HYPONORMALITY OF TOEPLITZ OPERATORS WITH
POLYNOMIAL SYMBOLS: AN EXTREMAL CASE

IN SunGg HwaNG, IN HyouN KiM AND W0OO YOUNG LEE

Abstract. If T, is a hyponormal Toeplitz operator with polynomial symbol ¢ = g+ f
(f,g € H®®(T)) such that g divides f, and if ¢ := 5 then

< 1
|l

CEZ()

where p is the leading coefficient of ¢ and Z(v) denotes the set of zeros of 1. In this paper
we present a necessary and sufficient condition for T, to be hyponormal when ¢ enjoys an
extremal case in the above inequality, that is, equality holds in the above inequality.

1. INTRODUCTION

A bounded linear operator A on a Hilbert space $) with inner product (-,-) is said to
be hyponormal if its selfcommutator [A*, A] = A*A — AA* induces a positive semidefinite
quadratic form on $) via  — ([A*, AJ,€), for £ € $. The purpose of this paper is to study
hyponormality for Toeplitz operators acting on the Hardy space H?(T) of the unit circle
T = 0D in the complex plane. In particular, our interest is with Toeplitz operators with
polynomial symbols which satisfy certain constraints.

Recall that given ¢ € L>°(T), the Toeplitz operator with symbol ¢ is the operator T, on
H?(T) defined by T}, f = P(p- f), where f € H*(T) and P denotes the projection that maps
L?(T) onto H?(T). The problem of determining which symbols induce hyponormal Toeplitz
operators was solved by Cowen in [2], however here we shall employ an equivalent variant
of Cowen’s theorem that was first proposed by Nakazi and Takahashi in [10]. Suppose that
@ € L>®(T) is arbitrary and consider the following subset of the closed unit ball of H>(T):

E(p) = (k€ H¥(T) : |[Kl|ow < 1 and ¢ — kpp € H*(T)}.
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The criterion is that T, is hyponormal if and only if the set £(y) is nonempty [2,10]. This
theorem is referred to the Cowen’s theorem. Cowen’s method is to recast the operator-
theoretic problem of hyponormality for Toeplitz operators into the problem of finding a
solution of a certain functional equation involving its symbol. This approach has been put
to use in the works [3,5,6,7,9,10,12] to study Toeplitz operators on the Hardy space of
the unit circle.

If ¢ is a trigonometric polynomial, say ¢(z) = Zg:_m a,z", where a_,, and ay are
nonzero, then the nonnegative integers N and m denote the analytic and co-analytic degrees
of ¢. For arbitrary trigonometric polynomials, Zhu [12] has applied Cowen’s criterion and
adopted a method based on the classical interpolation theorems of Schur to obtain an
abstract characterization of those trigonometric polynomial symbols that correspond to
hyponormal Toeplitz operators. Furthermore, he was able to use this characterization to
give explicit necessary and sufficient conditions for hyponormality in terms of the coefficients
of the polynomial ¢ whenever m < 3. Also, in [5], the hyponormality of T, was completely
characterized for the cases of |a_,,| = |an|. However, with polynomials of higher degree
with |a_,,| < |an|, the analogous explicit necessary and sufficient conditions (via properties
of coefficients) are not known and in fact would be too complicated to be of much value.

On the other hand, whenever we consider hyponormality of T, with polynomial symbols
=g+ f (f,g € H*(T)), we may assume, without loss of generality, that ¢g divides f
(see Lemma 4 below). If ¢ is in H*°(T), write Z(¢) for the set of zeros of 1. Then we
can show that if T}, is a hyponormal Toeplitz operator with polynomial symbol ¢ = g + f
(f,g € H>*(T)) such that g divides f, and if ¢ := 5 then

1
< _
E C‘_!ul P

CeZ(W)

(0.1)

where p is the leading coefficient of 1) (see Lemma 6 below). In this paper we are concerned
with hyponormality of T, when ¢ enjoys an extremal case in (0.1), in the sense that equality
holds in (0.1). By the preceding consideration it suffices to focus on the cases where m > 3
and |u| > 1 (note that if || = 1 then |a_,,| = |an|). Our main result of this paper is
as follows. Let ¢ = g+ f, where f and g are analytic polynomials of degrees N and m
(m > 3), respectively. Suppose that g divides f and the leading coefficient of i := 5 is p

with [p| > 1. If ’ZCGZWJ) C‘ = |u| — ﬁ then we have:

(i) If N < 2m — 1 then T, is never hyponormal;

