Subnormality of Aluthge transforms of weighted shifts

Sang Hoon Lee, Woo Young Lee and Jasang Yoon

Abstract. In this note we study the k-hyponormality and the subnormal-
ity of Aluthge transforms of weighted shifts. It is shown that Aluthge
transforms of weighted shifts need not preserve the k-hyponormality.
Moreover, we show that if W, is a subnormal weighted shift with 2-
atomic Berger measure then its Aluthge transform W, is subnormal if
and only if at least one of two atoms is zero.
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1. Introduction

Let H and K be complex Hilbert spaces, let B(H, K) be the set of bounded
linear operators from H to K and write B(H) := B(H,H). An operator
T € B(H) is said to be normal if 7*T = TT*, hyponormal if T*T > TT*,
and subnormal if ' = N|4;, where N is normal on some Hilbert space K 2 H.
If T is subnormal then T is also hyponormal. Recall that given a bounded
sequence of positive real numbers « : ag, a1, --- (called weights), the (unilat-
eral) weighted shift W, associated with « is the operator on £2(Z, ) defined by
Waen := apentq for all n > 0, where {e, }52, is the canonical orthonormal
basis for £2(Zy) (where Z, is the set of non-negative integers). In what fol-
lows we simply write W, = shift (ag, a1, ---). It is straightforward to check
that W, can never be normal, and that W, is hyponormal if and only if
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an < apy1 for all n > 0. On the other hand, the Bram-Halmos criterion for
subnormality states that an operator T is subnormal if and only if

> (T'z;, TVa;) > 0

(2]
for all finite collections xg,x1,- - ,zx € H ([Con, III.1.9]). It is easy to see
that this is equivalent to the following positivity test:
I T ... T*
T T*T ... T*T
>0 (all k > 1). (1.1)
Tk T*TR . TrRTE

The positivity condition (1.1) for & = 1 is equivalent to the hyponormality
of T', while subnormality requires the validity of (1.1) for all k. Let [A4, B] :=
AB — BA denote the commutator of two operators A and B, and define T'
to be k-hyponormal whenever the k x k operator matrix

My(T) = ([T, T"))F = (1.2)
is positive semi-definite. An application of the Choleski algorithm for operator
matrices shows that the positivity of (1.2) is equivalent to the positivity of the
(k+1) x (k+ 1) operator matrix in (1.1); the Bram-Halmos criterion can be
then rephrased as saying that 7" is subnormal if and only if T is k-hyponormal
for every k > 1 (JCMX, Proposition 1.9]).

If T € B(H), write T = U|T| for the polar decomposition of T The
Aluthge transform of T is defined by the operator T = |T|2U|T|z. This
transform was first introduced in [Alu] and has received much attention in
recent years. For a weighted shift W, = shift (ag, a1, ), we also write Wa
for the Aluthge transform of W,,. In this note we consider the following two
problems.

Problem 1.1. If W, is k-hyponormal (k > 1), is the Aluthge transform Wa
k-hyponormal ¢

Problem 1.2. If W, is subnormal, is the Aluthge transform Wa subnormal ¢
If it does, what is the Berger measure of Wy, ?

2. Notations and Preliminaries

For a weighted shift W, = shift (ag, a1, ), the moments of W, 7,, are
defined by

1, ifn=0

Tn = ’Yn(Wa) = { 2 2

og--an_q, ifn>0 (2.1)
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It is well-known that W,, is subnormal if and only if
Tn = / t"du(t) (allm >0),
0,[[Wall?]

where y is a probability measure on the interval [0, ||W,]||?] (this measure
o is called the Berger measure of the subnormal weighted shift W, ). We
consider recursively generated weighted shifts [CuFil], [CuFi2]. We briefly
recall some basic facts about these shifts, specifically the case when there
are two coefficients of recursion. In [Sta], J. Stampfli proved that given three
positive real numbers \/a < Vb < \/¢, it is always possible to find a subnormal
weighted shift, denoted W( NS whose first three weights are v/a, v/b

and +/c. In this case, the coeflicients of recursion (cf. [CuFil, Example 3.12],
[CuFi2, Section 3], [Cu2, Section 1, p. 81]) are given by

ab(c — b) b(c—a)
= - d - 2'2
%0 b—a and @1 b—a (2.2)
the atoms tg and t; are the roots of the equation
t2 — o1t — o = 0, (2.3)

and the densities py and p; are uniquely determined by the following equa-
tions

po+pr = 1
2.4
{ poto + pit1 = af. (24)
Then
n= po(sto + p15t1 (25)

is the Berger measure of W(\/E,\/B,ﬁ)A'

3. Main Results

We first provide several well-known auxiliary results which are needed for the
proofs of the main results in this note.

