Hyponormality of Bounded-Type Toeplitz Operators

Raul E. Curto, In Sung Hwang and Woo Young Lee

Abstract. In this paper we deal with the hyponormality of Toeplitz operators with matrix-
valued symbols. The aim of this paper is to provide a tractable criterion for the hyponormality
of bounded-type Toeplitz operators Ty (i.e., the symbol ® € L3; is a matrix-valued function
such that ® and ®* are of bounded type). In particular, we get a much simpler criterion for the
hyponormality of Te when the co-analytic part of the symbol @ is a left divisor of the analytic
part.
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1. Introduction

An elegant theorem of C. Cowen [Co] characterizes the hyponormality of Toeplitz operators T, on
the Hardy space H?(T) of the unit circle T C C in terms of their symbols ¢ € L°(T). Cowen’s
method is to recast the operator-theoretic problem of hyponormality for Toeplitz operators into the
problem of finding a solution with specified properties of a certain functional equation involving the
operator’s symbol . Today, this theorem is referred as Cowen’s Theorem. In 2006, Gu, Hendricks
and Rutherford [GHR] extended Cowen’s Theorem for block Toeplitz operators Tg on the matrix-
valued Hardy space H12\/[n (T). Their characterization resembles Cowen’s Theorem, except for an
additional condition - the normality of the symbol ® € L3; . However, the hyponormality of Tg
with matrix-valued symbol @, though solved in principle by' the characterization given in [GHR],
is in practice very complicated - in fact it may not even be possible to find tractable conditions
for the hyponormality of Te in terms of their symbols ® unless certain assumptions are made
about ®. To date, explicit criteria for the hyponormality of Toeplitz operators Ty have been
established via interpolation problems when ® is a matrix-valued trigonometric polynomial or
a rational function (cf. [GHR], [HL1], [HL2]). Very recently, in [CHL], the hyponormality of
Toeplitz operators Ty was investigated when @ is a matrix-valued function such that ¢ and ®* are
of bounded type(a “bounded type” function means a quotient of two bounded analytic functions).
A sufficient condition for the hyponormality was given by an interpolation involving the H -
functional calculus via a triangular representation for compressions of the unilateral shift operator
T.. The aim of this paper is to provide a tractable criterion for the hyponormality of bounded-type
Toeplitz operators Ty (i.e., @ and ®* are of bounded type). In particular, we get a much simpler
criterion for the hyponormality of Tg when the co-analytic part of the symbol is a left divisor of the
analytic part. To do so, we provide a definition of “divisor” for matrix-valued analytic functions
whose adjoints are of bounded type.

We first review a few essential facts for (block) Toeplitz operators and (block) Hankel opera-
tors (cf. [BS], [Do], [Ni], [Pe]). Let H denote an infinite dimensional separable complex Hilbert space
and B(H) denote the set of all bounded linear operators acting on H. For an operator A € B(H),
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A* and ker A denote the adjoint and the kernel, respectively, of A. An operator A € B(H) is said
to be hyponormal if its self-commutator [A*, A] = A*A — AA* is positive semi-definite. For a set
M, M+ denotes the orthogonal complement of M. Let L? = L?(T) be the set of square-integrable
measurable functions on the unit circle T = D in the complex plane and H?> = H?(T) be the
corresponding Hardy space. Let L = L°°(T) be the set of bounded measurable functions on T
and let H> = H>°(T) := L*> N H2. For a Hilbert space X, let L% = L% (T) be the Hilbert space
of X-valued norm square-integrable measurable functions on T and H% = H%(T) be the corre-
sponding Hardy space. We observe that L4, = L? ® C" and HZ, = H> ® C". Let M, x,, denote
the set of n X m complex matrices and write M, := M, x,. If ® is a matrix-valued function in
L3y = L5; (T) (= L> ® M,,) then the block Toeplitz operator Tp and the block Hankel operator
Hg on HZ, are defined by

Tof=P,(f) and Hef=JP-(®f) (f€ Hz.), (1)

where P, and P;- denote the orthogonal projections that map from L(%n onto Hén and (Hén)J',
respectively and J denotes the unitary operator from L%, to LZ, given by J(g)(z) = zI,9(%) for
g € L2, (I, := the n x n identity matrix). If n = 1, Ty and Hg are called the (scalar) Toeplitz
operator and the (scalar) Hankel operator, respectively. For ® € Ly .., write

O(z) == (). (2)
For ® € LF; , we also write
. =P, 2 e Hy and ®_:= (P ®) €M} .

Thus we can write ® = ®* + ¢, . However, it will often be convenient to allow the constant term
in ®_. Hence, if there is no confusion we may assume that ®_ shares the constant term with & :
in this case, ®(0) = ®,(0) + ®_(0)*. A matrix function © € Hyp (= H* ® Myx,) is called
inner if © is isometric almost everywhere on T. The following facts are clear from the definition:

Ty = To-, H&;:HE} (@GL%}”);
Toy —TeTy = Hy-Hy (®,¥ € L3 );
HoTy = How, Hyo=TiHe (D€L, Ue HY).

