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Abstract

In this paper, we characterize hyponormality of a class of operators related to a tuple of
weighted shifts. As applications we construct examples of hyponormal Toeplitz operators on
Hilbert spaces of holomorphic functions on the polydisk or the unit ball which include the
Bergman space of the polydisk, the Hardy space of the unit ball and the Drury-Arveson space.

1 Introduction

Let H be a complex Hilbert space and B(H) be the algebra of all bounded linear operators on H.
For A, B € B(H), the commutator of A and B is defined by

[A, B = AB — BA.
Then the self-commutator of A is defined by
[A¥,A] = AA — AA*".

If [A*, A] > 0, then A is said to be hyponormal. For the systematic study of hyponormal operators,
we refer to [23] [33]. A recent research monograph [15] finds new and important connections between
hyponormal operators and the analysis of planar shapes.

Let L? be the space of square integrable functions with respect to the normalized Lebesgue
measure on the unit circle T. Let H? be the Hardy space of the open unit disk I. Let P be the
projection from L? onto H?. For ¢ € L, the Toeplitz operator T, on H? is defined by T,h = Pph],
h € H?. Toeplitz operators are well-studied and has many applications [4].

In 1970, the fifth problem of ten problems by Halmos [16] asked: Is every subnormal Toeplitz
operator T, either analytic or normal ? It was shown in 1975 by Amemiya, Ito, and Wong [3] that
the answer to Halmos’ question is positive for quasinormal Toeplitz operators. Abrahamse in 1976
[1] proved that the answer to Halmos’ question is also positive if ¢ is a function of bounded type.
Inspired by the work of Sun [31], a negative answer was given in 1984 by Cowen and Long [6] [7].
Along this line of research, hyponormal Toeplitz operators were characterized by Cowen [5] in 1988
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by using Sarason’s commutant lifting theorem [30]. Since then intensive research has been done on
this topic along with its connection with interpolation problems and function theory, many results
are obtained, see for example [14] [20] [27] [34]. We also mentioned the extension of Cowen’s result
to hyponormal Toeplitz operators with matrix-valued or operator-valued symbols [11] [13] by using
the general commutant lifting theorem of Nagy-Foias [10] [32] and the recent study of analogous
question for subnormal Toeplitz operators with matrix-valued symbols [8] [9] [12] [19].

Let L?(D) be the L? space of of square integrable functions with respect to the normalized area
measure on ) and A2(ID) be the closed subspace of L?*(ID) consisting of all analytic functions on
D. We still use P to denote the projection from L?(D) onto A%(D). For ¢ € L*°, the Toeplitz
operator T, on A?*(D) is defined analogously by T,h = P[ph], h € A*(D). The Hankel operator
H, from A?(D) to L*(D) & A?(D) is defined by H,h = ph — Plph], h € A*(D). Since there is no
commutant lifting theorem on the Bergman space zA%(ID), Cowen’s characterization of hyponormal
Toeplitz operators does not carry to the Bergman space. Another fundamental difference between
H? and A?(D) is that L? © H? is just the conjugation of zH?, and L?(D) & A?(D) is much larger
than the conjugation of z4%(ID). This makes computations related to Hankel operators on A?(ID)
much more complicated. Thus the problem of characterizing hyponormal Toeplitz operators on the
Bergman space seems very difficult. There is a necessary condition for the hyponormality obtained
by [29], which states that for a class of analytic functions f and g, if T4 is hyponormal, then
|f(z)] > |¢'(2)| on the unit circle T. The restriction on f and g is relaxed in [2]. More importantly,
this necessary condition can be nicely viewed as a type of extension of mean-valued theorem for
harmonic functions [2].

Apart from this necessary condition, a necessary and sufficient condition for the hyponormality
of Toeplitz operator T3 on the Bergman space and weighted Bergman space is known only when
the symbols f and g are of special forms such as f = az™ + bz and g = ¢z + dz" [17] [18] [21]
[25] [26] [28]. Even for these special symbols the results are not complete and their proofs are often
algebraically complicated. As in the Hardy space case,

[T} 15, Ty+g) = HpHy — HyH,.

On the Hardy space, this connection with Hankel operators was crucial for the study of hyponormal
and subnormal Toeplitz operators [5] [11]. It is natural on the Bergman space to use Hankel
operators and their properties as well, which was the approach in previous work.

