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Abstract

In this paper we characterize a class of normal (isometric, coisometric,
unitary, hyponormal) singular Cauchy integral operators with operator-
valued (or matrix-valued) symbols on vector-valued (or C™-valued) L2
spaces.
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1 Introduction

Let T denote the unit circle in the complex plane C and let m denote the
normalized Lebesgue measure on T. Let LP = LP(T) be the usual Lebesgue
space on T and HP = HP(T) denotes the usual Hardy space on T, 1 < p < oo.
Consider a singular integral operator S acting on L? with the Cauchy kernel,
defined by
1 (2)
S = — | —=dz,
[O= [ Soeds
where the integral is understood in the sense of Cauchy’s principal value of
f e L% If f € L', then Sf(¢) exists a.e. on T and Sf(¢) is a measurable
function. We define P := (I 4+ S)/2 and Q := (I — S)/2, where I denotes

the identity operator. Then (P — Q)f(¢) = Sf(¢) = if(¢) + [ fdm, where
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fdenotes the harmonic conjugate function of f with f(O) = (0. For functions
©,y € L, the operator S, , on L? defined by

PV, oty
5 S+ 5 1

is called a singular Cauchy integral operator on L2. This operator has been
studied by many authors. Very recently, Nakazi and Yamamoto [17] have con-
sidered the normality of S, 4, in the viewpoint of the Brown-Halmos theorem
for normal Toeplitz operators on the Hardy space H? of the unit circle. In this
paper we characterize classes of normal, isometric, unitary, hyponormal singu-
lar Cauchy integral operators with operator-valued symbols on vector-valued L?
spaces. This work was inspired by the recent results of Nakazi and Yamamoto
[17] on scalar-valued L? spaces. Even though our results and their proofs are
much more complicated than the scalar case due to the noncommutativity of
the symbols, our approach does give simple proofs of some results of Nakazi
and Yamamoto. Our proofs use the recent work on normal Toeplitz operators
with operator-valued symbols in [12] and also the work on commuting abstract
Toeplitz and Hankel operators in [10].

Let E be a complex Hilbert space and B(E) be the algebra of all bounded
linear operators on E. Let L% = L%(T) be the Hilbert space of E-valued norm
square-integrable measurable functions on T and let L%O( B) be the space of all

Sep =P +9Q =

bounded B(FE)-valued functions with respect to operator supremum norm. For
an operator-valued function ® € LOBO( B’ the operator Mg denotes the multipli-

cation operator by ® on L%. For ®, ¥ € LOBO(E)7 the singular integral operator

Se.w : L% — L% is defined by

Sew(f)=OPf+9Qf (f€Ly),
where P is the projection from L% onto H% and @ = I — P is the projection onto
(H]%)J‘ = L% 6 H% = zH%. Throughout the paper, I will denote the identity
operator on different Hilbert spaces. To emphasize, we sometimes use Ig to
denote the identity operator on the space E. Noting that S¢ v = My + So_w 0,

we can think of Sg ¢ is a perturbation of My which is normal if and only if the
symbol function ¥ is normal (U*¥ = W¥*). Note that for f,g € L%,

(So,w(f),9) = (PPf+¥Qf, g) = (f,P[2g]) + (f/,Q[Y"y]) .
Thus the adjoint Sg y is given by the formula
Siwg=P[2g|+Q[¥"g].g € LE. (1)
Let J denote the unitary operator on L% given by
(Jf)(2) = 2f(2) for f € L.

Note that J maps H% onto zH%, J?> = I and J* = J on L%. We can also define
J on LOBO( B) similarly,

(J@)(2) =22(2),® € LF(p)-



A Toeplitz operator Tg and a Hankel operator Hy on H% are defined by
Tof = P(®f) and Hef = JQ(Of) = PJ(Df), f € Hz.

Toeplitz operators T and Hankel operators Hg are characterized by the oper-
ator equations S*T4S = Tp and HeS = S*Hg, respectively, where S = 1,1,
is the unilateral shift on HZ with multiplicity dim E. See [10] for an abstract
approach to Toeplitz operators and Hankel operators where S is replaced by an
arbitrary isometry. For ® € L gy, write

B(2) := ®*(2) = (B(2))" = 2(JP)".

One can easily see that ®(z) = ®(z).

The following lemma lists basic identities for Toeplitz and Hankel operators
which will be used throughout the paper, often without referring back to this
lemma.

Lemma 1.1 The following hold.
PJ=JQ;
J[@f] =2 (J®)(Jf) for ® € L) and f € L%
Ty =Te+, Hy = Hg;
Tow — ToTy = Hy Hy;
TiTe — TeTy; = Toro_oo- + Hp Hop» — Hj Ho;
HeTgy = H@I,,T‘%H@ = Hyo for ¥ € Hp ).
The following lemma provides a direct connection of singular integral oper-

ator Sp ¢ with Hankel and Toeplitz operators.