Lemma 3.1. If W, = shift (ag, a1, ), then the Aluthge transform Wa of
W, is
shift (\/OLQOQ, Va1, - )

Proof. Note that the polar decomposition of W, is Uy D,, where D, :=
~ 1 1
diag (ag, 1, -+ ). Hence, W, = D3U;D&. For n > 0 and the orthonormal
1
basis {en }ro for 2 (Z,), we have UL D2 (en) = /anUs (en) = /Onen+1.
Thus we get

1 1
Wa (en) = DO% UJngc (en) = VOnQn41€n41,
which gives the result. O
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Lemma 3.2. ([Cul]) Let Wye; = ajeir1 (i > 0) be a hyponormal weighted
shift and let k > 1. The following statements are equivalent:

(i) Wy is k-hyponormal;
(ii) The matrix
(W2, Wilents enti))l =1
is positive semi-definite for all n > —1;
(iii) The matrix
(Y Yntits — ’Vn+i7n+j)§,j:1
is positive semi-definite for all n > 0, where as (2.1), 0 = 1, v, =

ag---ap_y (n>1);

(iv) The Hankel matriz

H(k;n)(Wa) == (Yntitj—2)i 12,

is positive semi-definite for all n > 0.

Lemma 3.3. (Subnormal backward extensions) (cf. [Cul], [CuYo]) Let T
be a weighted shift whose restriction Tag := Tpm to M := V{ey,eq, -} is
subnormal, with Berger measure ppr. Then T is subnormal (with Berger
measure ) if and only if

(i) LeL'um);
(i) o3 < ([}l

In this case,

-1

! ) dbo(8), (3.1)
Ell L )

where &g denotes the Dirac measure at 0. In particular, T is never subnormal
when pa ({0}) > 0.

d _ Oé% 2
ul(t) = dppm(t) + | 1 -«

We now have:

A
Theorem 3.4. For x > 0, let W,y = shift ( %,\/5, (\/3,1/%,1/%) > .

Then we have:

(i) Wa(a) is 2-hyponormal if and only if 4 — V6 <z <2;
(ii) Wey(a) is subnormal if and only if x = 2. In this case, the Berger measure
pof W2y is given by
_1 1 1 )
H= 550 + mé(gfﬂ) + m(5<2+\/§),

(iii) Wa(a) is not 2-hyponormal for any x > 0.



Subnormality of Aluthge transforms of weighted shifts 5

Proof. (i) To check the 2-hyponormality, it suffices to prove, in view of Lemma
3.2, that the Hankel matrix H(2;n) (Wa(x)) in Lemma 3.2 (iv) is positive
semi-definite for all n > 0. Since W ~ is subnormal, it is enough
(avEvE)
to check the cases of n = 0,1 for the 2-hyponormality of W,
For n =0, we have

1 1

1 5 5T
2
H(2;0) Wa(p) > 0<=det | 3 éx %x >0
ir sz bw (3.2)

= 4-V6<z<4+6.

For n = 1, we have

1 T 3x
H(2;1)(WQ(I))20<:>det z 3z 10z | >0<=0<z<2.
3r 10x 34z

(3.3)
Thus, by (3.2) and (3.3), we have that W, is 2-hyponormal if and only if
4-V6<z< 2, as desired.

(ii) By (2.5), we have that the Berger measure of W A is
(vavrvE)

o= (T) Samv) + (Wi) S(arva)

We first note that

|

L'(7)

A
From Lemma 3.3, we observe that shift (ﬁ, (\/3, 1/ %, £/ g) ) is subnor-

mal if and only if z < 2. If fi, is the corresponding Berger measure then it
follows from Lemma 3.3 that

A1) = TdA() + <1—sc ! m) 0
= 2di(t)+ (1= 3) doo(t).

A
Thus, if shift (ﬁ, (\/g, v/ %, v/ %) ) is back-step extendable, then one get
i ({0}) =1— 2 =0, and hence x = 2. In fact,

shift (ﬁ (x/ﬁ \/1;0, ﬁ) A)
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is subnormal and back-step extendable if and only if x = 2; in this case, the
Berger measure [y is given by

2= 5 (%va) +ava)

because
o ||1 o 1
1ol =0 and Ldup(t) = 5 (da@_ﬁ) (1) + b2 v3) (t)) .
L (pm)
‘We next note that
[#]...., =
il ag)

By Lemma 3.3 and (3.1) again, we can see that W, (o) is subnormal with the
Berger measure

1 1 1
=301 7m0 e-ve) t i) d(eeva)

(iii) By Lemma 3.1, the Aluthge transform Wa(w) of Wy (g is

~ T4 4 4/34 ,/58 /198 /338 /1154
We(z) = shift <\/;, V3z, V10, =V VTV 29 99 .