—~ o~
Ut W
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For matrix-valued functions

A(z) = Z Ajzl € L3, and B(z) := Z Bjzl € L3,
j=—00 j=—o00
we define the inner product of A and B by

o

(A, B) ::/Ttr(B*A)du: > tr(BrA;),

j=—o00
where tr (-) denotes the trace of a matrix and define ||A||5 := (A, A)2. We also define, for A € L3,
[|Al|oo := ess sup,cr||A(2)|| (|| - || denotes the spectral norm of a matrix).
For a matrix-valued function ® € Hy, , we say that A € Hy, s a left inner divisor of ® if
A is an inner matrix function such that ® = AA for some A € HJ2VImXT (m < n). We also say
that two matrix functions ® € H?wnxr and ¥ € H12\4nXm are left coprime if the only common left
inner divisor of both ® and ¥ is a unitary constant and that ® € H?wnxr and ¥ € HJQ\/IMT are right

coprime if ® and U are left coprime. Two matrix functions ® and ¥ in H ]2\4 are said to be coprime
if they are both left and right coprime. We would remark that if & € H?VI” is such that det ® is
not identically zero then any left inner divisor A of ® is square, i.e., A € HJQVI If ¢ ¢ HZQVIH is
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such that det ® is not identically zero then we say that A € H12v1n is a right inner divisor of ® if A
is a left inner divisor of ®.
For notational convenience, we write
H§ = zI,Hj, .
Suppose ® = ®* + &, = [p;;] € L is of bounded type, in other words, each entry ¢;; is of the
form ;;(z) = wl(jl)(z)/ ff)(z) for almost all z € T, where gbg;),wg) € H*. Then it was ([Ab])
known that ¢;; can be written as the form ¢;; = 0;;b;;, where 6;; is an inner function, b;; € H,
and 0;; and b;; are coprime. Thus if 0 is the least common multiple of 0;;’s then we can write
® = [pj;] = [0:50i] = [Ocij) = CO" (0 =01, C =] € Hy ).
Thus we have
®_=0(C—-9,0)"=04" (0=0I, A:=C—-0,0€Hj} ). (6)
If Q is the greatest common left inner divisor of A and © in the representation (6):
d_=0A"=A"0 (© =01, for an inner function 0),

then © = Q; and A = QA; for some inner matrix €; (where Q; € HIQ\/In because det © is not
identically zero) and some A; € Hy; . Thus we can write

®_ = A;"Q;, where A; and Q; are left coprime: (7)
in this case, AfQ; is called the left coprime factorization of F' and similarly, we can write

o_ =047, where A, and Q, are right coprime: (8)
in this case, €2, A} is called the right coprime factorization of ®_.

On the other hand, we note that by (5), the kernel of a block Hankel operator Hg is an
invariant subspace of the shift operator T%;, on HZ.. Thus if ker Hp # {0} then by the Beurling-
Lax-Halmos Theorem,

ker Hp = @Hém

for some inner matrix function ©. In general, © need not be a square matrix function.
We however have:

Lemma 1.1. ([GHR]) For ® € L3; , the following statements are equivalent:

(i) @ is of bounded type;
(ii) ker Hp = ©HZ, for some square inner matrix function ©;
(iii) ® = A®*, where A € Hy; and A and © are right coprime.

In general, the condition “right coprime” for matrix-valued functions is not easy to check. It
was also known [CHKL] that if A, B € H12\/In and B is a rational function such that det B is not
identically zero then

A and B are right coprime <= ker A(a) N ker B(a)) = {0} for any a € D. 9)

On the other hand, recently, Gu, Hendricks and Rutherford [GHR] characterized the hyponormality
of block Toeplitz operators in terms of their symbols:

Lemma 1.2. (Hyponormality of Block Toeplitz Operators) [GHR] For each ® € L33 , let
£(®) = {K €H ¢ ||K|loo <1 and & — K" € Hg;}

Then T is hyponormal if and only if @ is normal and £(®) is nonempty.
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Observe that for ® € L3; , by (4),

[Tqﬁ,T@}p = H&;*qu« - H&;H@ + T@*zp_qxp*.
Since the normality of @ is a necessary condition for the hyponormality of Ty, the positivity of
H3.Hg- — HyHg is an essential condition for the hyponormality of Tg. Thus we isolate this
property as a new notion, weaker than hyponormality. The reader will notice at once that this
notion is meaningful for non-scalar symbols. Now a block Toeplitz operator Ts is said to be
pseudo-hyponormal if

H}.Hgy — H3yHg > 0.
We thus have that
T3 is hyponormal <= Tp is pseudo-hyponormal and ® is normal

and that (via [GHR, Theorem 3.3])

Ty is pseudo-hyponormal <= &(®) # (.
Note that for each M € M,

Tg is pseudo-hyponormal <= T4 s is pseudo-hyponormal. (10)
Let ® € L37 be such that ® and ®* are of bounded type. Then in view of (6) we can write
(I)+ = @114* and ®_ = @QB*,

where ©; = 0;1,, with an inner function 6; (i = 1,2) and A, B € Hy, . For F = [f;;] € Hyp , we
say that F'is rational if each entry f;; is a rational function. Also if given ® € L37 , ®; and ®_
are rational then we say that Tg has a rational symbol ®.