Lemma 1.2 With respect to the decomposition L% = Hz @ zH%, we have

o | To  Hyd |_[ Te HgJ
®Y T JHy JT.gwd | | JHe JTLJ

|10 Te H. I 0
10 J Hy T, 0 J |’
Proof. We will justify the (2,2)-entry in the first block matrix form. Let
91,92 € zH%. Then
(Q@Se,w) g1, 92) = ((Se,v) 91, 92) = (PPg1 + YQy1, g2)

= <‘I’91,92> = (J(WQ91)7J92>
= (z(JY) (Jg1), Jg2) ,

where the last equality follows from Lemma 1.1. On the other hand,

(JTzw)]) 91, 92) = ((Terw)J) 91, Jg2) = (P [z (JU) Jg1], T g2)
=(z(JU) Jg1,Jg2),




where the last equality follows from the fact P (Jg2) = Jgo. The second block
matrix form follows by noting that

2 (J) = [(I)(z)} .
The proof is complete. m

The paper is organized as follows. In Section 2 we give characterizations
of the self-adjoint-ness and the positivity of singular integral operators S w.
Section 3 is devoted to a characterization of the normality of S¢ ¢ with operator-
valued symbols and Section 4 is devoted to characterizations of the normality,
the isometry and the coisometry of S¢ ¢ with matrix-valued symbols. In Section
5, we consider the hyponormality of S¢ ¢ with matrix-valued symbols.

2 Self-Adjoint Sg v

The characterizations of self-adjoint S¢ v and positive Se v are generalization
of the results in the scalar-valued case in Section 2 of [17]. The proofs appear
similar.

Theorem 2.1 Let &, ¥ € L%?(E). Then the followings are equivalent.
(a) So,w is self-adjoint on L3,.

(b) Both ® and ¥ are self-adjoint operator-valued functions such that ® — U
is a (constant) self-adjoint operator in B(E).

(c) There exist F' € zHF,y and self-adjoint operators ®¢ and ¥ in B(E)
such that ® = F + F* + &y, U = F + F* + U,,.

(d) Sev = My + Sg,,0, where My is self-adjoint and Gy is a (constant)
self-adjoint operator in B(E).

Proof. We first prove the equivalence of (a) and (b). By Lemma 1.2,
I o0 Te  H. I 0|,
se=lo 5]l iy Lo 5]
o _[1o0)[ T I 0

Therefore S¢ v is self-adjoint if and only if

To =T5, Tow) = T2 juy; (2)
Ho = Hy-. (3)

Equation (2) holds if and only if both ® and ¥ are self-adjoint operator-valued
functions. Equivalently, ® = F + F* 4+ &3 and ¥ = G + G* + ¥ for some
F,G e ZHEO(E) and two self-adjoint operators &y and ¥y in B(E). Equation
(3) holds if and only ® — ¥* € Hy . But & — ¥* = & — VU is self-adjoint, so
®— V¥ =95 — ¥y and F = G. The proofs of other equivalences are similar. m



Theorem 2.2 Let &,V ¢ LOBO(E). Then the followings hold:

(a) If Se.v is a positive operator on L%, then for each 0 € [0,21), both ®(e')
and V(e are positive operators in B(E) and ® — ¥ is a (constant) self-
adjoint operator in B(E).

(b) If for each 6 € [0,2r), both ®(e*) and V(e') are positive operator in
B(E) and ® — U = Gy, where Gq is either a positive or negative operator
in B(E), then S¢.v is a positive operator on L%.

Proof. We generalize the proof of Theorem 2.2 in [17] for the scalar-valued
case to the operator-valued case. For part (b), the additional condition on Gy is
automatically satisfied in the scalar case. The proof of part (b) is made possibly
by this assumption.

We first prove (a). Let f € H? be a scalar function and e € E. Then
f(z)e € HZ, and hence

(Sawf(2)e, [(2)e) 13 = (@P[[(2)e] + LQF(2)e] . F(2)e) s
= (@(2)f (e, f (e

2m

= % ; <(I)(€i9)f(ei0)e,f(ei9)6>Ed9
2

- % ) <‘I>(ei9)e,e>E |f(ei0)‘2d9 -0

Since f € H? is arbitrary, it follows that <(I>(ei9)e, e>E > 0 for any e € E and
®(e') is a positive operator for each € [0,27). Similarly, let g € 2H2 be a
scalar-valued function and e € E. Then g(z)e € zH% and

(Sowg(2)e, g(2)e) 2 = (V(2)g(2)e, g(2)e) 2
1 2

=5 [ (Be)e.e) pg(e?)g(e?)db > 0.
0

Therefore (¥(e®)e, e>E >0 for any e € E and ¥(e) is a positive operator for
each 6 € [0, 2m).

To prove (b), write ® — ¥ = Gy for some self-adjoint operator Gy € B(E).
Let h € L% be fixed. Write h = f+g (f = Pf, g = Qf). Since Gy is a constant
operator, Gog € zH? and <G0g,f>L% = (Gof, g)L% = 0. If Gy is a negative
operator, then (Gog,g>L% <0 and

<S<I’,\Iih7h>L2E = <S<1>,‘P(f+9)7 (f +9)>L%’E = <(I)f+ (q) - Go)gaf +9>L2E
)L

=(@(f+9),f+9) 2 —(Gog, [+

=(@(f+9),f+9) 2 —(Gog,9) 2 2(P(f+9).[+9).2
1 27

_ L 0\ (10 i0 >
o7 J, ®(e")h(e”), h(e")) , db > 0



since for each 6, ®(e*?) is a positive operator. If instead G is a positive operator,
then similarly, (S¢ wh,h);>» >0. =
E

3 Normal S5 ¢ with operator-valued symbols

In this section we consider when Sg ¢ with operator-valued symbols is normal.
Here we also characterize when Sg ¢ is an isometry, a coisometry or a unitary

operator. Set
I 0
U= { ! J].

Lemma 3.1 Let &,V € L%"(E) and let ) := ® —W. Then Sp v is normal if and
only if the following three conditions are satisfied:

To o_da+ + H&;*H@* — H;,*H\I;* =0;
15§ 3.5 + HyHy — HyHg =0;
Hy o-—ov- +Tg. Hy — HeTo+ = 0.