However, we observe in this paper that for symbols such as f = az™ + b2, g = ¢2" + dz™,
it is possible to direct work with Ty 5 whose matrix representation is a banded matrix with four
bands. In particular we will find a condition on a,b, ¢ and d that the self-commutator of Ty 5
is a diagonal operator. Such an observation also arises from the fact that T,» can be viewed
as a weighted shift. The approach of using general weighted shifts also allows us to consider the
hyponormality of slightly more general operators than the Toeplitz operators on weighted Bergman
space. Furthermore, this new approach considerably simplifies the proofs of several previous results.

Surprisingly, or not so surprisingly because of the simple and general nature of our approach, we
are able to extend the results to Toeplitz operators on weighted Bergman space in several variables
for which there is almost no previous research. Let D¢ be the polydisk. We use K,(D?) (for p > 1)
to denote the Hilbert space of analytic functions on the polydisk D? with reproducing kernel

1
H?:l (1 - Zi)‘ii)p'

K(z,\) =



This scale of spaces contains the Bergman space (p = 2) and Hardy space (p = 1). When p > 2,
ICp(]D)d) is often called the weighted Bergman space on D? since it is a Hilbert space of holomorphic
functions with respect to certain measure on D9. Let B? be the unit ball in C%. Let K,(B9) (p > 1)
be the Hilbert space of analytic functions on B¢ with reproducing kernel

1

K(z,w) = 7(1 )

This scale of spaces contains the Bergman space (p = d + 1), the Hardy space (p = d), and the
Drury-Arveson space (p = 1). We will discuss hyponormal Toeplitz operators on weighted Hardy
and Bergman space K,(D?) and K,(B?). The results on K,(D9) and K,(B?) are different in that
it is impossible for a class of Toeplitz operators on ICP(IB%d) to be hyponormal even though they
are hyponormal on K,(D9). Furthermore, the result on K,(B?) is not as complete as on K,(D?),
and the proof on ICp(Bd) is more difficult due to the fact the certain analytic Toeplitz operators on
K,(D?) is double commuting, but they are only commuting on K,(B?). For example, by Theorem
5.1 and Proposition 5.3 below, we have the following result.

Theorem. Assume ab = cd. Let M = (M, - ,My) and N = (Ny,---,Ny) be two multi-
indexes with M < N and |a| < |¢|. For ¢ = azM + b2V + ez + dzV, T, on K,(D?) (p > 1) is

hyponormal if and only if

d
lc|? — |a]? < H L(N; + 1)I'(M; + p)

b2 —|d> = 11 D(M; + DT(N; +p)’

i=1

Furthermore, T, on K,(B%) (p > 1) is not hyponormal.

We outline the plan of the paper. In section 2, we consider hyponormal operators related
to weighted shifts. The matrix representations of those operators are banded matrices with four
bands, and we give a necessary and sufficient condition for the hyponormality of those operators
(Theorem 2.2 and Theorem 2.4). In section 3, we apply the results of section 2 to Toeplitz operators
on weighted Hardy and Bergman spaces KC,(ID) (p > 1). Among our results is an extension of the
main result in [21] to weighted Hardy space (Theorem 3.1). The technical problem is to find the
maximum or minimum of sequences. It turns out such a technical problem is rather difficult and
in one case we are only able to resolve the problem when p is a natural number (Theorem 3.2).
In section 4, we consider hyponormal operators related to a tuple of commuting weighted shifts.
Some results (such as Theorem 4.3 and Theorem 4.5) are natural extensions of one variable results
in Section 2, while other results (such as Theorem 4.6) require a number of new insights. In section
5, we consider hyponormality of Toeplitz operators on weighted Hardy space and Bergman spaces
K,(D9) and K,(B%). On K,(D?), exact calculations can be made (Theorem 5.1 and Theorem 5.2)
thanks to results in previous sections, while on K,(B?), only estimates are given (Proposition 5.4).
However even those estimates are rather technical, so exact answers on K,(B?) seems difficult to
obtain.

2 Hyponormal operators close to weighted shifts

It is a simple and well-known fact that a weighted shift operator is hyponormal if and only if the
absolute values of its weight sequence are increasing. In this section we show how to construct a
class of hyponormal operators related to weighted shifts. This construction is based on the following
lemma, which is an abstract version of some calculations done in [21].



