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Abstract

Inspired by recent works on m-isometries for a positive integer m, in this paper we
introduce the classes of oo-isometries and oo-unitaries on a Hilbert space. We show
that an oco-isometry on a finite dimensional complex Hilbert space H with dimension
N is in fact an (2N —1)-isometry. We describe the spectra of such operators, study the
quasinilpotent perturbations of oco-isometries and characterize when tensor products
of co-isometries are also co-isometries. As a surpring byproduct, we obtain a gener-
alization of Nagy-Foias-Langer decomposition of a contraction into an unitary and a
completely nonunitary contraction.

1 Introduction

Since a systematic study on m-isometries by Agler and Stankus [3], [4] and [5], the theory
of m-isometries has been highly developed. The theory for m-isometries on Hilbert spaces
has rich connections to Toeplitz operators, classical function theory, and other areas of
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mathematics. In particular, a class of 2-isometries arises from non-stationary stochastic
process of Brownian motion (see [4]). The work of Richter [27] and [28] on analytic 2-
isometries has a connection with the invariant subspaces of the shift operator on the Dirichlet
space, see also related papers [24], [25] and [30] in this direction. On the other hand, the
definition of m-isometries depends on the degree m of the polynomial (yz — 1)" in two
variables. Thus we may ask what happens if m — oo. This stimulates a new notion of
oo-isometries. The aim of this paper is to explore elementary properties of oo-isometries.
In particular, we give a complete characterization of co-isometries on a finite dimensional
Hilbert space.

Let H be a complex Hilbert space and let B(H) denote the set of all bounded linear
operators acting on H. If ' € B(H), we write o(T") and o0,,(T") for the spectrum and the
approximate spectrum of 7', respectively. If Hj is a subspace of H, Pp, is the projection
from H onto Hy. An operator T' € B(H) is called an m-isometry for a positive integer m (as
in Agler and Stankus [3]) if

1) = (g = 1"y o = 31" (1) oe

k=0
_ Zm:( 1)mh (m) T*T* =
k=0 k
Note that
Bnar(T) =T Bo(T)T = Bn(T). (1)

Thus if T is an m-isometry, then 7' is an n-isometry for all n > m. We say T is a strict
m-isometry if 7' is an m-isometry but not an (m — 1)-isometry. We now introduce the class
of co-isometries.

Definition 1.1 Let T € B(H). The operator T is called an oo-isometry if

lim sup |3, (T)[|""™ = 0.

m—00

Also T is called a finite-isometry if T is an m-isometry for some m > 1.

If Hy is an invariant subspace of T', then
Bin(T|Ho) = Py 5 (T')| Ho (2)

where T'|Hy is the restriction of T' to Hy. This property is one of the main motivations of
hereditary functional calculus as in [1], [2], [3] and [20]. So, if 7" on H is an oco-isometry,
then T'|Hy is also an oo-isometry.

The first motivation of studying co-isometries comes from recent interests in m-isometries
on Hilbert spaces, Banach spaces and metric spaces [6], [8], [14], [18], [21], [26], and [31].
The second motivation is that oo-isometries seem to be natural limits of m-isometries as
m — oo, see Proposition 4.6 below. However, the main motivation is that oco-isometries



enjoy many properties of m-isometries, as we will demonstrate in this paper. This new class
of operators also poses some interesting questions and challenges. For example, one of the
main tools in [3], [6] and [28] for studying an m-isometry T is the nonnegative covariance
operator (3,,_1(7") which is not available in an oo-isometry. We hope that this study will
deepen our understanding of m-isometries.

First we give some examples. Recall a unilateral weighted shift 7" on l; is defined by
Te; = w;ejr1,j > 0, where {e;, j > 0} is the standard basis of 5.

Example 1.2 Let ) be the weighted shift on ly with weights w; = jﬁ Then Q) is quasinilpo-
tent and T = I + Q is an oco-isometry by Theorem 4.4 below. But'l' is not a finite-isometry.
A direct computation of showing B, (T) # 0 for any m > 1 seems to be difficult. Note that
o(T) = {1} . Recall that if S is an m-isometry and o(S) consists of a finite number of points,
then S s the direct sum of operators of the form A\l + Qo, where Qg is a nilpotent operator,
see Proposition 11 in [17]. Hence if T = I + Q is a finite-isometry, then @Q is a nilpotent
operator, which is a contradiction.

Example 1.3 Let T,, be an n x n Jordan block

A % e 0
e 1
P | n
0 --- 0 )\,
where |\,| =1 and
1 0
In =
I |
0 -« 0 0

Then, by a direct calculation (for example, using the first formula in Lemma 4.1 below with

T =M1, and Q = %Jn),

62n—1(Tn) =0

2n—2\ 1
and Ban—2(15,) = ( " )—A”‘lT*(”—l)J;(R—DJT(L"—U £ 0.

n—1/n2"
That is, T,, is a strict (2n — 1)-isometry. Let
Ir=Toholzo---.

Then T is an oo-isometry but not a finite-isometry. Furthermore, o(T) = {\,: n>1}".
To see this, let

Sp=T1&® DT, B N1l BNyl &---.



Then S, is a strict (2n — 1)-isometry and S,S; = S;S, for all n,l > 1. It is also clear
that S, — T in operator norm. Therefore, by Proposition 4.6 below, T is an oco-isometry.
Clearly, T is not a finite-isometry since

Bin(T) = Bin(T1) ® Bin(T2) ® B(T3) & --- #0

for any m > 1.

2 The oco-isometric matrices

In this section, we discuss basic spectral properties of an oco-isometry. As applications of
those properties, we show that if H is a finite dimensional Hilbert space, then T' € B(H) is
an oo-isometry if and only if 7" is an m-isometry for some m > 1.