—~ o~
(2 YN
= =

—
(=)
=

Proof. By Lemma 1.2, we have

USpySonl=| 5 200 o T }
o, UOev | Ho- T2 gy } { He T:(sw)
_ TiTy + HiHg TsHy + HT. () ()
| Hy-To + TZ*(N)Hq) Hy-Hj. + T;(N)TZ(J\I/)
o o | TeTi+HyHy  ToH+ Hy.T.(yu)
US@J}S@J;U = I H@T% +Tz(l‘1/)H‘1’* H@H&‘; +Tz(]‘1J)T;(J\II) ’ (8)

Then a direct calculation together with (7), (8), and Lemma 1.1 gives

U [Sg)\PS@ﬂI’ - S‘I’,‘I’S(;)’\Il] U

[ Toeo—wor + Hy Hoe — HyHye Hieg_gye + Hi T — ToH
Hy ¢ _qu+ +Tg.Hy» — HoTar  Tgg._g.g T H;Hy — HyHg |’

giving the result. m

The first two equations (4) and (5) of Lemma 3.1 are of the same nature and
we can use the techniques in [12] to study them.

Lemma 3.2 Let &,¥ € LOBO(E) Then Too_aoo+ + H&;*H@* — H:'I(I*H‘I/* =0 if
and only if To-o_oo+ =0 and Hy.Hp- — Hyo Hg = 0.
Proof. Note that for m > 1,
0= S*m(Tqvcpf(p@* + HE,*H@* — H\}‘,*Hq,*)Sm
=S8 T o_aa=S"" + S*mH&;*H@*S*m - S*mHE,*H\p*Sm
=Torp—pa + Hp ST S Hepx — Hyo S™S™™ Hy.



Since S™S*™ is the projection on the space z™H%, S™S*™ — 0 strongly as m
tends to co. Thus both S*"Hg.Hg-S™ and S*"Hj HeS™ strongly converge
to 0. Therefore Tg+¢_aogp+« = 0, which in turn implies H. He+ — Hy. Hy» = 0
as well. m

It is known ([12]) that an operator-valued L*>-function ® € L can be
decomposed as

D(2) =Dy (2)+ Do+ P (2),
where &, ,®_ € zH]%,(E) and ®y € B(E).

The following theorem is essentially one of the main theorems in [12], see
Theorem 11 in [12]. Here we state it in terms of Hankel operators. The result
stated here is in fact in a slightly more general form in the sense that the
functions ®; and ¥, come from two different LOB?( B functions ® and ¥ while

in [12] two functions ¢ and ®_ come from one L3 function ®.

Theorem 3.3 [12] Let ®,¥ € LOBO(E). Then Hy.Ho« = Hy. Hy~ if and only if
there exist a coisometry W such that &4 =V W or ¥, =, W.

It turns out that operator equations similar to equation (6) were studied in
[10]. Since the approach in [10] is quite abstract, we provide a self-contained
treatment here. See Lemma 1, Theorem 1, Theorem 4 and Proposition 3 in [10]
for related results. Let Py = (I — SS*) denote the projection of L% onto E
which is comprised of all constant elements in LQE, that is,

Py(f) = Po(f+ + fo+ f=) = fo for f € L3,

where fi,f- € 2H% and fy € E. The following lemma is essentially Lemma 1
in [10] and we include the proof for completeness.

Lemma 3.4 [10] Let ®; € L% gy fori=1,2,3,4,5. Then we have
5" (Te,Ho, — Ho,To, + Ho,) — (To, Ho, — Ho,To, + Ho)S
=T3¢, P0Ho, + Ho, P T0,-

Proof. Immediate from a direct calculation. m

The following lemma is essentially Theorem 1 in [10] and is in some sense in
a slightly more general form.

Lemma 3.5 Let ®; € L) for i = 1,2,3,4,5. Then Ty, He, — Ho,To, +
Hg, =0 if and only if

T30, PoHe, + Ho, PoT.0, = 0; (9)
(T, Ho, — Ho,Ts, + Ha,) Py = 0. (10)

Proof. The necessity is clear from Lemma 3.4. Now we prove sufficiency. Let

D = T@lH@Q — H@3T¢4 + Hq>5.



By Lemma 3.4, the assumption (9) says S*D = DS. Thus if h € ker(D), then
DSh = S*Dh = 0 implies that Sh € ker(D). Therefore ker(D) is an invariant
subspace for S. But the assumption (10) says ker(D) D ran(Py) = FE. By
iteration, ker(D) D S™E for n > 0. That is, ker(D) = L% and D = 0. =m

Remark 3.6 When F is finite dimensional, equations (9) and (10) can be stud-
ied more explicitly as we will see in next section.

Theorem 3.7 Let &, ¥ € LOBO(E). Then So v is normal if and only if

(a) ®*® — @P* =0, ¥*P — YU* =0;
(b) There exist coisometries Wy and Wa in B(E) such that &, = ¥, W, or
U, =0, W) and ®_ =WoU_ or V_ =Wyd_;

(C) Tzﬁ*Pqu;* +H‘1>P0TZQ* =0 and (Hq,*@,@q,* +T§*H\11* — H(I)TQ* )PO =0.
Proof. (a) follows from applying Lemma 3.2 to (4), (b) follows from applying
Theorem 3.3 to (5) and (c) follows from applying Lemma 3.5 to (6). m

The special case when Wy = Wy = I gives the following result which gener-

alizes Theorem 3.3 in [17].