(i) If N > 2m — 1 then T, is hyponormal if and only if the Fourier coefficients ()
(N —=2m+1<j <N —m) of ¥ satisfy the following equation:

H(N —2m + 2) O(N —2m +1)
B(N H(N

(N —2m + 3) 1 (N —2m + 2)

— ©

PN —m—1)

DN —m—1) BN —m —2)
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We will also use this result to show that if p(z) = Zg:_m anz" (3<m < N and |a_,| <

lan|) satisfies the equality |an|? — |a_,|* = ’det (aa’;‘ aamei1> , then
2 2
an|® —la_ a_
T, hyponormal <= d;j;1 = 2 [2—m| ~ dj (j=1,---,m—2),
det (@ @it} \ an
aN an-—1
where the d; are given by
-1
dy A—m  G—my1 a—z a-1 AN —m+1
do a—m  G—my1l - a_s AN —m+2
0 a—m+1
dm, a_m an

2. MAIN RESULTS

We review Schur’s algorithm, due to K. Zhu [12], determining hyponormality for Toeplitz
operators with polynomial symbols. Suppose that k(z) = Z;io ¢jz? is in the closed unit
ball of H>*(T). If kg = k, define by induction a sequence {k,} of functions in the closed

unit ball of H>°(T) as follows:

. lzl<1l, n=0,1,2,---.

We write
kn(O):@n(Co,"',Cn), n:071727"'7

where ®,, is a function of n + 1 complex variables. We call the ®,,’s Schur’s functions.
Then Zhu’s theorem can be written as follows: if ¢(z) = ZnszN anz", where ay # 0 and
if

Co ay az anN—-1 GanN a1
c1 as az ... anN 0 a_o

(0-2) ; I ; ; : ’
CN_—-1 an 0 N 0 0 a_ N

then T, is hyponormal if and only if |®,(co, - ,¢c,)| < 1 for every n = 0,1,--- ,N — 1.
If k(z) = 3772, ¢;jz? is a function in H* such that ¢ — ki € H>, then g, -+ ,cy_1 are
just the values given in (0.2). Thus Zhu’s theorem shows that if k(z) = Z;‘io cjz? satisfies
¢ —kp € H*, then the hyponormality of T}, is independent of the values of ¢;’s for j > N.
On the other hand, Zhu’s theorem can be reformulated as follows:
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Lemma 1 (Zhu’s Theorem [12]). If p(z) = Zg:_m anz", where m < N and ay # 0,
then T, is hyponormal if and only if |®,(co, - ,cn)| < 1 for every n = 0,1,--- N — 1,
where the ¢, are given by the following recurrence relation:

Co=¢="=CN-m-1=0
(1.1) CN—m = a_m(ay) ™"

Cn = (W)_l(a,NHL — ;L;]i,_m cjaN,nﬂ-) form=N-m+1,--- ,N—1.
Proof. See [9, Proposition 1]. O

The following lemma provides a useful criterion of hyponormality for Toeplitz operators
T, with polynomial symbols ¢.

Lemma 2 (Nakazi-Takahashi Theorem [10]). A Toeplitz operator T, is hyponormal
and the rank of the selfcommutator [T, T,] is finite (e.g., ¢ is a trigonometric polynomial)
if and only if there exists a finite Blaschke product k € E(p) of the form

K= TIEE (1<t fori=toe

such that deg(k) = rank[T},T,|, where deg(k) denotes the degree of k — meaning the
number of zeros of k in the open unit disk D.

To prove the main result we need several auxiliary lemmas. First of all, we record
results on the hyponormality of Toeplitz operators with polynomial symbols, which have
been recently developed in the literature.

N n

Lemma 3. Suppose that ¢ is a trigonometric polynomial of the form p(z) =Y an 2",

where a_,, and ay are nonzero.
(i) If T, is hyponormal then m < N, |a_p| < |an| and N —m < rank[T;,T,] < N.
(ii) If o := g+ f, where f and g are in H*(T) and if p :== g+ Tsrf (r < N —m) then
T, is hyponormal if and only if T is.
(iii) If |a—m| = |an|, then T, is hyponormal if and only if the following symmetric
condition holds:

n=—m

(3.1) ANa—j = a_mON—my; (1<j<m).

In this case, the rank of [T;,T,] is N —m and E(¢) = {a_p(an)"' 2N}, In
particular, T, is normal if and only if m = N, |a_,,| = |an|, and (3.1) holds with
m = N.