By Lemma 3.2, we have that WQ(I) is 2-hyponormal if and only if
H(2;n) (Wa@)) > 0 for all n > 0. Note that

58 319
1 5 6%

H(2;4)(Wa<w))20<:>N:: JE 6 /20 78,/2 | 0. (3.4)
c 77
61/32 78y/2 52,/

Since det N < 0, we can see that N # 0. Thus, by Lemma 3.2 and (3.4),
We(z) is not 2-hyponormal. (I

Remark 3.5. From Theorem 3.4, we can see that for k > 2, the Aluthge
transforms of weighted shifts need not preserve the k-hyponormality.

For our next results, we recall:

Lemma 3.6. (cf. [Smu]) Let M = ( él* g be a 2 x 2 operator matriz,
where A and C are square matrices and B is a rectangular matriz. Then

A>0
M >0 <= there exists W such that B =AW
C >W*AW.
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The iterated Aluthge transforms (or Aluthge iterates) of an operator
T are the operators T (m > 0), defined by setting T =T and letting
T(m+1) be the Aluthge transform of T(m) . An interesting result for Aluthge
iterates (see [Yam)) is the spectral radius of T is equal to the limit of the norm
of T(™ as m — oco. For weighted shifts, observe that the Aluthge iterate

N(im) of a weighted shift W, is also a weighted shift with weight sequence

L
al™ = {a{™}32, where a{™ = (H;'io(az‘ﬂ)mc") " and ,,C; = L

(m=5)t"
Moreover, by a direct calculation we can see that the moments of Wo(ém) are
given by

1
om

m mCj
m Yi+j ’
=%l (“) , (3.5)

i=1 N

where the ~; are the moments of W,.
For weighted shifts, we have:

Theorem 3.7. (i) For m > 1, if W, is subnormal with Berger measure

i =06, for some p > 0, then Wo(,m) 1s subnormal with Berger measure
(m) — Ky
K p-

(i) If Wy is subnormal with Berger measure pn = adp + (1 — a) d, for some
p >0, then Wém) is subnormal with Berger measure

am = (1 —(1- a)%m) 8o + (1 —a)™ 5,

(iii) If Wy is subnormal with Berger measure i = ad, + (1 — a) d, for some
p,q >0 (p #q), then W, need not be subnormal.

Proof. ( ) Since W, = shift (\f /R ) by Lemma 3.1, the Aluthge trans-
form W is W,. Thus, W is subnormal with Berger measure d,, as desired.

(ii) A direct calculation shows that W,= Shlft(\/ (1—a)p,\/D, /D" ),

so that its Aluthge transform W, is given by shift ({‘/ (1—a)p?, /P, /D, ),
which is subnormal with Berger measure i = (1 — /1 —a) 6o + (/1 — a) 6.
Consider

—~—

(W) = W = shits (YT~ a) o VBV )
We then have that ’Wv,y) is subnormal with Berger measure
A = (1= VT=a) b + (VI a) oy,

Continuing in this way, for m > 1, we have Wc(ym) is subnormal with Berger
1
measure (™) = (1 —(1—a)? ) 0o + (1 —a)?™ 6p, as desired.
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(iii) From the proof of Theorem 3.4, we see that W A s
(vavrvE)

subnormal with Berger measure

i <24ﬁ> o) + (22\@) Sasva):

By Lemma 3.1, the Aluthge transform W ~of W A
(avEVvE)  (BvEVE)

is

— 4 i1 1154
W c=snine (930, 2 o[58, /198 /398 1R
(\/5@\/1;) 3V 5 V17 V29"V 99

From (3.4) and the argument given in the proof of Theorem 3.4 (iii), note
that

H(2;2) W( =N<0

Thus, by Lemma 3.2, W< is not 2-hyponormal, so that Wa is

not subnormal. O

Remark 3.8. In Theorem 3.4 (ii), we note that
lim W™ = shift (\/p, /D, )

n—oo

is subnormal with Berger measure lim,, ., (™ = d,.

