theorem 1. O

The following corollary is a complete characterization of hyponormal rational
Toeplitz pairs.

Corollary 2. Let ¢ = ¢_ + ¢, € L and ¢ = ¢_ + 1, € L™ be of the form
¢+ = bOpb1a, p_ = 905, 1y = 02035¢ and p_ = 023,

where the 6; are finite Blaschke products, a € H(0p61), b € H(by), ¢ € H(0203),
and d € H(#2). Then T = (Ty,Ty) is hyponormal if and only if there exists a
constant (3 such that

(i) ¢— =By

(11) 930, — 5010 S 900H2; L -

(iii) Ty is hyponormal, where ¢’ := P(6000:c) + 02d.
Here 6 is the greatest common inner factor of 6, and 6.

Proof. We first assume that 6; and 03 are relatively prime. Now suppose T =
(T, Ty) is hyponormal. By Theorem 1, 6y = 62 (up to a unitary constant) and
¢_ = B1p_ for some 3 € C. Thus ¢ — B = 0y0105(03a — B0,c) € z H2. We want to
show that 0y(f3a — 30;c) € H?2. Assume 6, (03a — B0:c) ¢ H?2. Then there exists a
nonconstant factor (o of fy such that ¢ — 8¢ = (o6163[00(o (f3a — 301c)], where
000 (03a — Bb1c) € H((ob1605). By Lemma 5, T is hyponormal, where

= V1.6,0,0, = Prrz (00Cof1¢) + fod.
Therefore we have that

ker Hy— = 0o H? C 0y(oH? C ker H—,
b b,
which is a contradiction (see (2.3)). Thus 6y(f3a — 36;c) € H?2. Therefore, 03a —
B01c € 6o H?. In particular, ¢ — Bip = 0105 [0y(fza — $01c)] € zH?, where 0y(fza —
B61¢) € H(6105). Therefore by Lemma 5, Ty is hyponormal, where

V' = P(010314) + ¢ = P(0ob1c) + 02d = 11 9,0, + ¢ for a constant c.

The converse is obtained by reversing the above argument.
The proof for the general case can be accomplished by passing to (4.1) with
the assumption that 6 is the greatest common inner factor of 6; and 63. O

By comparison with the cases of trigonometric Toeplitz pairs, we are tempted
to guess 07 = 603 in the criterion of Corollary 2. If this were true then we would
conclude that if 1 is a trigonometric polynomial and ¢ is an arbitrary rational
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symbol then the hyponormality of T = (Ty,Ty) forces ¢ to be a trigonometric
polynomial. However this is not the case. For example, if ¥(z) = %2_1 — z and

#(z) = 271 + zB(3B+ 2), where B = 2“3 then ¢ and v satisfy all three

17%2
conditions in Corollary 2, so that T = (T}, T)) is hyponormal even though ¢ is
not a trigonometric polynomial.
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