(iv) If T, is hyponormal then the finite Blaschke product k € E(p) is of the form

(32)  k(z) = e zN—ij[lf_ﬂ@ (r<m; B £0) with [[18;] =

G ‘

a
i=1 N
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Proof. The statements (i), (ii) and (iii) are known from [3,5,6,7,8,9,10,12]. Thus it suffices
to focus on the assertion (iv). For (iv) suppose k(z) = Z;io ¢;2? is the finite Blaschke
product in £(p). Then by Lemma 1, ¢g = -+ = ¢y—_m—1 = 0. Therefore k is of the form

i fmr Z_ﬁ'

But since .
A—m _ _ i ,
SN ()
j=1
it follows that H;Zl 18;] = |a—m(an) 1|, which proves (iv). O

Suppose ¢ = g+ f, where f = ZnNzl a,z" and g = 22[21 b,z". If T, is normal then
g divides f: indeed, by Lemma 3 (iii), g = €% 27]:]:1 a,z" for some 6 € [0,27), so that g
divides f. But if T}, is hyponormal then g need not divide f. For example, consider the
polynomials g(z) = 22 +2z and f(z) = 322 +5z. Using an argument of P. Fan [4, Theorem
1] — for every trigonometric polynomial ¢ of the form ¢(z) = 32

n=-—2

det <“’2 aa’ll)‘ < laz|?* = |a—z|?,

a2

anz"™,

(3.3) T, is hyponormal <=

a straightforward calculation shows that if ¢ = g+ f then T, is hyponormal, while g does
not divide f.

In view of the preceding example, when ¢ = g+ f (f and g are analytic polynomials),
the condition “g divides f” seems to be so rigid. However the following lemma shows
that we may assume, without loss of generality, that g divides f whenever we consider
hyponormality of T,,.

Lemma 4. Let ¢ = g+ f, where g and f are analytic polynomials of degrees m and N
(m < N ), respectively. If we let

m—1
f(Z) = — Z de] + ZmTZanLf,
Jj=
where ZT:_Ul djz7 is the remainder in the division of 2™ Tsn—-m f by g, put @ := g+f. Then
we have:
(i) T, is hyponormal if and only if Tg is;
(ii) g divides f.
Moreover, if 1 := §, then the Fourier coefficients 1 (j) (0 < j < m) of 1 can be obtained
from the following equation:

% (0) am acmii ... a1 by \ '/ an-m

P(1) G—m  G—mtl .- a_1 AN —m+1
(4.1) : = : ,

R 0 A—m+1

p(m) a_m an
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where f(z) = Zi\f:o anz™ and g(z) =bg + Y on G_pz™.

Proof. The assertion (i) follows at once from Lemma 3 (ii). For the assertion (ii), observe
that by the division algorithm, there exist unique polynomials 1) and r of degrees m and /¢
(¢ < 'm —1), respectively, satisfying that 2™ Ton-m f = gt + r. Letting f:: 2 Ten—m [ —7
proves (ii). For (4.1), observe that if g divides f and if 1(z) := > ¥ (n)z" then

an = a_mip(m)

an-1 =@ m(m—1) + @ i1t (m)

AN—m = a_m@Z(O) + a—m—i—l"[)(l) + e +%¢(m)a
which gives (4.1). O

Note that if ¢ = g+ f (f and g are analytic polynomials), if g divides f and if T, is
hyponormal then by Lemma 3 (i), the leading coefficient of 5 has modulus > 1. But if
its modulus is exactly 1 then this case reduces to the case of Lemma 3 (iii). Therefore if
¢ =g+ f (f and g are analytic polynomials) then it will suffice to consider hyponormality
of T, under the assumption “g divides f and the leading coefficient of g has modulus bigger
than 1.”

Lemma 5. Suppose that k(z) = Z;io c;jz? is in the closed unit ball of H**(T) and that

{®,} is a sequence of Schur’s functions associated with {c,}. If co = -+ = cp—1 = 0 and
0 <|en| < 1, then we have that g =---=®,,_1 =0, &, = ¢,
Cnt1 (1- ’Cn‘z)cnﬂ-? + qc?w—l
(51) q)n+1 = FEENT) and q)n+2 = 3 .
1 — |en| (1= eal?)” = |enta]?