The organization of this paper is as follows. In Section 2, we prove the main theorem - a
criterion for the hyponormality of bounded-type Toeplitz operators Tg. In Section 3, we consider
the rational symbol case. In Section 4, we provide revealing examples to illustrate how much more
it is gained by our criterion.

2. A criterion for hyponormality of bounded-type Toeplitz operators

Let A € D and write
zZ—A
b = — cT):
A(2) 51_)\2 €3 )

by is called a Blaschke factor and 0 = e anzl b is called a finite Blaschke product. For an
inner matrix function © € Hy; , we write

H(O) := HE. 6 ©HE., He:=Hj, ©©H;, and Ke:=Hj, ©Hj ©.

If © = 01, for an inner function 6, then Ho = Kg and if n = 1, then H(O) = He = Ko . Let
® € L3; be such that & and ®* are of bounded type: in this case, we shall say that Ty is a
bounded-type Toeplitz operator. Then in view of (6) we can write

(I)+ = @114* and ®_ = @QB*, (11)

where ©; = 0;I, with an inner function 6; (i = 1,2). If ® € L3; is rational then the 0; are
chosen as finite Blaschke products. Moreover it is known (cf. [CHL, Lemma 3.2]) that if Te
is pseudo-hyponormal then © is an inner divisor of ©; if the representations in (11) are right
coprime factorizations even though the ©; are arbitrary inner functions. Thus, when we consider
the pseudo-hyponormality of bounded-type Toeplitz operators T, we may assume that the symbol
® € LF; is of the form

d, =010:4* and P®_ =0O;B* (right coprime factorizations). (12)
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For & =®* + &, € L , write
C(®) = {K e Hy; : @ Ko e H }.
Thus if ® € L3; then K € £(®) if and only if K € C(®) and ||K|[o < 1.

To prove the main theorem we need several auxiliary lemmas.
We begin with:
Lemma 2.1. If ©; and O are inner matrix functions in H3; , then
(a) ,C@l = Hél’
(b) Ke,e, = Ke,02 @ Ke,,
(C) Ho,0, = O1He, ® Heo,-

Proof.  (a) Let C € H3; be arbitrary. Then

AGIC@1<:>/tr (€O A)dp = (A,CO;) =0
<:>/tr (6:0))d /(( CO A Yy =

A@C’ /tr du—O
T

— Ac Hél,
which gives the result.

(b) Suppose A € Kg, and B € Kg,. Firstly, we will show that AO, + B € Kg,0,. Indeed,
if C e H12\4n is arbitrary then

<A@2 + B, C®1®2> = tr (@;@TC*(A(—)Q + B))d,u

[
S— 55—

tr (A0, + B)O30;C*)dp

1 (ABTC™)dp + / tr (BOLOIC*)du
; CO1) + (B, (C61)0y)

E@

=]

)

which gives Kg,02 & Ko, C Ko,0,- For the reverse inclusion, let A € Kg,0, and write B :=
Pce,A. Then Pg, (A — B) = 0 and hence A — B € Hj; ©y. Thus it suffices to show that
(A—B)6j € Keo,. Indeed, if C € H}; is arbitrary, then

(A — B)O%, COy) = /Ttr (©1C*(A - B)OS)du
- /tr (A - B)O307C")dy
T

= /tr (A(C’@l@g)*)du — / tr (B(C’@l(%g)*)d,u
= (jérl, C0:10,) — (B, C@l@;
=0,
which implies (A — B)Oj; € Ko, .
(¢) Observe by (a) and (b) that
A€ Hoo, = AcKg g — AcKs 010Kg, — AcOHo, ®Ho,,
which gives the result. O



6 Radl E. Curto, In Sung Hwang and Woo Young Lee

Lemma 2.2. Let ® € L; be such that ® and ®* are of bounded type. Then we may write
@4_ = @1@214* and ®_ = ®1B*,

where ©1 = 611, for an inner function ¢, and ©5 is inner. Let ©2A* = A0, where A; and © are
left coprime. For each (scalar) inner function 3, put

P = oF + 0,03 (P}C@l Al)* + @30* (@3 =031, C € IC@S)
Then
Ty is pseudo-hyponormal <= Ty is pseudo-hyponormal.
In particular, £(®¢) = {K0*03 : K € £(®)}, where K' = K©* € H}, .

Proof. Suppose Tg is pseudo-hyponormal. Then there exists a matrix function K € £(®). We
will show that
K =K'© forsome K' € Hy; . (13)
Indeed if K € £(®), then BO} — KAO3;07 € Hj}, , so that KO*A; € H}; . We thus have that
by (5),
0=Hgo-a, =Hji .5 = Hie- Tk

which implies that K H(% C kerH i,6- = éHén since A; and © are left coprime, and hence /~11

and © are right coprime. It thus follows (cf. [FF, Corollary IX.2.2]) that © is a left inner divisor
of K, so that K = OK’ for some K’ € HJng’ and hence K = K’'O. This proves (13). Now if
Ty is pseudo-hyponormal then BO} — (K'©)AO©307 € Hj, , and hence BO} — K'A,0} € Hj, .
Thus BOT — (K'O3)(Px,, A1 + C01)0705 € Hj, for some C € Keo,, which implies that T,
is pseudo-hyponormal. This argument is reversible. The last assertion is evident from the above
proof. O