Corollary 3.8 Let &,V € LOB?(E). Assume & — U = Gq for some operator Gg
in B(E). Then Sg v is normal if and only if &*® — &P* =0, ¥*V — VI* =
and U*Goy — VG = Fy for some self-adjoint operator Fy in B(E).

Proof. Immediate from a direct calculation. m

If Gy is an invertible operator, then equation V*Gy — WG = Fy leads to the
following representation of W. Write

Then ¥*Go — ¥G§ = Foy implies that W% Go = ¥* G§, ¥ _Go = V7 Gg. There-
fore

U =0, +T+ 0" =G 'Gol_ + T +

=Gy NGV _ + Gput) + T,
=Gy N F 4 F*) 4+ 0y,

where F' = GoW_ and F+ F* is a self-adjoint operator-valued function in L"BO( B)-
If ¥ is a scalar function, then Ty is a normal Toeplitz operator characterized in
[1].

To see the power of the Theorem 3.7, we first give a proof of normal singular
integral operators obtained in Theorem 3.1 of [17]. This proof will also guide
us to the matrix-valued case in next section.



Theorem 3.9 [17] Assume E is one dimensional. Then Sy is normal if and
only if there exist unimodular constant w and constant b such that ® = wV¥ +b
and (w — 1) [T@*] + bT* — wb¥ € H.

Proof. Condition (a) in Theorem 3.7 is automatically satisfied in the scalar-
valued case. Condition (b) says that there exist two unimodular constants w;
and wsy such that

Oy =w ¥y and - =waU_. (11)
Note that Py = ey ® eg, where ¢y = 1 is a constant function. Equation
T 5. PoHy- + He PyT.0- = 0 becomes

T.g. (0 ® €0) Hyy + Ho- (€0 ® eg) Too- = 0;
Tge0® H$1€0 + Hp- 0 @ T g0 = 0.

By definitions,

T

30-€0 = EQ\:,Hé,ieo =2V, Hp ey = E(E,T:Q*eo =2z0,. (12)

Therefore Z(_ ®zZV 4 +7d_ ®7zZQ4+ = 0. If both ¥, and ®_ are not identically
zero, then for some constant a, Q4 = a¥, and Q_ = —ad_. Hence

(I)+ = (a + 1)\I/+, \IJ, = (a + 1)@, (13)

Comparing (13) with (11), we have w; = we = (a + 1). If we set w = wy = wa,
then equation (11)
b =wl+b (14)

for a unimodular constant w and a constant b. Note in the scalar case V*® —
dU* = (0. Note also

Ha- Toveo = Hor () +Q_) = PJ [0 (2 + Q)] ;
To. Hy- = To. PJ (W3] = P[0 [w3]] = PJ [007]
Now the equation (Hy-o—sy- + T Hy: — Ho- To:)Py = 0 is the same as
PJ QU — " (5 + Q)] =0.

Equivalently,
QUL —®* (U + Q) € Hy ),

or equivalently, by (11) and the fact that (¥* — U), (¥* — U%) € H?,
(w—1) [PU*] + bT* — wb¥ € H>.

The proof is complete. m



Remark 3.10 A reflection reveals that we do not need the scalar version of
Theorem 3.3 (Lemma 3.2 in [17]) in the above proof since the existence of
wy,ws such w; = ws can be seen from equation (13) and then it follows from
Hj.Hge — Hjy. Hy- = 0 that |w;| = 1.

We now characterize when Sy ¢ is an isometry or a coisometry.

Proposition 3.11 Sg ¢ is an isometry if and only if ®*® = Ig, V'V = Ig
and U*® € H%O(E).

Proof. By equation (7),

vor o g | TaTe+HiHe  TiHy. + HyT.(w)
euoeY Hy Ty + T:(J\I/)H‘I’ Hy-Hy. +T7 ;90 To0w)
_ T3Te + HyHo Hy.5 (15)
H\I/*@ H\I/* HE,* + T;(J\II)TZ(J\I’) ’
Therefore Sg,¢ is an isometry if and only if
thT@ + H$H¢ = I = T[E; (16)
Hy Hy- + T2 o) Tow) =1 = Ti; (17)
Hg«p = 0. (18)

From equation (16) we have
T$T<p — T+ + H;)Hcp = TIE—<I>*<I>-

Thus we have —HjHy + HyHo = Tr,—o+o, from which we conclude that
&*® = Ig. In a similar way, equation (17) gives

Z(JU) 2 (JU) = VU* = Ip or U0 = Ip.
Equation (18) gives ¥*® € H};O(E). The proof is complete. m

Proposition 3.12 Se v is a coisometry if and only if the following conditions
are satisfied.

(a) ®P* = I, VU* = Ip5.

(b) There exist coisometries W1, Wy € B(E) such that W1 satisfies either
S, =V, Wy or ¥, = &, W7 and Wy satisfies either ¥V_ = Wyd_ or
OV = Wol_.

(C) He PyT, o+ + T(J\IJ)POH\I}* =0 and (H@T&; + TZ(J\I/)H\I/*) Py=0.
Proof. By equation (3.12),

ToTy+ Hy Hy-  ToHy+ Hy Torw)

US@,\IIS@,‘IJU = H@Tqﬁ + TZ(J\P)H\I/* H@H&; + TZ(J\II)T;(J\IJ)

10



Therefore Sg ¢ is a coisometry if and only if

T@T&; + HE,*H\I;* =1= Tr,; (19)
HyHg + Tz(J\I/)T,:(J\IJ) =1="Tr,; (20)
HsTF + Tz(J\II)H\I/* =0. (21)

From (19) we have
0" = I and Hy. Hy« = Hy Hp-.