Moreover if |®,,+1| = 1, then k(z) is uniquely determined as follows:

Cntl g Z2—Q . CnCn+1
5.2 k(z) = with o = — .
(52) (2) 1—Jen?2” 1—az len+]

Proof. Suppose k(z) =7 ¢jz/. Then &y = k(0) = ¢ = 0 and

_ k(z) — k(0) _ - =1
kl(z) - Z(]. —%k(Z)) - ;C]Z )

so that ®; = ¢; = 0. Inductively, k,,(z) = Z;’;m cjz?~™ for m = 2,--- ,n — 1, so that
®,, =¢n=0(m=2,---,n—1). Then

) = kn—1(2) — kn—1(0) = 3 ;2?7
Fon (2) 2(1 = kn-1(0)kn-1(2)) Jz:; j |



so that ®,, = ¢,,. Also we have

k (Z) - kn(z) - kn(o) _ Z;}in Cjzj_" —c, _ Z;in+1 Cjzj—n_l
B (1= ka(0ka(2)) (1= ku(0)kn(2)) 1 -k, (0)ky(2)

so that
Cn+1 - Cn+1

L—[kn(O) 1= el

(I)nJrl =
On the other hand, we have

kni1(2) — kni1(0)

kn+2(2) = ——
z(l - kn+1(0)kn+1(z))
(5.3) _ Tk e 7
Z(]. - kn+1(0)kn+1(2))
. (1 - |Cn|2) Zjo’.;n+2 Cjzj_n_Q + Cn+1q Z;’)inJrl Cjzj_n_l
(1- ‘Cn|2)(1 - Ekn(z)) (1 - kn—i-l(o)kn—i-l(z)) ’
so that
(1- |Cn’2)cn+2 + C%_HE (1- ’cn|2)cn+2 + ng-s-la
(5-4) Pt = 2)2 2y 2)2 2
(1 = [enl?)?(1 = [kn+1(0)[2) (1 = [enl?)? = lenta]

which proves the first assertion. For the second assertion suppose that |®,,11| = 1, so that
1 — |en|* = |ens1|- Remember ([11,12]) that if k(z) = Z;io ¢;jz? is in the closed unit ball
of H* then for any m € Z*, |®,(co, -+ ,¢;)] <1 for each j = 0,---,m. Thus from (5.4)
we must have that 1 — |c,|*chq2 + 2 1C, = 0, or equivalently,

Cna1Cn
(55) Cp4+2 = — nt ncn+1.
|1l

Substituting (5.5) into (5.3) and multiplying on the denominator and the numerator by
2~1 give that
(1 - |Cn|2) Z(;in—i-?) Cjzjinig + Cn—l—la Z]O'in-i-Q Cjzjin72

—(L=lenl?)en 252011 62 T =Bt X a6 T

(56)  knra(z) =

which forces that (1 — |c,|?)cnis + cnr1Cncnie = 0 because the denominator of ky,2(0) is
0. Thus we have

_ _\2
Cpi1C Cni1C

(5.7) Cppg = — L = (n+n> Sy
[y |1l

Repeating this process gives

T
(58) Cnt+j = <_ L n) Cn+1 for j = 27 37 T
|Cn+1|
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Thus each ¢; (j =0,1,2,---) is uniquely determined. Therefore k should be exactly of the
form

0o —\J—1
Cn+1C .
E(2) = cpn2" + cny12™ ™+ g E (— nt n) 2"

j=2 ’Cn“l‘l |
Put o := —(’izciiﬁ. Then |a| = |¢,| < 1 and a straightforward calculation shows
c z—« CnC
k(z) = —2tt 5 2" = with a = — 2L
1 — |en| l—az lent]
This completes the proof. ]

Lemma 6. Let ¢ = g+ f, where f and g are analytic polynomials of degrees N and m,

respectively. Suppose that g divides f and the leading coefficient of 1 := 7 is pu. Then
1
(6.1) T, hyponormal — Z g‘ <|u| - Tl
ceZ(¥) K

In particular, if |u| =1 and if T, is hyponormal then ZCEZW) ¢=0.

Proof. If g divides f, we can write g(z) = by + Y ., a_nz" = a_p, H;nzl(z — () and
f(z) = ZQLO anz" = an vazl(z — (j). A straightforward calculation shows that ay_1 =

—an Zjvzl G and @1 = G- ;- (- By the recurrence relation (1.1) we have
o=+ =CN-m-1=0; CNom = T2
— ()1 —
CN—m+1 = (CLN) (CLm+1 - CmeaNfl)
(6.2)

= @) (~en L G+ 2w L G)

a_m N -
= j=mt1 G

Applying Lemma 5 with n = N — m, we have

Byp=- =By 1 =0;
a_
PN—m = CNom = T2
(6.3) Py -
— CN—m+1 __ an j=m+415J
q)N—m—l—l — I-len_m]? 1 %=m )
- ==