Lemma 2.3. Suppose that ©; = 611, for an inner function #; and © is an inner matrix function
in Hy; . If 61 has a Blaschke factor, then

Ke, € Ko, - K.1,0, € Ko,0, (14)
or equivalently,
He, C H:or,0, - Ho, € Heso, - (15)
In particular,
span (Ke, - K.1,0,) = Ko,e, and span(H.r,e, He,) = He,e, - (16)

Proof. Let A € Ko, and B € K.1,0,. Then for arbitrary D € Hy; ,
0= (A, DO;) = /tr(@fD*A)du = (A©7, D),
T

which implies that ©1A* € Hg, and similarly, ©;B* € Hj; . Thus we have CO,B* € Hj, for
arbitrary C € Hy; . If C' € Hy; is arbitrary, then

(AB, C0,05) — / tr((C0,02)* AB) dy
T
_ / tr(ABOLOIC)dp
T

= /tr(@*{(CQQB*)*A)d/J (since ©1 = 0,1, is diagonal-constant)
T

=0 (since CO;B* € H}; and A € Ke,),
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which implies AB € Kg,0,. Thus we can see that Ko, - £.1,0, C Ko,e0,, which gives the second
inclusion of (14). For the first inclusion of (14), suppose 6; has a Blaschke factor b, so that
01(a) =0. If A € Kg,, then ©2A* € HZ. Thus

21,0, ((1 — az),A)" = 21,0,A* — al,,0,A* € HE,
which implies that (1 —@z)I,A € K,1,0,. But since ©, = 611, and ﬁ[n € Ko,, it follows that
1
1-az
which says that the first inclusion of (14) holds if §; has a Blaschke factor. The statement (15)
follows from (14) together with Lemma 2.1(a).

For (16), observe that by Lemma 2.1(b),
Ke,e, =Ke,02 ® Ko,

A€ InKzIn@Q g ]C@l : ICzIn@Qa

and

Ke,02 C Ko, - K:1,0, -
But since Ko, 0, is a subspace of Hy; and Ke,02UKe, C Ke, -K.1,6,, it follows from (14) that
span (IC91 -ICZ1”®2) = Ko, 0,, and similarly, span (’szn@2 -’H,@l) = He,0,, which proves (16). O

From Lemma 2.3, we are tempted to guess that
=97 (@E/C@1@27 \IJEIC@N TEHJOV?TL):>T€K:Z[”@2. (17)
But this is not the case. In fact, (17) does not hold for even scalar-valued functions. Indeed, if
1
f=23422 g=22+2z and h = f:fz - z, then f = gh, but (17) fails.
2
On the other hand, in view of Lemma 2.3, we might define the notion of “divisor” of matrix-
valued analytic functions as follows: if ® € Kg,0,, ¥ € Ko,, T € K,1,0, satisfies ® = UT, then
we say that U is a left divisor of ®. However, we must consider another aspect. Let

220 z 0 z 0
@—[O O}’ \Il—[o 23], and T—[O 0}. (18)
If we regard ® as an element in Kg,e, (01 = 2*I5, O3 = zI5) then
P =UT € /C@l . /CZ[2@2.

Thus W is a left divisor of ®. But if we regard ® as an element in Kg,e, (01 = 2%, 02 = L),
then ¥ cannot be a left divisor of ®. Based on this observation, we should be careful when defining
the notion of “divisor” for matrix-valued functions.

Before we define the notion of “divisor,” we need to observe:

Lemma 2.4. Let ® € H}; be of the form
® =0A* (right coprime factorization) .
Then A € K,1,0 and ® € H,1, 0. In particular, if & € Hg, then A € Kg.

Proof. Since ® = ©A* € H}, , it follows that for any C' € Hy, ,

0= (zI,C*, d) :/

T
which implies that A € K.j,e. Also, for any C € Hy, |

tr (AO*Z1,C)dp — / tr (0°21,C* A)dp = (A, C=1,0),
T

(®, 2I,0C) = /tr (C*©*z1,0A%)du = (A*, CzI,) =0,
T

which implies ® € H.;, . Similarly we also have that if ® € HZ, then A € Ke. O
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We now define the notion of “divisor” for matrix-valued analytic functions whose adjoints are
of bounded type.

Definition 2.5. Let &, ¥ € H12v1n be such that ®* and ¥* are of bounded type. Then we can write
& =04 and V¥ =05B* (right coprime factorizations),

where the ©; (i = 1,2) are inner, A € K,;, 0, and B € K,1,0,.- If O = 00, for some inner
function © € Hj; , and

® = UT for some I' € H.1, 0, (19)

then we say that W is a left divisor of ®. If U is a left divisor of ® then we say that W is a right
divisor of ®. We note that if ©; = 6,1, (i = 1,2), then (19) can be also written as

® = UTI for some I' € K10 .