Lemma 2.1 Let a,b,c,d be four complex numbers such that ab = cd. Let A,B € B(H) be two
commuting operators. Set T = aA + bB + ¢A* + dB*. Then

7,7) = (laf? - |ef?) [4, 4] + (ol - |d1?) [B*, B).
Proof. Note that

[T*,T] = (@A* 4+ bB* + cA + dB)(aA + bB + ¢A* + dB")
— (aA +bB +¢A* +dB*)(aA* + bB* + cA + dB)
= (la® = [cl*) [A*, 4] + (|b* ~ d) [B*, B]
+ abA*B + adA*B* + baB* A + beB* A* + ¢bAB + cdAB* + daBA + deBA*
— abAB* — adAB — baBA* — bcBA — ¢hA*B* — ¢dA*B — daB*A* — dcB*A
= (la® = [el*) [A*, 4] + (|0 - d) [B*, B]
+ (ab —ed) A*B + (ad — be) [A*, B*] + (ba — dc) B*A
+ (¢b — da) [A, B] + (cd — ab) AB* + (dc — ba) BA*
= (la® = [e?) (A", 41+ (o - d) [B*, B],

where in the last equality we use the assumption ab = cd and [A, B] = 0. =

If |a| = |¢| in Lemma 2.1, then 7" must be normal. To avoid the triviality, we will consider the
case |a| # |c| in the sequel.
Let [ be the Hilbert space consisting of square summable sequences. The standard basis for [2
is {e, : n > 0}. Let S be the weighted shift on 12 with positive weight sequence {w,}. That is,
Sen, = wpeny1  (n>0),
S*eg =0 and S*ep+1 = wpe, (n>0).

Then for k > 1, $**S* and S*¥S** are both diagonal operators such that

S*Ske, = w2 wii e, (n>0),
SkS*e, =0 (0<n <k),
SkS*ke, = w? - w? e, (n>k). (1)

We first discuss the shift S which is hyponormal, that is, {w,} is increasing.

Theorem 2.2 Let S be a hyponormal weighted shift with weight sequence {w,}. Assume ab = cd.
Let M and N be two positive integers with M < N and |a| # |c|. Then

T =aSM 4+ pSN + M 4 ggN

18 hyponormal if and only if one of the following two statements holds.
(1) If |a| > |¢|, then

———— > max {El, EQ, Eg} s



where

By = Wiy Wirpn-2, (2)
2
w w
E2 = max D) 2 = TL+§V—1 2 3 (3)
M<n<N | wg Wy py 1 — Wy ppe Wy g
2 2 2
F3 = sup Tn PNt~ e P (4)
n>N | W3- 'w721+M—1 - w%—M w%—l
(ii) If la| < |c|, then
o —lal® _
> < min{F, Fy, F3
pp—jap =M
where
Flzw?\/[-~w]2v71, (5)
2
wh e w
F, = min 5 - n+év_1 ; (6)
Msn<N | Wy~ Wy ypp g — Wy gy Wiy
2 2 2 2
Fy= inf § —n N1 7 Oy B (7)
n>N ’U),?L . w'r27,+M—1 wf,%_M o w?l,fl

Proof. By Lemma 2.1,
1, 7] = (Jaf* = Ie*) [$**, 5] + (bl — ) [V, 5™].
Set
a=la]> — |cf* and B = |d|* - [b*.

By (1), [SM*, SM] and [SN*, SN] are diagonal operators with respect the standard bases {e,}.
Hence [T, T] > 0 if and only if for 0 <n < M,

awy - whyg — Bwp - wh vy 20, (8)
for M <n < N,
«Q [w,% e w721+M—1 - w%—M e 'w%—ﬂ - Bwi e 'w721+N—1 > 0, 9)
and for n > N,
o [w,% o 'w721+M—1 - wi—M ) "wi—ﬂ -p [w,% v 'w721+N—1 - wZ—N ) "wi—d >0, (10)

If a > 0, then 8 > 0 since ab = cd. In this case, inequality (8) is the same as
a—Buwl - wpyyog 20 (0<n < M),
Since wy, is increasing, (8) holds if and only it holds at n = M — 1. That is,

a— Buwiyy Wiy 20 or > B (11)

| Qe



Inequalities (9) and (10) are the same as

[0 [0
> FEy and - > Fjs,

B~ 3
respectively. If a < 0, then 3 < 0 since ab = cd. In this case, (8) holds if and only it holds at n = 0.
That is,

oa—Bwi--wi_ ;>0 or _—ZSFI.
Inequalities (9) and (10) are the same as
-« -
— < F2 and — < F37
—p —p

respectively. m

Remark 2.3 In the definitions of Ea and F», we adopt the convention that 1/0 = oo. In the
definitions of Es and Fs3, 0/0 is deleted from the list of numbers for sup or inf.