Therefore if T}, is hyponormal then by Lemma 1, [®n_,41] < 1, ie.,

a al am |’
—m —m
o || 22, 9= [
j=m+1
or equivalently, since 1) = =X ;V:m (=),
ayn a_ 1
(6.4 > dfs e - o
CEZ(v) o o
which proves (6.1). The second assertion is straightforward from (6.1). O

We are ready for:
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Theorem 7. Let o = g+ f, where f and g are analytic polynomials of degrees N and m
(m > 3), respectively. Suppose that g divides f and the leading coefficient of ¥ := % s

with |p| > 1. If ‘ZCez(w C‘ = |u| — ﬁ then we have:

(i) If N <2m —1 then T, is never hyponormal;
(ii) If N > 2m — 1 then T, is hyponormal if and only if the Fourier coefficients 1 (j)
(N —=2m+1<j<N—m)of ¢ satisfy the following equation:

D(N —2m + 2) H(N —2m+1)

(N — 2m + 3) . (N — 2m + 2)
(7.1) s S '
: PY(N —m —1) :

YN —m—1) O(N —m —2)

In particular, the hyponormality of Ty, is independent of the particular values of the Fourier
coefficients ¥ (0),9(1),--- ;4 (N — 2m) of .
Proof. We first claim that if T, is hyponormal then

(7.2) rank [T, T,] = N —m+1 <=

> c'z\u!—“z-

CeEZ(Y)

Indeed if rank [T}, T,] = N —m + 1, then in view of Lemma 3 (iv), the finite Blaschke
product k € E(yp) is of the form

k@):esz—mfilé (0< ¢ <1, 6€]0,2m)).
1—-¢&2

But by (1.1), kp(2) = enemz¥ ™™ 4+ en—mi12V "™ is the unique analytic polynomial of
degree less that N —m + 2 satisfying ¢ — k,p € H*°. A straightforward calculation shows
that k(z) should be of the form

k(z) = € ()N e (1 - [¢) N 4 Y el

j=N—m+42
By the uniqueness of k,, we have that cy_,, = —e?¢ and cx_pmy1 = €(1 — |€]?), which
implies that |cxy_mi1] = 1 — |ex—m|?. Thus by (6.3) we have that |®x_,,11] = 1, or

equivalently, ‘ZCGZ(M})C’ = |u| — ﬁ Conversely, suppose ’ZCEZ(w)C‘ = |u| — |71|’ ie.,
|®N_m+1| = 1. Then by Lemma 5, £(¢) consists of only one element as the following finite
Blaschke product:

]{3(2) _ CN—m+1 Nem < — & . _CN—mCN—m—‘rl
1= len—ml? l-az CN—m+1
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Since deg(k) = N —m + 1, it follows that rank [T}, T,] = N —m + 1. This proves (7.2).
Write
H 2 =)

Suppose T, is hyponormal. By our assumption and (7.2), [T, T,] is of rank N —m + 1.
Thus by Lemma 3 (iv), the finite Blaschke product k € () should be of the form

(7.3) k(z) = esz—mz__fz (0< ¢ <1, we [0,27).

Thus we have

T, hyponormal <= ¢ — k¢ € H* with k in (7.3)
iw N-m %2~ § fe

=g —
g—e“z s
<:>§—ei”zN_m1_§Z_ﬁ H (z—7;) € H*® (because f = gv)
j=1
_ Z—f N—m
=g 1—6“"1__2/11_[(1—7]2) € H*®
j=1
Z—é_ N—-m
(7.4) = 1-e“——n [[ 1-72) €z"H
1-¢= i1

Substituting z = 0 into (7.4) gives that 1 — ™ (—¢)ji = 0, and hence e = —(ji¢)~!. Thus
T, is hyponormal if and only if

H (1 —752) :—ﬂf-i-chZj for some ¢; (j =m,m+1,---)
j=1 izm
or equivalently,
- - |
(7.5 H —7;2) = (1=€2) | =€ + Z ¢’ for some ¢; (j = m,m+1,---).