The spectrum of an m-isometry was described in [3] on a Hilbert space and in [6] on a
Banach space. Similarly, we have the following generalization. Let D be the open unit disk
and 0D be the unit circle.

Proposition 2.1 If T is an co-isometry, then o,,(T) C 0D. Therefore, either o(T) = D~
oro(T) C 0D. In particular, T is left invertible.

Proof. Let A € 0,,(T) and let h; € H be a sequence of unit vectors such that || (7" — A1) h;|| —
0 as ¢ — oo. It is clear that HT’“hi”2 — |A]*" as i — oo. Hence

() = 317 () 7t

m— m m
S () = -
k=0
Thus
18Tl = [{Bm(T)hs, hi)| - and hence, |8, (T)IIM™ = |IA* —1].
Therefore limsup,, .. [|Bm(T)[|”™ = 0 implies that [A\| = 1. m

By Example 1.3, any compact set K C 9D could be the spectrum of an co-isometry.

Definition 2.2 We say T is an oo-unitary if both T and T* are oc-isometries. Similarly,
form > 1, T is an m-unitary if both T" and T are m-isometries. T is a finite-unitary if T
s an m-unitary for some m > 1.

Corollary 2.3 If T is an oo-unitary, then o(T) C 9D.

Proof. The proof is the same as the proof of Corollary 1.22 in [3]. We prove by contradiction.
If o(T) € 0D, then by Proposition 2.1, o(T) = D~ and 0 ¢ 04,(T). Thus T is onto and



0 ¢ 04,(T*). By applying Proposition 2.1 to T*, we have o(7*) C 9D. This is a contraction
too(T)=D". m

Note that examples in Example 1.2 and Example 1.3 are oo-unitaries.

We next show that the following result about eigenvalues for an m-isometry does not
extend to oo-isometries, see part (a) of Theorem 1 in [15]. The operator in this example is
just the adjoint of the operator in Example 1.2.

Theorem 2.4 [15] Let T be an m-isometry. If A is an eigenvalue of T', then X is an eigen-
value of T*. Similarly, if X € 0,,(T), then X € oq,(T*).

Example 2.5 Let T = M + Q*, where |\| = 1 and Q is the weighted shift on ly with
weights w; = ﬁ Then T is an oo-isometry. Furthermore, (T — A)eqg = Q*¢p = 0, but
(T* — X]) eo = e1 # 0. It is easy to see that \ is an eigenvalue of T, but X is not an eigenvalue
of T*.

However a similar result for eigenvectors or approximate eigenvectors of an m-isometry
in Theorem 1 of [15] does extend to an oco-isometry. See also Lemma 19 in [2] for a related
result.

Proposition 2.6 Let T be an oco-isometry.

(a) Figenvectors of T' corresponding to distinct eigenvalues are orthogonal.

(b) If X and p are two distinct approximate eigenvalues of T, and {x,} and {y,} are
sequence of unit vectors such that (T — A )z, — 0 and (T —pl)y, — 0, then (x,,y,) —
0.

Proof. We first prove (a). Let A and p be two distinct eigenvalues of 7. By Proposition

2.1, |A| = |u] = 1,80 Xz — 1 # 0. Let 2 and y be two unit vectors such that (7' — A\l)x = 0
and (T'— pl)y = 0. Then

(B (T, y) =

NE

(—1)m* (7:) (T, Ty

k=0

NE

()t o) = O = 107 (o).

B
Il

0

It follows that

|\ — D)™ (o, )™ = (BT, )™ < | B (D))

By taking limsup as m — oo of the inequality above, we see that (z,y) = 0.

The proof of (b) is similar. Let A and p be two distinct approximate eigenvalues of T
By Proposition 2.1, || = |u| = 1, so A\t — 1 # 0. Let {z,,} and {y,} be two sequences of
unit vectors such that (7" — A\l)z,, — 0 and (7" — ul)y, — 0. To prove (z,,y,) — 0, let
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<l'nj, ynj> be any convergent subsequence of (z,, y,) such that <xnj,ynj> — a, we shall show
that a = 0. Note that for each fix m > 1,

(A7 = 1)"a] = Tim [Nz —1)" (22, 4, )|

TLJ'—>OO
P TL]*?OO

=D (=pmF (m) lim (T, T*y,)
k=0 W) mi=ee

=l [(Bn(T)n;, ym;)| < 118n(T)]-

Therefore

A — 1] lim |aY'™ = lim sup |(Af — 1)™a|*™

m—00

< lim sup ||8,(7)|"™ = 0.

m—0o0

This implies @ = 0 and hence (z,,,y,) — 0. =
We next show that the above proposition can be significantly strengthened. We first need

a lemma.

Lemma 2.7 For any two complex numbers A and p, the following holds:

my, Mg, M3

(M) = Y ( " )(T*—m)mlenm(T—MW%m—1>m3.

mi+mao+mz=m

Proof. Using the multinomial formula,

Bn(T) = (yr — 1) |y=1+ =1
~(w-me+a@=N+WNi=1) lyers ot

m —\m1 ,.m1—m m - m,
- T )= - ) )™
mi, Mg, M3

mi+ma+mz=m

= ( " )(T*—m)mlelnm(T—MWW—1)’"3.
my, M2, M3
mi+ma+mz=m

The proof is complete. =

Lemma 2.8 Let T' be an oo-isometry. If A and p are two distinct eigenvalues of T, then
ker(T' — AI)* L ker(T — pul)! for all k,1 > 1.



Proof. We prove the lemma by induction. For the case k =1 = 1. Let vy, v be unit vectors
such that (7" — Al )vy = (T'— pd)vy = 0. Then by Lemma 2.7,

(B (T)v1, v2)
— < Z ( m > ()\ﬁ — 1)m3Tm1ﬁm2 (T _ )‘[)mQUh (T . Mf)m1v2>

mi, Mo, M
mi+matma=m 1, 2 3

= ()‘ﬁ - 1)m <Ul702> )

since (T"— A)™v; = (T — pl)™wve =0 for all my, my # 0. By assumption A\ # 1, thus

lim sup [(Az — 1) (v1,05)|"/™ = Tim sup [(Bn(T)01, v2) V™
<lim sup ||Bn(T)|"™ =0, (3)

m—00

which gives (vq,v9) = 0.