It turns out that min {Fy, Fy, F3} = F} which leads to the following theorem.

Theorem 2.4 Let S be a hyponormal weighted shift with weight sequence {w,}. Assume ab = cd.
Let M and N be two positive integers with M < N and |a| < |c|. Then

T =aS™ +bS" +25*M 4 dsV
s hyponormal if and only if

|c\2—\a|2 2 2
b —ja? =

Proof. Since S is a hyponormal weighted shift, we may assume that 0 < w, < 1. By Theorem 2.2,

it suffices to show that
min{Fl,Fg,Fg} = Fl‘

Forn > N, m €N, let

and
2 2 2 2
_ Wy Wy N — Wy N Wy
Wn = w2 DY w2 —_— w2 .. .w2
n n+M-—1 n—M n—1

_ A(n,M)A(n+ M,N — M) — A(n — N,N — M)A(n — M, M)
B A(n, M) — A(n — M, M)
A(n, M) = A(n — M, M) 3=
A(n,M)—A(n—M,M) ’
A(n+M,N—M)

Since wy, is increasing, it follows that

A(n — N,N — M)
An+ M,N — M)

<1 for all n > N.
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Thus we have
W > A(n, M) — A(n — M, M)

= A(n,M)—A(n—M,M)
A(n+M,N—M)

= A(n+ M,N — M) > A(M,N — M),

which implies that
F; = lI>1§V {Wp} > A(M,N — M) = F;. (12)

On the other hand, since wy, <1, A(i,7) <1 for all 4,5 € N. Thus for M <n < N,

w?z T w721+N—1 A(n, N)

w2 wk g —wi g wi_ A, M) — A(n — M, M)

A(n,N)
> — = — .
= A(n, M) An+ M,N — M)
Thus
Fy, > A2M,N — M) > A(M,N — M) = Fy. (13)

It thus follows from (12) and(13) that
min {Fl, FQ, Fg} = Fl.
This completes the proof. m

The assumption on S of course can be replaced by more general conditions. For example, we
have the following theorem. But it seems hard to find natural examples where F3 < F} in the case
{wy} is decreasing.

Theorem 2.5 Let S be a weighted shift whose weight sequence {wy,} is decreasing. Assume ab = cd.
Let M and N be two positive integers with M < N and |a| # |c|. Let E3 and Fy be defined by (4)
and (5). Then B
T =aS™ +bSN +e5™M +ds*N

is hyponormal if and only if |a| < |c| and

o Pl

PP P

Proof. We use the same notations as in the proof of Theorem 2.2. If > 0 and § > 0, then
inequality (9) is impossible because {w,} is decreasing. In the case o < 0 and 8 < 0, inequality
(8) is equivalent to

—«
— < .
—p
Inequality (9) is automatically satisfied. Inequality (10) is the same as
-
— > Ej.
—p
The proof is complete. m
Let S be the bilateral weighted shift with positive weight sequence {wy}- . That is,
Sep, = wpept1  (—o0 < n < 00),
S*epnt1 = wpe, (—00 < n < o0). (14)

We have the following simpler result.



Theorem 2.6 Let S be a hyponormal bilateral weighted shift with weight sequence {w,}. Assume
ab=cd. Let M and N be two positive integers with M < N. Then

T = aSM™ + SN 4+ 65*M 4 gs*N

1s hyponormal if and only if one of the following two statement holds.
(i) Ifla| > |c|, then

’a‘g - \0\2 > w;, - "w721+N71 - waN g
2 7 = A w2 0l w2 '
’d‘ _ ‘b‘ 00<N< oo 4 Wy _ g Wy _q
(ii) If |a| < |c|, then
’C|2 - |a\2 < . w?z o WhyN—1 T w721—N W
) z = _ mn 2. 02 w2 w2 '
|b| 7|d| CO<N<00 Wy w wnfM Wy, 1
Proof. By Lemma 2.1,
1, 7] = (Jaf* = Ie*) [$**, 5] + (bl = ) sV, 57].

Set
o = laf? = [c]? and § = |d? — b[?.