Lemma 2.6. Let ®, ¥ € H}; be of the form
®=0,0,4" and ¥ =0;B" (right coprime factorizations),
where ©; = 60,1, (i=1,2), A€ K,j,0,0, and B € K.1,0,. Then we have
V¥ is a left divisor of ® <= A = EB for some E € K1, 0,-

Proof. If W is left divisor of ® then there exists I' € K., o, such that & = UI". Thus ©,0,4* =
©1B*I', and hence A = ©,I'*B. It suffices to show that

FE = @QF* S ICzInG)g-
Indeed, since I' € K1, 0,, it follows that for any C' € Hf; |
0= (I, C21,0) = / tr (O52L,C*T)dy = / tr (ZL,C*(021) ) dp = (O, (21,C)"),
T T
which implies that ©,I'* € H12\4n Thus by Lemma 2.4, F = ©.I"™ € K1, 0,.
Conversely, if A = EB for some FE € K, 0, then
O =0,0,4" = (0,B")(02E") = IT.

Since E € K,1,0,, it follows that ©,E* € HJQMR, and hence by Lemma 2.4, I' = ©2FE* € K1, 0,.
Thus V¥ is a left divisor of ®. This completes the proof. O

The following proposition provides a criterion for the hyponormality of bounded-type Toeplitz
operators T when the co-analytic part of ® is a left divisor of the analytic part.

Proposition 2.7. Let ® € L§; be such that ® and ®* are of bounded type. Thus in view of (12),
we may write
O, =0,024" and P®_ =0O;B* (right coprime factorizations) .

Assume that ©; = 6,1, for inner functions 6; (i = 1,2). If ®_ is a left divisor of & (or equivalently,
in view of Lemma 2.6 , A = EB for some E € K., o,), then the following are equivalent:

(i) Ty is pseudo-hyponormal;
(ii) There exists a function @ € Hy; with [|Q||s < 1 such that QF € I, + ©1H}; ;
(iii) Ty is pseudo-hyponormal, where ¥ = 07 + ©, (P;Ce1 E)*

Moreover, if 1 = 6 then T is pseudo-hyponormal if and only if T+ e, g+ is pseudo-hyponormal.
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Proof. For the equivalence (i) < (ii), let &' = ®* + 6, (P’Cel (A))* Then by Lemma 2.2 we have
E(DP) ={QO3:Q € £(P')}. We then have
Ty is pseudo-hyponormal <= ©}B — (Q0,)0;03A € H}; and Q € £(P)

= O1B - Q1A c Hy; and [|Q||~ <1

— B—-QA€0H}; and [|Q[|x <1

(I, ~ QE)B € 0,1, and [[Q]lx < 1

1, - QE €0:H;; and [|Q[|o <1

(since B and O are coprime)
< QE €1, +0:H;; and ||Q||~ <1,

which proves the equivalence (i) < (ii). The equivalence (ii) < (iii) follows at once from the
following equivalence:

QE €1, +061H;, < 0] —QOiE € Hy,
= O] — Q(Pyz(6.E"))* € Hy,,
> 0] — Q(Pxo, E)O} € Hy,
<= Ty is pseudo-hyponormal.

For the second aseertion, we first observe that if §; = 03 then E € K1, 0,. Butsince K,1,0, =
Ke, ®K.r1,01, it follows that Pc, E = E+ MO, (M € M,), so that ©, (P)CG)IE)* =0O,E*+ M.
Since by (10), Tes1e, g+ is pseudo-hyponormal if and only if Te: e, 1 is pseudo-hyponormal,
it follows from the first assertion that Ty is pseudo-hyponormal if and only if Te: e, is. This
completes the proof. O

Before we go on, we shall introduce a “reverse pull-back symbol” ®# for the given symbol
® € L3; satisfying that ® and ®* are of bounded type. Suppose that ® € L3; is such that ®
and ®* are of bounded type. Then in view of (12), we may write

O, =0,0:4" and ®_ =0O;B* (right coprime factorizations).
Assume that ©; = 6,1, for inner functions 6; (i = 1,2). We write
®* := OF (Pxo, A) + (20)

(®% is a pull-back of ®* - i.e., pulling back of the co-analytic part of ®* to have the same degree
as that of the analytic part). We then claim that

Ay 1= Py, A and Oy are right coprime: (21)

indeed, if we write A = Ay + ©1 A, for some Ay € HIQ\/In and assume to the contrary that ©; and
A; have a common right inner divisor 2, then A = Ay + A;0; = A|Q + 4,010 = (A} + A,07)Q
for some A},0] € Hj, , which implies that A and ©; have a common right inner divisor Q, a
contradiction.

The following observation provides a core idea of our main theorem.

Proposition 2.8. Let ® € L§; be such that ® and ®* are of bounded type. Thus in view of (12),
we may write
d, =010:4" and P®_ =0O;B* (right coprime factorizations).
Assume that ©; = 6,1, for inner functions 6; (i = 1,2) and write
O 1= OF (Pro, A) + O_.
Then the set {Pc,, K : K € C(®%)} is a singleton set or empty.
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Proof. Write A; := Pxg A, and hence PF = O1A; + ®_. Assume Ky, Ky € C(®¥). Then
OjA; — K19* € Hy, and O7A; — K,®* € Hy,

which implies that (K7 — K2)BO7] € H]2wn, so that (K7 — K3)B € @1H12\/1n- If we write K :=
Preo, (K; — Ks), then KB € @1H12V[n, and hence, K BO7 € H12\4n» which implies that Hxpe: = 0.
Thus by (5), T Hpe; =0, so that Hzg- T =0 (with O := I ), which implies that