We now fix I = 1 and use induction on k. Assume ker(T — A )* L ker(T — ul). Let
v, € ker(T — AN)EL, vy € ker(T — pd). We will show that (v, v,) = 0, and hence ker(T' —
AM)* L ker(T — pI) for all k > 1. Note that

<Bm (T)/Ula U2>
) < 2 ( " >W‘ 1) T g (T = )™y, (T — M)mlvz>

mq, Mo, M
mi+ma+maz=m 1o T2, TS

_ < S (07 mTZ m3> (AT — 1)™s™ (T — \I)™ vy, U2>

mo+ms3=m

= (A = 1) (v1,02) ,

since if my > 1, (T — pl)™wvy = 0. Moreover, if me > k + 1, (T'— AI)™v; = 0; and if
1 <my <k, (T —XDK(T — XI)™2v; = (T — \)F*™m20; = 0, so (T — M )™2v; € ker(T — X )*,
thus (T" — AI)"™wv; L vy and (T — A )™2wvy,v5) = 0 by the inductive hypothesis. Thus the
only term left is when m; = my = 0;m3 = m. An argument similar to (3) shows that
(v1,v9) = 0. This proves that

ker(T — AI)* L ker(T — pI) for all k > 1. (4)
By symmetry, we also have
ker(T — M) L ker(T — pl)' for all [ > 1. (5)

We will show that ker(T — M )* L ker(S — ul)! for any k,I > 1 by using induction on .
Assume for fixed [,
ker(T — AI)* L ker(T — pl)" for all k > 1. (6)



We now show that ker(T' — AI)* L ker(T — )"+ for all k > 1 as well. We do this by using
induction on k. For k = 1, this is just (5). Now we assume

ker(T — AI)™ L ker(S — ul)"™. (7)

We will show
ker(T — M) L ker(T — pl).

Let v € ker(T — AI)"™ and vy € ker(T — pl)'™. A similar computation yields:
0 - <6m(T)U1a U2>

_ < 3 ( m >()\ﬁ— M T™Em2 (T — A) ™2y, (T — Ml)mlv2>‘ (8)

mq, Mo, M
mi+me+mz=m 1, 11525 1758

Now, if my > 1 and my > 0, (T — pul)™wvy € ker(T — pI)! and (T — M )™2v; € ker(T — \I)™.
Thus by (6), these terms in (8) are zero. If m; = 0 and my > 0, (T'—pl)™ vy € ker(T —pul )+
and (T'— AI)™w; € ker(T'— AI)". Then by the inductive hypothesis (7), these terms (8) are
also zero. The only term left in (8) is when m; = my = 0;m3 = m. Finally, an argument
similar to (3) shows that (vy,v) =0. =

Remark 2.9 Similarly, if T is an co-isometry, and if X and p are two distinct approzimate
eigenvalues of T, and {x,} and {y,} are sequence of unit vectors such that (T — X )*z,, — 0
and (T — pl)'y, — 0 for some fized k,1 > 1, then {(x,,y,) — O.

Theorem 2.10 Assume H is a finite dimensional complex Hilbert space with dim(H) = N.
Then T € B(H) is an oco-isometry if and only if T is an (2N — 1)-isometry.

Proof. Assume T is an oo-isometry on a finite dimensional H. By Proposition 2.1, it is
o(T) C 0D. Let p(\) = Hle()\ — Ai)?" be the characteristic polynomial of T, where \; are
distinct eigenvalues of 7. By Lemma 2.8, T is unitarily equivalent to direct sum

k

T=P N +Q)

i=1
where @); is a nilpotent matrix of order p;. A direct calculation (or by Lemma 4.1) shows
that 5,,(T) =0 for m = max{2p; — 1,i=1,2,--- k}. m

An m-isometry on a finite dimensional Hilbert space H is the direct sum of operators of
the form AI + @ as in [2] where |A\| = 1 and @ is a nilpotent matrix. See [2] also for more
general hereditary roots than just m-isometries on a finite dimensional H.



3 The decomposition of an co-isometry

In this section, for an oco-isometry 7', we identify invariant subspaces of T' such that the
restriction of 7" to those invariant subspaces are finite-isometries. In particular, we decompose
an oo-unitary 7" into direct sum of m-unitaries for m € {1,2,3,---} U {oo}. The first result
identifies some invariant subspace H,, for an invertible 7" such that T'|H,, is an m-isometry.
Let

H,, = ﬂ ker(5,(T)).

n>m

It follows from the definition that
H CHy CH3C---.

Proposition 3.1 LetT € B(H). Assumeker(T*) = {0}. Then H,, is an invariant subspace
for T and T|H,, is an m-isometry.

Proof. We first prove H,, is invariant for 7" If x € H,,, then for any n > m,
Bn(T)x =0 and BnJrl(T)x = 0.
Then by (1),
[Bn1(T) + Bu(T)]z = T B,(T)Tz = 0.
Since T* is injective, (,(T)Tx = 0 for any n > m. That is, Tx € H,,. Now by (2),
Bm(T\Hy) = Py, B (T)|Hy, = Py,,0=0.
Therefore, T'|H,, is an m-isometry. =

If T is an m-isometry, then (3,,(7) = 0 and ker(8,(T")) = H for n > m, so we have the
following result.

Corollary 3.2 If T € B(H) is an invertible m-isometry, then forn=1,2,...,m —1,
H,= () ker(8(T))
m—1>j>n
is invariant for T' and T|H,, is an n-isometry.