Note that

ﬁ (1= 752) = 2 "0(z) = BN —m) + DN —m — 1)z 4+ p(0) 2.
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Thus solving (7.5) gives
(7.6)
(Bl = —EPp(N —m—1)
0=9@G) —¢d(G—1) (j=N-m—1,- N—2m+2)
Cm = D(N —2m +1) — EPH(N — 2m)
Cmtj — Eempjo1 = (N —=2m+1—j) —EP(N —2m—j)  (j=1,--- ,N—2m+1)
Cmij—ECmyj1=0 (j=N—-2m+2,N—2m+3,---),

N N

where for notational convenience, we let ¥(j) := 0 for j < 0. If N < 2m — 1 then
a telescoping argument with the second equation of (7.6) gives that ¥ (j) = 0 for all j =
N—2m+2,--- , N—m~—1, so that from the first equation of (7.6) we have that ji |¢|* = i and
hence [£| = 1, a contradiction. Therefore, if N < 2m—1 then T, is never hyponormal. Now
Cc%jl =l <1lforallj=N-2m+2,N—-2m+3,---,
m+j—
[ee]

we must have that Z;‘;m lcj]? < oo, ie., > iem cjz? € H>. Therefore the solutions of
(7.6) equal those of the first two equations of (7.6), i.e.,

suppose that N > 2m — 1. Since

SNzm) _ pvemet) | gveomsn g
P(N—m—2) P(N—m—3) P(N—2m—+1)

(7.7) . r

iw
o

(N—m—1)

P P(N—m—1)*
“‘MN—m—m

THET Yy NCme2)
But the second equality in (7.7) is equivalent to

(&

1 w N
7.8 —=pu—+ YN —m —1),
(7.8) 7 . ( )
which implies

et 1 1
(7.9) —— = (u— ).

o (N —m—1) fi
Therefore by the first equation of (7.7) and (7.9), T, is hyponormal if and only if

G(N—m—1) (N —m—2)

V(N —=m—2) (N —m—3)

= (n—=).

O(N —2m +2) 1 1
(N =2m+1) (N —m—1) I

This completes the proof. O

The following is an immediate result of Theorem 7.
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Corollary 8. Suppose that p(z) = Efj:_m

lan|? = |a_m|? = ‘det (a’m a’m“)‘, then

anz", where 3 <m < N and |a_,| < |an|. If

anN aN-—1

’a’N‘z - ‘a—m‘Q a—m .
T, hyponormal <= dji1 = dj (G=1,---,m—2),
der () Uan
aN aN-1

where the d; are given by

dy A_r Gyt a_y a—1 \ = [AN—m+1

da a—m G—m+1 .- a—2 AN —m+2
(8.1) c =

; 0 . a—m+1
dm a_m an

Proof. Write ¢ = g + f, where f = Py. Applying Lemma 4 shows that there exists a
trigonometric polynomial ¢ of the form ¢ := g + f, where fis an analytic polynomial of
degree 2m such that g divides ]? and T, is hyponormal if and only if Tjg is. Note that if
RS 5 then from (4.1) we can see that the Fourier coefficients 1(j) are given by the values
d; in (8.1). A straightforward calculation shows that

ON—-10—m — G_m4+14N
2 )

@(m) — O and @(m—l) =

a_m a—_m

SO R
B @Z)(ml)‘_ aN_la_ma_mHaN)
> q-] d) | amer |

CEZ(Y)
Therefore we have

lan|” = la—m|® = ’det (a’m a”"*l) —

anN aN-—1

A 1
> o=l -

Now applying Theorem 7 with N = 2m and ¢)(n) = d, (n=1,--- ,m) gives the result. [J

Example 9. Consider the trigonometric polynomial
(9.1) o) =23 +22 2 +az '+ 824+ 224+22 (o, f€C).
Then ¢ satisfies the assumptions of Corollary 8. By (8.1),

dy 12a\ ! /3 B—2a-+6

(2)-Git) (-3

ds 001 2 2

Thus by Corollary 8, T, is hyponormal if and only if
1
do = 3 dy, ie, 2a—p=0.

Therefore we have
(9.2) {(a, ) € C*: T, is hyponormal} = {(a, ) € C*: 3 = 2a}.
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Example 10. Consider the trigonometric polynomial
o) =2t +22 34 az?+ 2+ 22+ 22 (o, p€C).

We are tempted to guess that (9.2) is still true. But this is not the case. To see this observe
that ¢ satisfies the assumptions of Corollary 8. By (8.1),

dy 12a&0\ 1 /0 —28+7a—12
) _[o012a 8\ _ B—2a+6
ds | — L oo12 1 3

ds 000 1 2 2

Thus by Corollary 8, T,, is hyponormal if and only if d;11 = —3d; (j = 1,2). Therefore

T, is hyponormal if and only if o = 3 = 0.
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