[?H(%n C ker Hgg. -
1

Since ©1 and B are left coprime, so that (:)1 and B are right coprime, it follows from Lemma 1.1
that

KHZ, Cker Hpg« = ©1HE.,
which implies that évl is a left inner divisor of K. Therefore K = éle for some E € H?wn, and

hence K = FO; € HJQWnG)l' But since K € Kg,, we should have K =0, i.e., Py, K1 = Prg, K2,
which says that {Pre, K : K € C(®%)} is a singleton set. O

Our main theorem now follows:

Theorem 2.9. (A Criterion for Hyponormality of Bounded-Type Toeplitz Operators) Let ® € L7
be a normal matrix function such that ® and ®* are of bounded type. Thus in view of (12), we
may write
O, =0,0:4" and P®_ =0O;B* (right coprime factorizations) .
Assume that ©; = 6,1, for inner functions 6; (i = 1,2). Write
O 1= O (Pro, A) + O_.

If C(®F) is nonempty, we may, in view of Proposition 2.8, write K* := P, K (where K € C(d%)).
Then the following are equivalent:

(i) T is hyponormal;
(ii) There exists a function Q € Hyp with |[Q|[cc <1 such that QK* eI, + ©.1Hj, ;
(iii) Ty is pseudo-hyponormal, where ¥ = ©% + 0O, (K*)*.

Moreover, if A = EB for some E € K, 0,, then K* can be chosen as E.

Proof. Write
Do =" 4+ OF(Peo, A +0:C* (C €Ke,).

Then it follows from Lemma 2.2 that

Ty is pseudo-hyponormal <= T, is pseudo-hyponormal. (22)
Put A; := P, A. Thus we can write

dc = 0O}B + 07 (A, +6,0)".
Now we will show that if K € C(®F), then
Ay +6,C = K*B for some C € Ko, . (23)
Indeed, if K € C(®*%), then
©iA; — KO{B € Hy, , sothat Ay — KB€©Hj .

It thus follows that Py, (A1—KB) =0, so that Py (A1—(Pke, K)B) = 0, and hence A} —K*B €
@1H]2\/In' Thus
A; +0,C = K'B for some C € H12\4n-
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Now we will show that C € Kg,. To see this we note that ©2(A; + ©,0)* = ©2B*(K*)*. But
since B € Ko, and K* € Kg,, it follows that
O1A} +©,C" = (0:B)(01(K")*) € Hj,

which implies ©,C* € HZ, and hence, C' € Kg,. This proves (23). Then by Lemma 2.6 and (23),
(®c)- is a left divisor of (®¢)+. Thus all assertions follow at once from (22) and Proposition 2.7.

O
Theorem 2.9 is often useful for the cases of even scalar-valued symbols.

Example 2.10. Let § be a singular inner function of the form

z+1

6 =
() = exp ( ! 1)
and consider the function ) )
e
v Z( a0 3
Then T, is hyponormal.
Proof. Observe that
1 1 1
p_ = 25(1 — 55) and @4 = 2524(1 — 56) (1 —3 ) .

Then under the notations of Theorem 2.9, A = 4( — %6) (1 — %5), B=1- %5, so that E can be
given by

1

E=4(1-29).

3

Put
Q=B =
-1

Then Q € H*® with ||Q|l« < 1 and QE = 1 € 1+ z6H?. Therefore by Theorem 2.9, Ty is
hyponormal. O

3. The cases of rational symbols

To describe the cases of rational symbols, we review the classical Hermite-Fejér interpolation
problem (cf. [FF]).

Given the sequence {K;; : 1 <i<mn, 0<j <n;} of n xn complex matrices and a set of
distinct complex numbers «aq, ..., a, in D, the classical Hermite-Fejér interpolation problem is to
find necessary and sufficient conditions for the existence of a contractive analytic function K in
HY;  satisfying

K9 (a;)
4!
To construct a polynomial K(z) = P(z) satisfying (24), let p;(z) be the polynomial of order d — n;

defined by
n
2 — Qp \ "k
pi(z) == H <7) .
kel ki S T Ok

=Ky,  (1<i<n, 0<j<n). (24)

Consider the polynomial P(z) of degree d — 1 defined by

n

P(z):=) (Kﬁ{,o + K (2= oa) + K (2 —0a) o+ K, (2 - ai)m_1> pi(z),  (25)
=1
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where the K ; are obtained by the following equations:

! _ L 2, . . . .
K;; =K, ;O—(j_k)! (I1<i<n; 0<j<mny)
and K/, = K;o (1 <i < n). Then P(z) satisfies (24). We call P the Hermite-Fejér polynomial
with respect to {ay,--- ,a,}. Note that P(z) may not be contractive.

The following lemma guarantees that C(®%) is nonempty if ® € L3; is a matrix-valued
rational function.

Lemma 3.1. Let ® € L3 be a matrix-valued rational function. Thus in view of (12), we may
write

d, =004 and P®_ =0O;B* (right coprime factorizations).
Assume that ©; = 6,1, for inner functions 6; (i = 1,2). If ®f := 01 (Pko, 4) + ©1B%, then C(®Y)
is nonempty.