Proposition 1.6 in [3] states that if T € B(H) is an m-isometry, then H,, ; is the maximal
invariant subspace M such that T|M is an (m — 1)-isometry. It is natural to ask if H,, in
Proposition 3.1 is in fact the maximal invariant subspace M such that T'|M is an n-isometry

forn=1,2,...,m — 2. Next, we will identify some other invariant subspaces.
For m > 1, another subspace K, is defined by
K (T) = Ky = () ker(Bn(T)T"). (9)
>0

It follows from (1) that
KiC Ky CK3C---

Similarly we have the following result.



Proposition 3.3 Let T € B(H). Then K,, is invariant for T and T|K,, is an m-isometry.

Proof. If z € K,,, then 3,,,(T)T"z = 0 for all i > 0. Thus 3,,(T)T"Tx = S,(T)T" 'z = 0 for
alli > 0. So Tz € K,, and K, is invariant for 7" Furthermore (3,,,(T|K,,) = Pk, B (T)| K., =
0 because K, C ker(5,,(7)). m

In fact, there is a subspace K., defined by

1/m

Koo(T) = Koo 1= {h € H :1im sup ||3,,(T)T°h||"™ =0 for all i > o} :

Similarly, we define

Koo(T*) = {h € H :lim sup ||Bn(T*)T*R||"”"™ = 0 for all i > o}
and Uy = Koo(T)NKoo(T7). (10)

Proposition 3.4 LetT € B(H). Then K, is invariant for T and T|K, is an co-isometry.

Proof. By definition, if z,y € K, then for : > 0 and any two complex numbers a and b,

lim sup ||ﬁm(T)Ti(ax + by)Hl/m

< lim sup (Jal Hﬁm(T)TKq;H + [0] Hﬂm(T>Ti:L'H)1/m

< lim sup (]a| Hﬁm(T)TixH)l/m + lim sup (b ||Bm(T)Tix||)1/m =0.

Hence K, is a subspace. The proof that K, is invariant for T is also straightforward. To
prove T| K, is an oco-isometry, we need to show

lim sup [[5,,(T1K.0)| /" = 0. (11)

m—0o0

Note that 3,,(T|Kx) = Pk, Bm(T)| K. Hence for h € K,

lim sup || (T|Koo)hl|"™ = lim sup || Pic, B (T)h]|""

<lim sup || B, (T)h]"™ = 0. (12)
We will use the uniform boundedness principle to prove (11). But a straightforward appli-
cation of the uniform boundedness principle to the sequence of operators {5,,(7|Kw)} only
gives
18m(T|Ks)|| < C form>1 and  lim sup ||Bm(T|Ks)||"/™ < 1,

m—00

where C' is some constant. However, note that for any § > 0 and h € K., by (12),

lim sup [|6™ B (T|Kso)h||Y™ = 6lim sup ||Bu(T| K )h|*™ = 0.

m—00 m—00

10



By applying the uniform boundedness principle to the sequence of operators {0 53,,,(T| K)} ,

we have
1/m
67 BT )| < € (form > 1) and |5, (T]Re) 7 < 7

where C is some constant. Therefore

Cl/m 1
lim sup |5 (T Koo)' < lim sup —— = .

m—0o0 m—0o0 (5

Since 0 > 0 is arbitrary, this proves that limsup,, .. [|8m(T|Ks)||V™ =0. m

Decomposition theorems for operators are important in operator theory, see the book [22].
The Nagy-Foias-Langer decomposition theorem for a contraction says every contraction is a
direct sum of an unitary and a completely nonunitary contraction, see Theorem 5.1 in [22] for
details. The following result generalizes Nagy-Foias-Langer decomposition theorem in two
ways. First, it is valid for an arbitrary operator. Second, it is valid for m-unitaries for all
m > 1 and for co-unitaries. This also gives a different (probably more direct) proof of Nagy-
Foias-Langer decomposition theorem since the proof of Nagy-Foias-Langer decomposition
theorem use the assumption of 7" being a contraction in an essential way.

Theorem 3.5 Let T € B(H).

(a) Then U,, defined by the formula

Un 1= K T)NVEn(T*) = [ [ker(Bu (DT kex(3n(THT™]  (13)

1>0

18 the unique maximal reducing subspace on which T is an m-unitary. Furthermore,
T =T, ®T5 with respect to the decomposition H = U,, ® Unﬁ, where Ty 1is an m-unitary
and Ty 1s an operator which has no direct m-unitary summand.

(b) The space Uy, defined by (10) is the unique mazimal reducing subspace on which T
15 an co-unitary. Furthermore, T = T} & Ty with respect to the decomposition H =
Uy & UOLO, where 11 is an co-unitary and Ty is an operator which has no direct oo-
unitary summand.

Proof. We first prove (a). By Proposition 3.3, K,,(T") defined in (9) is invariant for T
and K,,(T*) is invariant for 7%, thus U, is reducing for 7' It also follows that T'|U,, is an
m-unitary. Now if M C H is reducing for 7" and T'|M is an m-unitary, then G,,(T)|M =
Py B (T)M = B,(T|M) = 0. So M C ker(83,,(T)). Since M is invariant for T, T°M C
M C ker(f3,,(T)) for each i > 0. This implies that M C ker(8,,(T)T"). Hence M C K,,(T).
Similarly, since M C H is reducing for T* and T*|M is an m-unitary, we have M C K,,(T™).
Thus M C U,,. This proves the maximality of U,,. The decomposition T = T} & T now
follows from the maximality of U,,.

11



For (b), we only prove the maximality of U, since the rest of the proof is similar to that
of (a). Assume M C H is reducing for T" and T'|M is an oco-unitary. Then 3,,(T)|M =
Py Bimn(T)| M = B, (T|M). So, for any h € M and i > 0

1/m 1/m

lim sup ||B,(T)T°h||""" =1lim sup ||B,(T|M)T"h||

<lim sup |3, (TIM)[V™ || TR]|"™ = 0.