By Theorem 3.3, there exist a coisometry Wi in B(E) such that &, = ¥, W,
or U, =&, Wi. (20) gives

2 (JU)Z(JU)* 2 (JU) = U*U = I and

Again by Theorem 3.3, there exists a coisometry Wy in B(E) such that d_
U_Wsy or U_ = &_Ws,. By Lemma 3.5, equation (21) holds if and only if

Ho PoT.o- + T ju)yPoHy+ = 0;
(H@T@* + Tz(J\I/)H\II*) Py=0.

The proof is complete. m

Theorem 3.13 Sy g is a unitary operator if and only if @*® = ®@* = I, V*¥ =
VU = Ig and & = UW, for some constant unitary operator Wy in B(E).

Proof. Assume S¢ ¢ is a unitary operator. By Proposition 3.11, ®*® =
I, V"V = Jg and P*V € H]%J By Proposition 3.12, ®&* = I and YU* = [f.
Let e € E. Then by (1),

Sp,vS% ¢ (Ve) = Spw (P [ Ve] + Q [V Ve])

= Sp.u (P[®*Te] + Qe])
= Sp.uP [®*Ve] = BP [d* Ve = Ve,

where in second equality, we use ¥*W = [. Hence for any e € E, by &*® = I,
QP [®*Ve| = Ve or P[D*Te| = &*Ve.

Thus ®*Ve € HZ and ®*V € HE,O(E). Since both ®*W¥ and ®*WV are in H%O(E),
we conclude ¥*® = W, or ® = WW, for some constant unitary operator Wy in
B(E).

We now prove the other direction. Suppose ®*¢ = ¢P* = [, UV*U =
YU* = Jg and ® = YWy, Then by Proposition 3.11, Se ¢ is an isometry.
We now directly verify that S¢ ¢ is is a coisometry as well. It follows from

11



the proof of Proposition 3.12 that we need only to verify the equation HeTg +
T.(yw)yHy+ = 0 as follows:

HoTg + ToywyHo = How, Tgw, + Te(rw) Hu-
= H\IITWOT;/OT\; + Tz(J\IJ)H\II*
= HyTg + T.(yo)Hy~
=Hyyg- =0,
where the 4th equality follows from (7). The proof is complete. m

The scalar version of the above theorem is Theorem 3.4 in [17].

4 Normal Sp vy with matrix-valued symbols

In this section we assume that E is a Hilbert space of finite dimension n. We
first fix a basis for £. Then a function ® € L% 5 is an n x n matrix whose
entries are scalar-valued L°°-functions. Thus we let £ = C” and we will write
L3;, instead of LOBO( B’ where M,, denotes the set of all n x n complex matrices.

Let det(®,) denote the determinant of @ .
Let H be a Hilbert space. For a,b € H, the rank one operator a ® b on H is
defined by
[a®ble= (beya,ec H.

Note that [a ® b* = b® a and for a complex number A,
Ma®@bl=(Xa)®@b=a® (Ab).
We first need a lemma on operator equations involving finite rank operators.

Lemma 4.1 Let a;,b;,¢;,d; fori=1,2,--- ,n be vectors in a Hilbert space H.
Assume {b;}.—_, are linearly independent and {c;};_, are linearly independent.

Then

n n

dai@bi+Y ci®di=0

i=1 i=1
if and only if there exists a matriz A such that

d= Ab,a =—A"c,
where
a = [alv"' 7an]Tab: [blv"' 7b’n]TaC: [Clv"' 7cn]Tad: [d17"' adn]T~

Proof. We prove lemma for n = 2 since the proof for the general case is anal-
ogous. In fact, n = 2 case illustrates the idea most clearly. We also substitute
¢ by —c for convenience in the proof. Assume

a1 ®@bi+a1®b =c1 ®dy +c2®ds (22)

12



Since ¢; and cg are linearly independent, by equating the range of the operators
on two sides of the above equation, we see that there exists a constant 2 x 2
matrix A = (a;;) such that

[%}[an 012]{191}
do as as by |-
Plugging the above equation into the right side of (22), we have

a1 @by 4+ as @by = ¢ ® (a11b1 + a12b2) + c2 ® (a21b1 + az2bs)

= (@r1c1 + @z1c2) ® by + (A1zc1 + G22¢2) @ bo.
Since b; and by are linearly independent,

ay = (airc1 + az1c2) , a2 = (Arzc1 + azzcz) -

*
ai | @11 ai2 C1
ag a21 a2 C2

The proof is complete. m

Equivalently,

We are ready to characterize normal operator S¢ ¢ under a nondegenerate
condition on the matrix-valued symbol functions ® and W.

Theorem 4.2 Let ®, ¥ € L5 . Assume that neither of det(® ) and det(®_) is
identically zero. Then Se v is normal if and only if the following three conditions
hold.

(a) *® — PP* =0, T*V — YP* = (.

(b) There exists a unitary matric Wy and constant matriz Go such that ® =
Wy + Go.

(c) W U(Wo — 1) + U* Gy — UWoG € HFS .

Proof. Condition (a) follows from Theorem 3.7. Since a coisometry in M,, is
just an unitary matrix. By Theorem 3.7(b), there exist unitary matrices Wy
and Wy in M, such that

. = U, W) and U_ = Wod_. (23)

We will prove Wp = Wy, Let {e;,i =1,2,--- ,n} be the standard basis of C".