Proof. Since ® is a matrix-valued rational function, 6, is a finite Blaschke product. Thus we can

write
N o \ P
0 = !
1(2) H(l—%z) 9

i=1
where d = Zi\il pi- Write A; := P, A and ®f = %A, + ®_. Then
K € C(®*) <= ©jA; — KOB € H3;
< A, - KB€©Hj (26)
< A, - BK € ©,H3, .

Note that

(i) 6/@) =0 (0<n<p);

(ii) B(@;) is invertible for each ¢ =1,2,--- , N; and
(i) A9 (@) = AP (@) (1<i<N, 0<j<p).

Thus the last statement in (26) is equivalent to the following equation:

KO (a;
J!
where the d; ; are determined by the following equation: for each ¢ =1,--- , N,
R 0 0 0 - 07177 44
d; o b biin b O -+ 0 o
7 = : ' : ) (28)
di,p,i—Q bi,pi—2 bi,pi—3 o . T . bi,O O a/i,pi—Q
_di,pi—l_ _bi,p,;—l bi,pi—Q . b@g bi71 bi,O_ [%i,p;i—1 |
where B B
AW (w; B (a;
a; ;= ¥ and b;; := #.
J: J:

This is exactly the classical Hermite-Fejér interpolation problem except for the contracitivity con-
dition for K. Thus if P is the Hermite-Fejér polynomial with respect to {ay, - ,an}, then K = P
satisfies (27). Thus by (26), we must have P € C(®%), and therefore C(®*) is nonempty. This
completes the proof. O
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fe,ve H 12v1n are matrix-valued rational functions then the notion of divisor can be somewhat
relaxed in the sense that the quotient of the division may belong to a larger class.

Lemma 3.2. Let &, ¥ € H12v1n be matrix valued rational functions of the form

®=0,0,4" and ¥ =0;B" (right coprime factorizations),

where ©; = 0;1,, for some finite Blaschke product 6; (i =1,2). If ® = UT for some I" € K.}, 0,0,,
then we have I' € K,1, 0,, so that ¥ is a left divisor of ®.

Proof. By Lemma 2.4, we see that A € K.1, 0,0, and B € K.1,0,. Suppose & = VI for some
I' e K.1,0,0,- We want to show I' € K7, 0,. Assume to the contrary that I' ¢ KC.; e,. Since
©; = 6,1, for some finite Blaschke product 6; (i = 1,2) and T’ € K.1, e,0,, it follows from the
observation K.1, 0,0, = K.1,0, ® Ko, (21,02) that

I'= FO + Fl(ZIn@2)7
I'and I'y € Ko, with I'y # 0. Thus
O =0T = VT + T4 (21,02).

But since I'y € K1, 0,, it follows from Lemmas 2.3 and 2.4 that ¥I'y € K1, 0,0,. Since also ¢ €
K.1,0,0,, it follows that UT';(21,02) € K., 0,0,, so that T € Kg,, and hence ZI,I'iB € H?wn.
This implies that Hzy,r;Tp = 0, so that

BH(%n - ker HZInFT' (29)

where I'o = Px_; o,

Write
zI,I'1 = AD* (right coprime factorization),

where A is inner and D € Hj, . Then by (29), BHZ., C AHZ, and hence B = AE for some
E € H}; . But since I'y € Ke,, we have ©1(21,I'1)* € Hy; . Thus ©;DA* € H},; , and hence
01D = FA for some F € H}; . Therefore for each v € Z(6y), it follows that (FA)(«) = 0. Since
B and O; are right coprime, so that by (9), B(«a) is invertible, and hence so is A(w), it follows
that F (o) = 0. Thus we can write F' = (z — a)I[,F" = boI,,(1 — @z)I,,F’ for some F' € H},; , so
that ©1b,1,D = Fb,I,A = (1 —@z)I,,F'A, and hence, ©1b,1,,I'% = z(1 — az)I,,F’ € HZ, which
implies I'; € IC@§1) with @)ﬁ” := (01bo)1,,. Repeating this argument we have

I'i e ]ngz) s

where 952) = @1504]11551} for g € Z(nga). Continuing this process we get 'y = 0, a contradiction.
This completes the proof. O

We are ready for:

Theorem 3.3. (A Criterion for Hyponormality of Rational Toeplitz Operators) Let ® € L3;. bea
matrix-valued normal rational function. Thus in view of (12), we may write
O, =0:0:4" and P_ =0O;B" (right coprime factorizations).
Assume that ©; = 6,1, for finite Blaschke products 6; (i = 1,2). Put
D := Pgg P,

where P is is the Hermite-Fejér polynomial with respect to the zeros of ;. Then the following are
equivalent:
(i) T is hyponormal;
(ii) There exists a function Q € Hy; with ||Q[|o < 1 such that QD € I,, + ©1H3; ;
(iii) Ty is pseudo-hyponormal, where ¥ = 07 + 01 D*.
Moreover, if A = EB for some E € K.1,0,0,, then D can be chosen as E.
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Proof. If P is is the Hermite-Fejér polynomial with respect to the zeros of 6y, then from the
proof of Lemma 3.1 we can see that P € C(®*). Thus if we take D = K* := Pye, P, then the
first assertion follows at once from Theorem 2.9. The second assertion follows from Lemma 2.6,
Lemma 3.2 and Theorem 2.9. d

Corollary 3.4. (A Necessary Condition for Hyponormality) Let & € L3 be a matrix-valued
normal rational function. Thus in view of (12), we may write

O, =0,0:4" and P_ =0O;B" (right coprime factorizations).