Since [SM*,SM] and [SN*,SN] are diagonal operators by (14), [T*,T] > 0 if and only if for
—o0 < n < o0,

2 2 2 2 2 2 2
@ [wn o Wpyp—1 — Wiy wn—l] - /3 [wn Wy N1 T Wh_N wn—l] > 0.
The result now follows. m

3 Hyponormal Toeplitz operators

We apply Theorem 2.2 on weighted Hardy spaces IC,(ID) (p > 1). The space K,(ID) has reproducing
kernel

1
Kz, \)= ———,
(z,2) (1—2)\)'0
1
-0 (>0,
n+p

where p > 1. It is clear that w,, is increasing in n and the multiplication operator M, or the shift
S on K,(ID) is hyponormal. When p = 1, we have the Hardy space. When p = 2, we have the
Bergman space. When p > 2, we have weighted Bergman spaces, which are the Hilbert spaces of
analytic functions on D with norm

IF1% = /D ()1 (p = 1)(1 — [2]")P2dA(2),

where dA(z) is the normalized area measure on D. For 1 < p < 2, we have weighted Hardy spaces.
Note that

Wl w? = L(n+£+2)C(n+p)
T T P+ DI (n+ L+ p+ 1)

The following result follows immediately from Theorem 2.4.



Theorem 3.1 Assume ab = EE. Let M and N be two positive integers with M < N and |a| < |c|.
For ¢ = az™ + b2V + M + dzV, T, on K,(D) is hyponormal if and only if

el —la]* _ TN+ DI(M + p)
6> — |d)* ~ T(M + 1)T(N +p)’

If M = N — 1, then the right-hand side of the above inequality reduces to N/(N + p — 1),
which recaptures Theorem 4 in [21]. We next prove that max {Ej, Eq, E3} = F3 = N?/M? if p is
a positive integer which leads to the following theorem.

Theorem 3.2 Assume ab = cd. Let M and N be two positive integers with M < N and la| > |c|.
If p is an positive integer, then for ¢ = azM + b2V + &M + dzV, Ty, on K,(D) is hyponormal if
and only if
2 2 2
— N
jdI” = [p|” — M

Proof. We first note in general

E1 < Es.

Now let us look at the weighted Bergman space K,(D):

1
w2:njL (n>0).
n+p

Assume p is a positive integer > 2. Then

n—+1

2
wie e = I

We will prove
N2
maX{EQ,Ezg} = E3 = W

Let us look at F3 more closely:

N

2

ntN—-1 " Wy N W
2 ..

Woypr—1 =~ Whop "W

2
cn:{ ) R N | ”Nﬂ}{ (0 +0) Hff(nMJri)}.
[T (

p:11n+N+z) n+i L(n+ M +1i) 7=} (n +4)

3N

w ...w

)

Egzsup{cn = 1,n>N}, (16)

1

g
3N

Note that
[ (n+i) [ m=N+i) TS (49 - 115 [(n+9)* - N?]
[ (n+N+i)  [I25 (n+9) [1= (n+ N+ i)H’?‘l(n +1)
R ) (e (R Vi kﬂ [(n+1i)* = N?]
Hf:_ (n+ N +1) (n—i—z)

)

where in the third equation above we use

[ =TI b = 0 (Hip:_ll_kai) (ar, — br) (Hz k410 )



Therefore
NI e+ M+ 0) S TS (e + 0TI i1 [(n+14)% — N?]
M2 (n+ N +i) S TT) 4 0°TT gy [0+ )2 = M)

More precisely, ¢, is increasing in n and
N2

lim ¢, = —.
n—oo M2

Next we need to show

For M <n < N, let

2 2
L Wy, * "Wy N1
dn,

2.2 — 2 o2
wp, wn+M—1 Wy, M Wy

B S 0 ey O S I N D § e (O B | Ve (b Vet
=i+ N+ [ S e+ M+d)  [I(n+i) |

Then . X
d. — 1= (n+ M +14) . [T (n +1)?
"L (e N i) TS )2 - T [+ 0)2 — M)
Note that
[0 (n+8)* =TI [((n+9)° = M?] > TIZ (n +4)° = [(n+ 1)° = MP] TS, (n +4)°
= M?[10=, (n+19)%
So

_ Iz T+ M+i) 15 (n+ i) _(t1? N
n = H L+ N+i) MAy(n+i)2 = M2~ =i
The proof is complete. m
In the case p (p > 1) is not a positive integer, we can show the above condition is a necessary
condition for the hyponormality of T, on K,(ID). Namely, it can be shown that
N2
i en =373
This necessary condition on the Bergman space (p = 2) also follows from a necessary condition for
a general hyponormal Toeplitz operator on the Bergman space [2] [29]. But it seems difficult to
show that ¢, is increasing in n for general p > 1, even though a numerical computation suggests
this is true for big p. In fact, for p close to 1 and M <n < N, we have

2 2
L Wy, * " Wy N1
dp =

2 .. .92 — a2 Y
Wy Wpap—1 — Wy pp o7 Wy

_{HN_ln—i-i%—l};{HM_ln—i-i—i-l - 1n—M—i—z+1}
- j= ; : i=1 :

=optitp n+i+p —M+i+p

s m p-Ddn=C
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for some constant C' since

n+i+l n-M+it+l M(p—1)
n+i+p n—M+i+tp (n+i+tp)(n—M+i+p)

Thus, for p close to 1, By > N?/M? and the necessary condition (15) is not sufficient.