Equation Tog. PoHy+ + He PoT.0+ = 0 becomes

Tg. <Z€i ® 6i> Hq;*+ + Hpx (Zei ® ei> T.o» =0;
=1 i=1
ZTEQ*& ® H:Ik,ie,- + ZH‘bi e; TZ*Q* e; = 0.

=1 i=1

13



Since we assumed neither of det(®,) and det(®_) is identically zero, equation
(23) says det(¥;) and det(¥_) are both nonzero functions. Hence

{Hieni=12, n}

are linearly independent and {H pe;,t=1,2,--- ,n} are linearly independent.

By Lemma 4.1, there exists a constant n X n matrix A such that

T
* * T * * .
Tigeer, o Tigeen]” = A [Hyyex,o Hysen]

]T

T
[Tgﬁ*617'“ 7T§ﬁ*6n =—A" |:H<I>iel7"' 5H<I>ien:| .

Note that T g€ is the i-th column of the matrix ZQ_ and so on. The above

two equations are equivalent to

20, =20, AT and 2Q_ = —z0_A"T.
Therefore we have

O, =0, AT 0 =—-ATo_;

O =0, (AT +1),V_ = (AT +1)_.

Since neither of det(®) and det(®P_) is identically zero, comparing the above
equations with (23) yields Wy = Wy = (A +1). Set W = Wy = Ws, then
equation (23) implies

O —UWy=dy — U Wy + & — U Wy + By — UoW
— By — U, W.

Thus we conclude that
d=9W +G (24)

for some unitary matrix W and constant matrix G. This proves Condition (b).
Next we prove Condition (c). The equation

(Hysa—aw + T Hys — He«To«)Py =0
is the same as
(Hy+o—ou- + Tr Hy- — HoTox)e; = 0,6 = 1,2, ,n. (25)
Note that
Ho- Tore; = Hor (0 + Q_)e; = PJ [ (U + Q_)ei] ;
Ty Hy-ei = Tq . PJ [Whe] = P[0 [Whe] | = PT QW]
Hy g_gure; = PJ [0 Pe; — DU e,].
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Thus equation (25) becomes

PJ[0"® — @U* + QU — &% () + Q)] =0; (26)
D — DU + QUYL — " (U + Q) € Hy, .

But since W¥* = ¥*¥ and (¥* — ), (¥* — %) € H3, , (26) becomes
UW(W —1I)+ V"G - VWG € Hyy .

The proof is complete. m

A reflection on the above proof leads us to the following result.

Proposition 4.3 Let ® € Ly; and ® = YWy + Go for some unitary matriz
Wy and constant matriz Go in M,. Then S¢ v is normal if and only if the
following two conditions hold.

(a) " — PO* =0, TV — PI* =0.
(b) WU (Wo — 1)+ W*Go — YW G} € H -

Proof. Note that det(®) and det(®_) are not assumed to be nonzero func-
tions. The necessity of (b) follows from the proof of Condition (c) in the above
theorem. For sufficiency, from the proof of W7 = W5 in the above theorem, the
assumption ® = YWy + G implies T.g. PoHy+« + He PoT.o+ = 0. Also by the
proof of Condition (c) in the above theorem, Condition (b) implies

(H\IJ*<I>7<I>\1!* + TQ*H i HcI)*_TQ*)P() =0.

Now by Theorem 3.7, Sp v is normal. m

If W()Go = G()Wm \I/GO = GO\I/, \I/WO = WO\IJ and (WO —I) is invertible (thiS
is true in the scalar-valued case except when ® — ¥ is a constant), Condition
(ii) above reduces to the following more compact condition which is observed in
Theorem 3.2 of [17] in the scalar-valued case.

Since Wy is a unitary operator, WoGog = GoWy, which implies that WG =
GiWo. Note also Wo(Wy — )™t = —(Wg — I)~L. Thus

[U*U(Wo — I) + U Gy — YWoGE]|(Wo — 1)1
= [U*0 4+ U*Go(Wo — )" — UWoGy(Wo — 1) 1]
= [V + U Go(Wo — I) ™! = UGEWo(Wo — 1) 1]
= [U*0 + U Go(Wo — I) ™! = WGEWo(Wo — 1) 1]
= [V + U Go(Wo — 1)+ UGE(W — 1)1
= (T+GyWg — D) (T +Go(Wo - I)7)
—Go(Wo — )7 'Gy(Wg — 1)~ L.
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Therefore U*¥(Wo — I) + ¥*Go — YW, Gj € HE ) if and only if
(¥ +Go(Wo — 1)) (T + Go(Wo — 1)) € H .
Thus we have
(U +Go(Wo — 1)) (¥ + Go(Wo — I)7) = F Fy

for some constant operator Fy € B(E).
Next we study when Sg ¢ is an isometry.

Theorem 4.4 Let @,V € L3; . Then Sg v is an isometry if and only if V*W =
I and ® = YO for some inner matriz ©. Furthermore Sg v is a unitary operator
if and only if © is a constant unitary matriz.

Proof. By Proposition 3.11, ®*® = [, U*¥ = [ and ¥*® € Hf; . Since V is
matrix-valued, YU* = [. Set V*® = ©. Then "0 = O*VU*d = &* = [,
Hence © is an inner matrix. It is also clear that ® = ¥O. The characterization
of unitary S¢ v follows from Theorem 3.13. m

In the scalar case, the above theorem reduces to Lemma 3.10 and Theorem
3.4 in [17].

Surprisingly, in the matrix-valued case we prove that if S¢ ¢ is a coisometry,
then Sy ¢ is an unitary.