Assume that ©; = 6,1, for finite Blaschke products 6; (i = 1,2) and that A = EB for some
E € K.1,0,0,- If Ty is hyponormal then ||B(a)A(a)~t|| <1 for each zero a of 6.

Proof. Suppose Tg is hyponormal and 6;(a) = 0. By (9), A(a) and B(«) are invertible. By
Theorem 3.3 (ii), Q(a)E(a) = I, so that || B(a)A(a)7|| = ||E(a)7Y|] = ||Q(a)]] < 1. O

4. Revealing examples

In this section, we provide revealing examples to illustrate that Theorem 3.3 is much simpler than
the criteria due to the interpolation problems given in [HL2] and [HL3] when the co-analytic part
of the symbol is a left divisor of the analytic part. To see this we recall the criterion by the classical
Hermite-Fejér interpolation problem (cf. [HL2]). Let

n
0 = et H by,
i=1

where

bi(z) := 12:0%; (o] < 1), mn; >1, and Zlnz =d.

Let ¢; := (1 — |04j|2)% (1 <j <d) and let M be the matrix on C? of the form

[e %1 0 0 0 0
q1q2 Qa2 0 0 0
—q100143 q2q3 as 0 0
Q102034 —Qq203q4 q3q4 oy 0
M = (30)
— (1020305 (203004 G5 —q304q5  qaqs 0
. . . . . . 0
d—1_—_ _ de1__
_(—1)dCI1 (szzl Oéj) g (-1)" g (Hj:§ aj) qd ot 4a-1qa Q|

If P(z) is given by (25) and the K;; are given by the equation (28) with d;; = K; ; and B = ©,B,
then the matrix P(M) on C"*? is defined by

d—1 d—1
P(M) ::ZPﬂ@Mi, where P(z) :ZPizi.
i=0 i=0

Then P(M) is called the Hermite-Fejér matriz determined by (24) (cf. [FF]). It follows from [HL2,
Proof of Theorem 2.1] that if ® is given as in Theorem 3.3, then we have (with 6 = 6,02)

Ty is pseudo-hyponormal <= P(M) is contractive. (31)
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Example 4.1. (A comparison of two criteria). Let b(z2) := lz:fz and consider
2

. 2b + 2z Z4+ b+ 32b oo
T |lzHb+32b 20+2% Ma:
Then ® is normal and

2z z+3]" 2 1)
<I>+—sz+3 22} and (I)__Z[l 2} .

Thus we can write

22 243 12 1
O, =2zl5, Oy =bls, A_|:Z+3 2Z:|7 B_|:1 2:|

(i) By the criterion (31): By (30) (with 8 = zb) and (25), we observe

wetfls )

pi(2) = —2z+1, pa(z) =2z
1(1 2 0 0
Kl,o - _6 |:2 1:| ) KQ,O - |:0 0:| )

1

and
1 2

P(2) = K} o pi(2) + Kb o pa(2) = —= [2 J (22+1);B ﬂzl[é ﬂ

6
Therefore the Hermite-Fejér matrix P(M) is given by

ran=gl, @310 1 il 1 ®

6

3
-1 -2 0 0
C1(-2 -1 0 0
T6 V3 23 0 0
2v3 V3 0 0
Hence a straightforward calculation shows that
4 4
5, 9 00
I PM*PM—_% 9 0015y (ei 1~~10§)
— P(M)*P(M) = 0 0 1 ol 2 eigenvalues : 1,0, o),
0 0 01

which shows that Tg is hyponormal.

(ii) By the criterion (2) of Theorem 3.3: Observe

2

L -1 _ z—1
E:= AB _{2 S

If @ € Hyj, is arbitrary then a straightforward calculation shows that

11 2]
QE € I, + zH},, @Qeg[Q 1

+ZH]2\/12.

1

Thus if we take Q := % [2

hyponormal.

15

ﬂ then since ||Q||cc = 1, it follows from Theorem 3.3 that Ty is
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Example 4.2. Let b, (z) := 7= and consider

3by + 3b1 Z+2z
=] _2 2 € Ly
Z+2zby  3b1+3bib: 2
3 2 3
Then . .
. — 2bib 3217% b%b% d & — b 3z b%
+ T A0 b% 3z an 7_2%1)% 3z
Thus under the notations of Corollary 3.4, we can write
1= byl Oy =bil, A=|0h "% g [P0
1: =z % 2, 2 = % 25 B b% 3z ) T b% 3z
Then

0 —31fo 17" _[-3 0

B(0)A(0)™! = [ 2] [ 6} = .
-3 0][-2 0 0 1

But since ||B(0)A(0)7!|| = 3 > 1, we can, by Corollary 3.4, conclude that T is not hyponormal.
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