By the definition of K(T),h € K(T). So, M C K, (T). Similarly, since M C H is
reducing for 7% and T*|M is an oco-unitary, we have M C K, (T™*). In conclusion M C U,.
The proof is complete. =

The following definition is natural.

Definition 3.6 If T € B(H) is an m-unitary for m > 2, T is called a pure m-unitary if
T has no nonzero direct summand which is an (m — 1)-unitary. Similarly, if T € B(H) is
an oo-unitary, T is called a pure oco-unitary if T' has no nonzero direct summand which is a
finite-unitary.

For each m > 1, let U,, denote the unique maximal reducing subspace as in (13) such
that T'|U,, is an m-unitary. We have the following decomposition theorem for an co-unitary.

Theorem 3.7 Let T € B(H) be an oo-unitary. Let Vi = Uy, V, = U, ©U,_1 forn > 2 and
Vw=Ho\/[{U.i>1}=Hs\/{Vii>1}.

Then V; is reducing for T" for each i = 1,2,...,00, and with respect to the decomposition
H=VoaoViaVod Vsd---, T has the following form

T:Vm®%®%®"'®vn®"' ,
where TV, is a pure co-unitary, T|V; is an unitary, and T|V,, is a pure n-unitary for n > 2.

For a 2-isometry T, Proposition 1.25 in [3] identifies the unique maximal reducing sub-
space Ry such that T|R; is an isometry. Here we are able to identify R; for an arbitrary
operator. This also leads to a decomposition theorem for 7" similar to Nagy-Foias-Langer
decomposition for a contraction where the unitary part is replaced by the isometric part.

Theorem 3.8 Let T € B(H). Then Ry defined by the formula
Ry = Ry(T) := () ker(B(T)T"T*") (14)
imn>0

15 the unique mazximal reducing subspace on which T is an isometry. Furthermore, T =
T1 @ Ty with respect to the decomposition H = Ry & RIL, where Ty is an isometry and Ty 1s
an operator which has no direct isometry summand.

12



Proof. We first prove that R; is reducing for 7. Let h € R;. That is,
(ﬁl(T)TiT*") h =0 for all i,n > 0.
We need to show both T*h and T'h are in R;. Clearly
(B(T)T'T*™) T*h = (B(T)T*T*" ') h = 0 for all i,n > 0.
Hence T*h € R;. Note also if n = 0, then
(ﬂl (T)T'T*™) Th = (ﬁl(T)T”l) h =0 for all ¢ > 0.
Furthermore, if n > 1, then for all i > 0,
(51 (T)TiT*") Th = (61 (T)TiT*”*lT*T) h
= B(T)T'T* 1 [B(T) + 1] b

T)

= Bu(T)T' T B1(T)h + By (T)T'T*" ' h

—0+0=0.
Hence, Th € R;. In conclusion, R; is reducing for 7. Note that by (9), By C K;. By
Proposition 3.3, T'| K] is an isometry. Thus 7} = T'|R; is an isometry.

Next, we prove the maximality of R;. Suppose now M is reducing for 7" and T'|M is an
isometry. Then, if h € M,
[BU(T)T| h = [PaB1(T|M)] (T"h)
= (0) (T"h) = 0 for all 5 > 0.

So, M C ker(1(T)T") and M C K as in (9). Since M is reducing for T, T*"h € M C K,
for all n > 0. Equivalently,

(BU(T)T'T*™) h = (B1(T)T") T**h = 0 for all i,n > 0.

Therefore, h € Ry and M C R;. The proof is complete. =

The maximal reducing subspace in Proposition 1.25 in [3] for a 2-isometry is defined
somewhat differently. Of course, with some work, one can prove that R; defined by (14)
reduces to the one in [3] for a 2-isometry. It seems rather miraculous the proof worked for R,
since we are unable to prove the same conclusion for the analogous R,, with m > 1, where

Ry o= () ker(Bn(T)T'T™).

©,n>0
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4 Quasinilpotent perturbations of co-isometries

We will use the following Lemma 1 and Lemma 7 from [19] and Lemma 8 in [17]. Recall
that T} and T in B(H) are double commuting if

TlTQ = T2T1 and T1T2* = T;Tl

Lemma 4.1 Assume Ty and T, € B(H) are double commuting, and T and Q € B(H) are
commuting. Then

ﬁm(T + Q) = Z (ml, TZLQ’ m3> (T* + Q*)ml Q*m26m3 (T)Tszrru7
mi+me+mz=m

m
ﬁm<T+Q) = Z (m17m2,m37m4>

mi+ma+mz+ma=m

LT Q*(m2+m4)ﬁm3 (T)T™ Q(m1+m4)’ (15)
i) = Y- ()T TE T (16)
k=0

Theorem 4.4 below has its inspiration from sub-jordan operators in [1] and [20]. It is
directly suggested by the following result for m-isometries.

Theorem 4.2 Assume T and QQ € B(H) are commuting, and also assume that T is an m-
isometry and Q) is a nilpotent operator of order n. Then T' 4+ Q is an (m + 2n — 2)-isometry.

The above result was proved for m = 1 in [10]. The general and sometimes slightly
improved versions were discussed independently in [7], [19] and [23]. We first prove a lemma.

Lemma 4.3 Assume T and QQ € B(H) are commuting. Then

18a(T + Q) < O™ (max 1.(T)] + max HQ”H) ,

m>n>l m>n>l
where | = [%} is the integer part of %3 and
C=2((IT + QI + 2Tl +1).