Theorem 4.5 Let ®,W € Ly . Then So v is a coisometry if and only if So v
1s an unitary operator.

Proof. If Se v is a coisometry, by Proposition 3.12, ®®* = I, W¥* = I. Since
® and ¥ are matrix-valued functions, ®*® = I and V*¥ = [ as well. The
remaining proof is similar to that of Theorem 3.13. m

In the scalar-valued case (n = 1), the above result was first noted in [11].

5 Hyponormal Sp ¢ with matrix-valued symbols

In this section we consider hyponormality of S¢ v with matrix-valued symbols.
For matrix-valued functions

Alz) =372 Ajzl e L3, and B(z):=3 2 | Bz e L3, |

j=—00

we define the inner product of A and B by
(A,B) = [ptr (B*A)dp =372 tr(BjA;),

where tr (-) denotes the trace of a matrix and define ||A|| := (4, A)2. We also
define, for A € LY

nxm’

[|A]|oo := ess sup,cp||A(2)|| (]| - || denotes the spectral norm of a matrix).

In 2006, the hyponormality of Toeplitz operators with matrix-valued symbols
was characterized by their symbols.
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Lemma 5.1 [13] For each ® € L3} , let
E@):={KeHy : ||Kllw<1 and ®—- K®* € Hyj }.
Then Tg is hyponormal if and only if ® is normal and E(P) is nonempty.

As in the hyponormality of T, the normality of the symbols is necessary for
the hyponormality of S w.

Lemma 5.2 Let ®,V € Ly; . If So v is hyponormal then ® and ¥ are normal
on T.

Proof. Suppose Sg v is hyponormal. Then it follows from Lemma 3.1 that

Toro—ao- + HyHor — Hy- Hys Hy.g gy + HyTg — ToHg

Hyso ou +T5.Hyx — HoTor  Tgg._ g5 + H‘%H@ — H(%H‘i>

- >0,
a7

where Q = & — V. Thus Te-¢_oe~ + Hj He- — Hy . Hy~ > 0. Therefore for
each m € N,

0<S""(Torp—po+ + Hys Hpx — Hjo Hy»)S™
= S Tov_aa+S" + S*mij)*Hq)*Sm — S*mHif,*Hq;* S
= Tcpnp_cpq)* + H;)*SmS*qu)* — H\;*Sms*mH\p* .
Since S™S*™ is the projection on the space 2™ HZ,, S™S*™ — 0 strongly as m
tends to co. Thus both Hj.S™S*" Hg« and Hy,. S™S*" Hyg« strongly converge
to 0. Therefore Te«e_pp+ > 0, which in turn implies the Poisson integral of

O*P — ¢O* is positive semidefinite for z € D. Since P is finite matrix, we have
O*P = ¢O* a.e. on T. Similarly, we also have that ¥ is normal on T. m

By Lemma 5.2, Sp v is hyponormal if and only if ® and ¥ are normal and

Hi.Hge — Hjy. Hy- Hyeo gy + HiyTo — ToH

Hy-o_ou+ + T, Hy- — HpTo- HXHg — H:Hj

(27)
Definition 5.3 Let ® € Ly; . The pseudo-selfcommutator of Tg is defined by
[T&;,T@]p = H.;*Hq,* — H,;Hq;.

The Toeplitz operator T is said to be pseudo-hyponormal if [T, To), is positive
semi-definite.

By Definition 5.3, we can see that Tg is hyponormal if and only if Tg is
pseudo-hyponormal and @ is normal and that (via Theorem 3.3 of [13]) T is
pseudo-hyponormal if and only if £(®) # (.

We now have:

Theorem 5.4 Let ® € M,, and ¥ € L; be normal. Then the followings are
equivalent.
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(a) So,w is hyponormal.
(b) U e Hyp .
(c) So.w is hyponormal and Sp.vS0,w — Se,wSg g is diagonal.

Proof. Let ® € M,, and ¥ € LF; be normal. Then Hy = Hz = He- = 0, and
hence

U [S: ¢S0w — So,wSs o] U = Hy o—ou + Ts. Hy- H:Hg
(28)
Suppose S¢,w is hyponormal. Then it follows from (28) that
_H\’I‘;*H\Il* H&k,*q)fq»l,* + H:Ik/*Tﬁ > O
Hy p_opu~ +T§*H\I/* H\%H\f} -

Thus —Hy. Hy+ > 0, and hence Hy~ = 0, so that ¥* € Hp7 . This proves the
implication (a) = (b). For the implication (b) = (c), suppose ¥* € H3; . Then
Hg- = 0, and hence it follows from Lemma 1.1 that Hy+¢_qog+ = Ho-Tp —
TZHy- = 0. It thus follows from (28) that

« « 0 0
U [SQ\I,S@,\IJ _SQ,\PS<I>7\II] U = |: 0 H\%H\’i} :| Z 0

and [S3 ¢ So.w — S<p,q,S$7\I,] is diagonal. This proves the implication (b) = (c).
The implication (¢) = (a) is clear. ®

Corollary 5.5 Let ® € Ly; and ¥ € My, be normal. Then the followings are
equivalent.

(a) So,w is hyponormal.
(b) ® € Hfy .
(c) Sow is hyponormal and S ¢ Sew — Se,vSg g s diagonal.
Proof. Same as Theorem 5.4. m
To proceed, we recall:

Definition 5.6 ([4]) For & € L3; , we say that ® has a matriz pole if there
exists a € D such that {0} # ker Hp C (2 — a)HZ..

If © € H}; s an inner matrix function, we write
H(O) := HE. © OHZ...