We recall that for an m x n matrix A, the Moore-Penrose inverse of
A is defined as the unique n x m matrix A" satisfying the following four
properties:

AATA = A, ATAAT = AT, (AAT)" = AAT, and (ATA)" = ATA

The following result is a variant of Lemma 3.6.

Lemma 3.9. ([Smu]) Let P = ( EQ ? ) be a finite matriz. Then P >0
if and only if the following conditions hold:
(i) D>0;

(ii) ran F Cran D; and
(iii) F > E*D'E, where D' is the Moore-Penrose inverse of D.

Proof. Since P is a finite matrix, it has closed range and hence D has the
Moore-Penrose inverse Df. The desired result now follows from ([CulLe,
Lemma 1.2]). O

We then have:
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Theorem 3.10. Let W, be the contractive subnormal weighted shift with Berger
measure = adp + (1 —a)d; (0<a<1and0<p<1). Then the Aluthge

transform Wa of Wy is subnormal if and only if p= 0.

Proof. (<) It is clear from Theorem 3.7 (ii).
(=) Suppose that W, is subnormal. Then by Lemma 3.2, for all kK > 1
and n > 0, the Hankel matrix

H(kJI) (Wa) (Vr(LlJZerJ 2)?;11 > 0.

Observe that v; = ap® + 1 — a. Hence, by (3.5), we have

71'71-5—1 (ap' 41 — a apH_l +1- a)
ap+1—a

There are two cases to consider.

Case 1 (p = 0): This case is clear.
Case 2 (0 < p < 1): Note that

H(32)(W)>o

Vim vim v vaw L 2(T) B
Vs V%6 VT Vs | (E (Wa» F(WQ)
VI5Y6 V6T VT8 V879

= ( (32)<W)>>0

where

D (Wa) = (\/\/szi \ﬂ%) (WQ.:(% VE);md

P (W ) — ( VYT /T8 )
)T\ Vs Ve
Observe that /7275 > /7372. Thus a direct calculation shows that the

Moore-Penrose inverse of D (Wa) is

VY475 _ VY374
Y27Y3Y4Y5 —¥3V4 V27374 Ys — Y374
< _ V374 VY273 )
VY2Y3Y4Y5 —Y374 V273745 —¥374

By Lemma 3.9 (iii), we can see that

H(3; 2)(W>>0<:>P< (3;2)(%))20

() (e (7)) (o (7)) E(7) == (30 12) 20
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Note that
R > 0if and only if 711 > 0, 792 > 0 and det R > 0.
Using the software tool Mathematica [Wol], we can observe that
det R<Owhen0<a<landO0<p<l1.

Thus Wa is not 3-hyponormal, that is, f/[v/a is not subnormal, which is con-
tradict to the assumption. Therefore, by Case 1 and Case 2, the Aluthge
transform W, is subnormal only if p = 0 and now our proof is complete. [

Corollary 3.11. Let W, = shift (ag, a1, ) be a subnormal with Berger mea-
sure

p=adp,+(1—-a)d, (0<a<l,p<yq).
Then the Aluthge transform Wa = shift (ozél), agl), . ) of Wy, is subnormal
if and only if p= 0.

Proof. (<) It follows from Theorem 3.7 (ii).

(=) Suppose that W, is subnormal. A direct calculation shows that
forn > 0,

n+1 1— n n+1 1— n
oy = a +( a)q and aﬁll) = ap + a) 4
a)q” q

ap™tt 4 (1 - (ap*t + (L —a)q”)’

Thus (ﬁ) ,V[v/a is also subnormal with Berger measure aég + (1—a)d.

Therefore, by Theorem 3.10, we have p = 0, as desired. O

Remark 3.12. Looking at Theorem 3.10 and Corollary 3.11, it seems natural
to conjecture that a similar method used in the proof of Theorem 3.10 should
work for a subnormal weighted shift W, with finite atomic Berger measure.
However, it is highly nontrivial to find the necessary and sufficient conditions
for the k-hyponormality (all k& > 1) (resp. subnormality) of W, when k is
big enough. For example, D (Wa> shown in the proof of Theorem 3.10 is

just a Hankel matrix without a common well known pattern, so it becomes
unwieldy to check its determinant or invertibility.

In view of Theorem 3.4 (iii), 3.7, Corollary 3.11 and Remark 3.12, it is
natural to pose:

Conjecture 3.13. Let W, be a nonzero subnormal weighted shift with finite
atomic Berger measure p. Then the Aluthge transform W, of W, is subnor-
mal if and only if 4 =ady+ (1 —a)d, (0 <a <1;p>0).
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