Proof. By Lemma 4.1,

ﬁm(T + Q) = Z (mh TZ; m3> (T* + Q*>m1 Q*mgﬁms (T)TWIQle.
mi+ma+mz=m

Let [ = [%], the integer part of . For i = 1,2, 3, we define

m * *\ 1M *Mm m m
D S U+ @@, DTQ
my, Mg, M3

mi1+mao+ma=m and m;>1

14



Since mq + my + mz = m implies that m; > [ for one of the i = 1,2, 3, we have

BT +QI< (m1 s m3>

mi1+me+mz=m
(T 4+ Q7)™ Q™ By (T) T Q™ || (17)
< Qy + Qg + Q5.

We now estimate €2;. We will prove the estimate for €23 since the proofs of the estimates for
)y and €2, are similar. Note that

Qs = >

mi+mo+ms=m and msz>l

< ) "
o mi, M2, M3

mi+mo+msz=m and msz>l

ST QT ID™ Q™ N By (TIITY™ QY™
m
< H;a}élnﬁn( )H Z (ml,mQ,mg)

m1+ma+mz=m

ST Q™ Q™= 1™ )™
= max [|8,(T)|| (1T + QTN + T+ 1)™

m>n>l

< (C/2)" max [|6,(T)],

) (T + Q%)™ Q™™ By (T)T™ Q™|

<mla ma, M3

where the last equality follows from multinomial formula. Similarly, by noting that
18Dl < (IT]| + 1)* for k > 1,
we have

< max [|Q"| (YT + 1@ + N INITI + (T + 1)™

Jmax [|Q[[(C/2)",

0y < rgax Q™ 1" (UT*IF + QM NQN + 1Tl + (171 + 1)™
m

x Q™I (C/2)™.

IN

Therefore by (17),

16,7 + Q) < (/27" s, 18TV + 2C/2)" max Q"]
< o (1, + max Q71

m>n>l

The proof is complete. =
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Theorem 4.4 Assume T and Q € B(H) are commuting, and also assume that T is an
oo-isometry and ) is a quasinilpotent operator. Then T + Q) is an co-isometry.

Proof. Given 1 > ¢ > 0, let N be such that
18 (T)|| <™, ]|Q™]] <™ for n > N.

Then by Lemma 4.3, for m > 3N, we have [ = [%] > N and

>n>l

I + Q) < €™ ( max 18,11 + s 1Q]) < 2Cmel]

1/m

for some constant C. Hence limsup,,_, [|Bm (T + Q)| ™ = 0 and T'+ () is an co-isometry.

In view of Theorem 4.2 and Theorem 4.4, we make the following conjecture.

Conjecture 4.5 Assume T and Q) € B(H) are commuting, and also assume that T is an
m-isometry for some m > 1 and Q) is a quasinilpotent operator but not a nilpotent operator.
Then T + @Q is an oco-isometry but not a finite-isometry.

We now prove a limit result alluded in the introduction.

Proposition 4.6 If T, € B(H) is a sequence of commuting oo-isometries and T,, — T in
operator norm, then T is an oo-isometry.

Proof. By the assumption 7}, 7; = T;T,, for all n,l > 1, we have TT,, = T,,T for all n > 1.
The proof is similar to the previous proof. Given 1 > ¢ > 0, let N be such that

|T —Tn|| <eand ||B.(Ty)]| <™ for n > N.
Then by Lemma 4.3, for m > 3N, | = [%] > N and

1B (D) = 118w (Ty + T = T)||
§0m<mka 18T+ max H(T—TN)’“”)

>| m>k>[m/3]

<cm T T —Ty|"
<om (| mex IR+ mex T Tl

< 2Cm5[%]

||1/m

for some constant C. Hence limsup,,,_,. ||Bm(T) =0 and 7 is an oco-isometry. ®

Problem 4.7 What happens when T, are not commuting in Proposition 4.6¢
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There is a partial converse to Theorem 4.4. Let K be another complex Hilbert space.
Let H ® K denote the Hilbert space tensor product of H and K. Let Iy and Ix denote the
identity operators on H and K respectively. If T € B(H) is an oo-isometry and S € B(K)
is a quasinilpotent operators, then T'® I on H ® K is an oo-isometry and T = Iy ® S
is a quasinilpotent operators. Thus, by Theorem 4.4, T'® Ix + Iy ® S is an oo-isometry
on H @ K. We will prove the converse of this result under a technical assumption. We first
prove a lemma.

Lemma 4.8 Let T € B(H) and Q € B(K). If (T ® Iy + Ix ® Q) is an co-isometry on
H® K and 0 € 0,,(Q), then T is an co-isometry.

Proof. By assumption, 0 € 0,,(Q). That is, there exist unit vectors k; € K such that
Qk; — 0 as i — oo. Thus, for any [ > 0, Q'k; — 0 as i — oo. Note formula (15) in Lemma
4.1 becomes

Bun(SRIT+IT®Q)
= Z ( m )T*mlﬁm3 (T)Tmz ® Q*(m2+m4)Q(m1+m4).

my, Mo, M3, M,
m1+ma+mg+me=m R

So, for any unit vector h € H, letting ¢ — oo, we have

Bn(SRIT+1®Q)(h k), (h® k)

( N )
miy, Mo, M3, My

m1+ma+maz+ma=m
AT By (T) T2y By QU0 kg, QUrat
= (B (T)h, h) ,

since all the terms in the above summation tend to zero except when m; = ms = my = 0
and m3 = m. Note that (h ® k;) is a unit vector in H ® K. Hence

1Bu(S@T+1@ Q)| > (Bu(S@IT+IT®Q)h&k),(h® k))| and
1Bm(S @1+ 1@ Q)| = [{Bu(T)h, h)|.