Note that
fEH(O) < (f, Og) =0 forall g € HE.

= (0*f, g) =0 for all g € H¢..
— O*fc (HE.)' = L. © Hin.
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Lemma 5.7 Let © € Hy; and A € Hy;  be inner matriz functions. Then
H(OA) =H(O) ® OH(A).

Proof. Since OAHZ,, C OHZ,, it follows that H(©) C H(OA). Observe
that for each g € H(A), (OA)*Og = A*g € (HZ..)*, which implies OH(A) C
H(OA). Thus H(O) ® OH(A) C H(OA). For the reverse inclusion, let f €
H(OA). Write f1 := Pye)f. Then f— fi € Popz,, so that f — fi = Ofs
for some fo € HZ,. Thus it suffices to show fo € H(A). Since fi € H(OA),
we have Ofy = f — fi € H(OA). Thus (OA)*Ofy € (HZ.)*, and hence
A*fy € (HE.)*, which implies fa € H(A). m

We write Z(0) for the set of zeros of an inner function 6. We recall:

Lemma 5.8 [6] Let B € H3, and © := 0I,, with a finite Blaschke product 6.
Then the followings are equivalent.

(a) B(a) is invertible for each a € Z(6).
(b) B and © are right coprime.

(¢) B and © are left coprime.
We now have:

Theorem 5.9 Let ®,V € L3; be normal and &, = . If U* (or U*) has a
matriz pole, then the followings are equivalent.

(a) S$7\I,S<1>7\1; — So,wS3 g is diagonal.
(b) Q=& — U e M, and U*Q — UQ* € M,
(c) Sow is normal.

Proof. For the implication (a) = (b), suppose ®; = ¥, and U* has a matrix
pole. If S} ;So.w — So.wS5 ¢ is diagonal, then Q* = (& — ¥)* € H}, and
Hyp_av +Tg. Hy- — HeTg- = 0. Thus it follows from Lemma 3.5 that

TEQ* PyHy- + He PyT.q« =0 (29)

and
(Hq;*cpfqmp* + Tﬁ*H\p* — H@TQ*)PQ =0. (30)

Since Q* € H12\4,L7 we have PyT.qo- = 0, and hence, by (29), T.g. PoHy- = 0.
We now claim that
Qe M,. (31)

To prove (31) there are two cases to consider.

(Case 1) Suppose ker Hz, = {0}. Then Hy- has dense range. Thus
ran PyHy- is dense in C", so that the condition T g, PyHy+ = 0, which im-

plies 20 € (H3; )+, and hence Q € M,,.
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(Case 2) Suppose ker Hg. # {0}. By Lemma 1.1, we have Hy-T.;, =
T Hy~, so that ker Hy~ is invariant under 7%y, . Since ¥* has a matrix pole,
ker Hy» # {0}. Thus it follows from the Beurling-Lax-Halmos Theorem that
ker Hy+ = G)H(%m for some inner matrix function ©. Since ¥* has a matrix
pole, there exists o € D such that
z—a« )

OHZ. =ker Hy- C (2 — @)Hgn = bo Hn (ba(2) := -
— Qaz

which implies that B, = byl is a left inner divisor of © (cf.[8, Corollary
1X.2.2]). Thus © = B,0; for some inner matrix function ©; and we can write
U* = A(B,©1)", where A € Hy; and A and B,© are right coprime. Thus A
and B, are right coprime, so that by Lemma 5.8, A(«a) is invertible. Observe

that U* = Ba*é)vl*;{ = @Nl*/TBg We thus have
fekerHy. — ©, ABLf € H3.
— ABLf € ©1H2, C H3.
= f €ker Hyp. = bgHZ. (since A(@) = A*(a) is invertible).
Since ker Hg,. # {0}, by the Beurling-Lax-Halmos Theorem, we have

AH(%(, = ker Hg, C baHén for some inner matrix function A.

Thus A = Bz for some inner matrix function A;. By Lemma 5.7, ran Hyg~ =
H(Bal1) = H(Bg) ® BgH (A1) . Since H(Bg) = @7 H(bg) and T_.5. PhHy~ =
0, it follows zQ* € (H3; )t so that © € M,,. This proves the claim (31). Now
since Q € M, it follows from (30) that

0= (Hyo—au- +1T5.Hy- — HTa-)Py = Hy+o—aw-+0u+—a0+) o,

which implies U*®—dU*+QU* —* Q* € H3, . Thus (by the proof of Corollary
3.8) we have that U*Q) — WQ* = F| for some self-adjoint Fy € M,,, which gives
the result. If U* has a matrix pole, the same argument as the above gives the
result. This proves the implication (a) = (b). The implication (b) = (c¢) follows
at once from Corollary 3.8. The implication (¢) = (a) is clear. m

Corollary 5.10 Let &,V € LF; with ®_ = V_. If ¥ has a matriz pole, then
the followings are equivalent.

(a) S;\I,S@q; — So,wS3 g is diagonal.
(b) Q:=® — W € M, and UQ — U*Q* € M,.
(¢) Sow is normal.

Proof. Apply Theorem 5.9 to U* in place of V. m
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Theorem 5.11 Let &,V € Lﬁn be normal and ® — ¥ € M,,. Then Sy g is
hyponormal if and only if So v is normal.

Proof. Suppose Sy v is hyponormal and & — ¥ € M,,. Then Hg- = Hyg- and
Hg = Hg. Thus by (27), we must have Hy,.q_gy- +Hy. T —TaHg = 0, which
implies S g is normal. m
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