Since the unit vector h € H is arbitrary, ||5,,(S ® [ +1 ® Q)| is bigger than or equal to
the numerical radius of 3,,(T). But ,,(T) is a self-adjoint operator and thus its numerical
radius and the norm are the same. Therefore

1Bm(S @ T+ 1@ Q)| = 8m(T)]-

This implies that if limsup,, .. ||Bm(S ® I +1 & Q)|Y™ =0, then
hl’Il Supm—>oo Hﬁm(T)Hl/m

Note that for any constant A,
(TH+ M) QIx+IpR(Q—Mg)=SI+1®Q.

By a translation we can assume 0 € 0,,(Q). So a little reflection gives the following interesting
corollary.

= 0. So T is an oo-isometry on H. m
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Corollary 4.9 Let T € B(H) and Q € B(K). Then

1Bm(S @ I+ 1@ Q)| = max {||[5m(T + Au) - A € 0ap(Q)},
1Bm(S @ I+ 1@ Q)| = max {|[5n(Q + M|l : A € 0p(T)} -

The following technical condition is similar to the one needed for an analogous result for
m-isometries (Theorem 12 in [17]). Let A be the set of four points on the unit circle 0D,
specifically,

A = +eF?e for some a, 0 € [0, 27). (18)

Theorem 4.10 Let T € B(H) and ) € B(K). Assume 0 (T'® Iy + Ix ® Q)
#A. Then (T ® Iy + [k ® Q) is an oco-isometry on H® K if and only if one of the following
holds.

(a) There exists a constant \ such that T + X is an co-isometry and QQ — A\ is a quasi-
nilpotent operator.

(b) There exists a constant \ such that Q) + A\ is an oo-isometry and T — Al is a quasi-
nilpotent operator.

Proof. Assume (T'® Iy + I ® Q) is an oco-isometry. We will prove either (a) or (b) holds.
The proof is similar to and slightly simpler than the proof of Theorem 12 in [17]. We first
prove that either o(7T") or o(Q) is a singleton or both ¢(7") and ¢(Q) contain exactly two
points.

If o(Q) is not a singleton, let A;, A2 be two different numbers in 0,,(Q). We use I to
denote either Iy or Ix. Since

(TH+XNlg) QI+ IR (Q—Nlg)=SRI+12Q,i=1,2,

it follows that 0 € o4, (Q — A1) . By Lemma 4.8, T'+ \;/ is an oo-isometry for ¢ = 1,2. Note
that
O'(T—|— )\2[) = O'(T—i- )\1[) + Ay — Aq.

But by Proposition 2.1, either (T + A\ I) = D~ or o(T + M\ 1) COD. If o(T + M\ 1) = D™,
then 7'+ Ao can not be an oco-isometry since a translation of the unit disk D is not the unit
disk. Therefore o(T + A\ 1) C 9D. 1t is clear that o(T + X\y1) # D~, s0 o(T + X\y1) C 9D as
well. But o(T 4 Ao1) is a translation of o(T' + A1) by the number Ay — Ay, thus o (7" — A1)
consists of at most two points. In the case o(T + A\ I) is a singleton we are done. In the
case o(T') consists of two points aq, ae, since ay, ag € 04,(T'), a similar argument shows that
0(Q — anI) consists of exactly two points as well.

We first deal with the singleton case. Without loss of generality, let o(Q) = {\}. Then
() — M\ is a quasinilpotent operator. By Lemma 4.8, T'+ Al is an oco-isometry. That is, (b)
holds.

In this case, both ¢(7") and ¢(Q) contain exactly two points. Since

o (T+M)@I+10e’(Q M) =0 (TeI+1®Q),
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by a rotation and a translation, we may assume that
0(Q) = 04p(Q) = {0, —A} for some A > 0.

By a theorem of Rosenblum [29], (T ® I +1 ® Q) = o(T) + o(Q). But by Proposition 2.1,
o(T®I+1®Q)CID. Hence o(T) C 0D N(A+0D) and o(T') contains exactly two points
when 0 < A < 2. In fact, we have

o i IS Y
J(T> = UGP(T) = {61&76710[} , Where e = 5 +i4/1 — Z

c(TRI+1®Q)=0(T)+0(Q)
— {eia,efia’ eia o )\’efia o )\}
— {:l:e:tia} — A,

Therefore

which can not happen by our assumption. The proof is complete. m

See Proposition 14 in [17] for examples where it is shown that the corresponding result
for m-isometries may not hold without the assumption o (T ® Iy + I @ Q) # A.
The following result gives a partial answer to Conjecture 4.5.

Proposition 4.11 Let T € B(H) and Q) € B(K). Assume 0 (T ® Iy + Ix @ Q)
% A. If T is an m-isometry for some m > 1 and Q) is a quasinilpotent operator but not a
nilpotent operator. Then (T @ Iy + Ik ® Q) is an oco-isometry but not a finite-isometry.

Proof. It follows from Theorem 4.4 that (T ® Iy + Ix ® @) is an oo-isometry. We prove
by using contradiction. Assume (7' ® Iy + [k ® Q) is a strict n-isometry for some n > 1.
By Theorem 12 in [17], either there exists a constant A such that 7"+ A is a k-isometry
and () — A\ is a nilpotent operator of order | with k + 2/ — 2 = n or there exists a constant
A such that @ + AI is an k-isometry and 7" — A is a nilpotent operator of order [. In the
first case A = 0, and () is a nilpotent operator of order [, which contradicts the assumption
on @. In the second case, @ + A is a k-isometry implies that |A| = 1. So o(Q + AI) = {\}.
Recall that if S is an m-isometry for some m > 1 and ¢(S) consists of a finite number of
points, then S is the direct sum of operators of the form AI 4+ @y, where )y is a nilpotent
operator, see Proposition 11 in [17]. Hence, @ + AI is a k-isometry, which implies that @ is
a nilpotent operator. This again contradicts the assumption on ). =

5 'Tensor products of co-isometries
The following result is inspired by the work on products of m-isometries in [9]. In fact, a

result is proved there for products of m-isometries on Banach spaces. See also [19] and [23]
for related results for m-isometries on Hilbert spaces.
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Theorem 5.1 Assume Ty are Ty in B(H) are double commuting. If T) and Ty are oo-
1sometries, then so is T1T5.

Proof. By Lemma 4.1,
" /m
i) = Y () )T Bk ()T G(T:)
k=0

This proof is similar to the proof of Lemma 4.3 and Theorem 4.4 by using the above formula.
The proof here is actually slightly simpler. For clarity, we include the proof.
Given 1 > ¢ > 0, let N be such that

18a(T1)]] < " and [|B,(T3)[| < €” for n > N.
We claim that there exists a constant C' such that for m > 2N
1Bm (M) < C™e™2.
Let [ = [%] denote the integer part of 7. We write
Bu(ThTe) =1+ 11,

(i

where

)Tf’fﬁm_k(ToTﬁﬁk(Tz%

ey
i

/\\FY‘

)T* B (T T Bu(T2).

Jr
Notethatforkﬁl:[%},m kZ[%}:l

B (T1)]] < e™F < &

v

N, so

Note also by definition
18:(T)|| < (|| To|| + 1)* for k> 1.

Therefore

IA

120 < ST () NTEH 1Bk TN | TE 86T
k

k=0
l

IN

m i
o) I e LT 1l + 1)

k=0

" m
S () Im Il +

k=0
= (1T (| T2 + 1) + 1]

<

Q)

20



Similarly, by noting that for k > 1 +1 > N, ||8x(T%)| < €*, we have
1] < e [T + (172l + 1)

In conclusion, for n > 2N
5T < L2 ([T (1) + 1) +1]™ + [Tl + (1Tl + D))

Therefore limsup,, .. ||3n(T17%)[|Y™ = 0 and 71T} is an oo-isometry. m

By applying Theorem 5.1, we have the following result: if T'€ B(H) and S € B(K) are
oo-isometries, then T"® S on H ® K is an oo-isometry. To see this, let T} = T ® [ and
Ty, = Ig® S, where I and I are identity operators. Then T; and T, are double commuting,
and T and T5 are oo-isometries. Thus by Theorem 5.1, 71T, = T'® S is an oo-isometry.

Corollary 5.2 IfT € B(H) and S € B(K) are co-isometries, then T ® S on H ® K is an
00-isometry.

A similar result on tensor products of m-isometries is the following;:

Theorem 5.3 [16] If T € B(H) is an m-isometry and S € B(K) is an n-isometry, then
T®S on H® K is an (m +n — 1)-isometry.

We would like to mention that the result in Theorem 5.3 on tensor products of m-
isometries was first formulated in term of elementary operators on the ideal of Hilbert-
Schmidt operators in [11] and [12]. This result was proved in Theorem 2.10 of [16]. Simple
proofs of slightly improved versions of this result were given in [19] and [23]. A converse to
Theorem 5.3 was obtained in Theorem 7 of [17].

We now prove an analogous result of Theorem 7 of [17] for tensor products of oo-
isometries.

Theorem 5.4 Let T € B(H) and S € B(K). Then T ® S on H® K is an co-isometry if
and only if both oT and S/a are co-isometries on H and K respectively for some constant
a.

Proof. Note that for T} =T ® Ik and T, = Iy ® S, formula (16) becomes
" /m
(T ®S) = T** B (T)T* @ Bi(S).
B ) ;(k) Brn—#(T) Br(S)

One way of the theorem is Corollary 5.2 by noting that (o) ® (S/a) =T ® S.

Now assume 7' ® S is an oo-isometry. By Proposition 2.1, either o(T' ® S) C 9D or
o(T ® S) = D~. By a theorem from Brown and Pearcy [13], o(T®S) = o) - a(S).
In particular 1 = (T ® S) = r(T) - r(S). If a = T(lT), then r(aT) = r(£5) = 1. Since
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oT ® =5 =T ® S, we may assume 7(T) = r(5) = 1. We will prove that S is an oo-isometry
and the proof for T is similar.
By the assumption r(7") = 1, there isa A € 9D such that A € 0,,(7T"). Let h; be a sequence

of unit vectors in H such that (T'— A)h; — 0. Then for any k£ > 0, ||TkhiH2 — A" =1as
1 — 00. Thus as in the proof of Proposition 2.1, for each j > 0, k > 0,

(B;(T)T*h;, T*h;) = Z ( ) |7V T" Ry |
- ;(—1)11 (?) =0asi— oo. (19)

Since by (19), <ﬁm_k(T)T’“hi, T*h;) — 0 for k # m, therefore for any unit vector z € K,
(Bin(T ® S)(hi ® x), h; ® x)

i( ) (T By (T)T*h; @ Bi(S), b @ )

k=0

5 (1) (DR TH0) @ (S).2)

k=0

— (Bn(S)x, ) as i — oo.
Thus
18 (T @ S)I| 2 [(Bm(T ® S)(hi @ x),hi @ )| and |[Bn(T @ S)|| = [(Brn(S)z, z)] -
Since (,,(5) is a self-adjoint operator, we have
1B (T @ S)| = (1B (S]] -

This implies that if limsup,, . ||3m(T ® S)||"/™ = 0, then limsup,, ., ||Bm(S)]|"/™ = 0. So,
S is an oo-isometry on H. m

A little reflection yields the following interesting corollary.

Corollary 5.5 Let T € B(H) and S € B(K). Then for m >1
15m (T @ S)| = B (r(T)S)|| and (|5 (T @ S)|| = [|Bm(r(S)T)

We remark that several previous results for co-isometries also have corresponding results
for co-unitaries. We state one of them.

Theorem 5.6 Let T € B(H) and S € B(K). Then T ® S on H ® K is an oco-unitary if
and only if both T and S/« are co-unitary on H and K respectively for some constant c.
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