Therefore, we conjecture that there exists py such that for p > po, (15) is a necessary and
sufficient condition for the hyponormality of T, on K,(ID), and for 1 < p < pg, (15) is only a
necessary condition.

4 Hyponormal operators close to several weighted shifts

We first introduce a tuple of d-variables unilateral weighted shifts as in [22]. Let Z, be the set of
nonnegative integers and

Zi:{CY:(Oél,-"ad):ai€Z+,1§z’§d},

We write a > 0 if a € Zi. Let &g = (0,---,1,---,0) be the multi-index having o; = 1 or 0
according as j = 7 or otherwise and 0 be the multi-index (0,0,,---,0). For two multi-indexes «
and B, a > f means « — 8 > 0, and a > S means « > (8 but a # . Let ZQ(Zi) be the complex
Hilbert spaces with standard bases {ea o€ Zi}, respectively. Let {wa’i o€ Zi,z' =1, ,d}
be a bounded set of positive numbers such that

Wa,iWa+te;,j = Wa,jWate;,i (a € Zda 1<4,5< d) (17)

Definition 4.1 A tuple of d-variables unilateral weighted shifts is a family of d bounded operators
on1?(Z4), S = (S1, -+, Sq) defined by

Si€q = Wq i€ate; (€ Z4 =1, ,d). (18)

Note that the condition (17) on w,; implies that S is a tuple of commuting operators. Note
also

Sfeq = Wa—eg, iCa—e fa; >1 (i=1,---,d),

Sfeqa=0ifa; =0 (:=1,---,d).
For a multi-index N = (Ny,--- Ny),
SN =gV ... g and SN = gyNigpNe . grNe,
Set

Uq, N = H H wi—&-kﬂi,i (O[ Z 0), (19)

1<i<d 0<k; <N;

van= [ I wikei (@=N). (20)

1<i<d 1<k; <N;

11



Then

SNGNe = Ua,N€a (a>0),
SNS*Ne, =0 (¢ >0and o # N),
SNGNe = Va,N€a (a>N). (21)

For multi-index a, the set of {a : @ # N} is much larger than the set {a: & < N} since {a: @ ? N}
is an infinite set while {a : @ < N} is a finite set.

Definition 4.2 We say S is a tuple of hyponormal weighted shifts if each S; is hyponormal for
i=1,---,d.

It is clear that S; is hyponormal if and only if for each o > 0, the sequence {wane;,i},oq is
increasing. The following theorem is the multivariable version of Theorem 2.2. To avoid triviality,
for the multi-index M, we shall assume (My,---, My) > (1,---,1).

Theorem 4.3 Let S be a tuple of hyponormal weighted shifts. Assume ab = cd. Let M and N be
two multi-indexes with M < N. Then

T =aSM + SN 4+ 65*M 4 gV

18 hyponormal if and only if one of the following two statements holds.
(i) If |a| > ||, then

W =19 > max {Ey, Es, B3},

where

By = sup { Dol o ¥ M} : (22)

Ue, M

Ey = sup L:aZMandazN , (23)
Ua,M — Vo, M

Uu —
By = sup {M} (24)
a>N (Ua,M — Va,M

(ii) If la| < |c|, then
— < min{Fl,Fg,Fg},

where

Flzinf{“a’N:azM}, (25)

Ue, M
. Ua,N
FQ:mf{:aZMcmdaiN}, (26)
U, M — Va,M
Fy = inf {uO‘vN_vo‘vN} ) (27)
a>N | Ua,M — Va,M

12



Proof. The proof is similar by using (21) and Lemma 2.1, and by noting that ua ap — vanr > 0
and ug N — Vo,y > 0. m

Remark 4.4 In the case S is a single hyponormal weighted shift, the assumption M < N is not
a restriction by symmetry. In the case S is a tuple of hyponormal weighted shifts, the assumption
M < N is a restriction.

The next result is the multivariable version of Theorem 2.4 with an additional assumption (28)
on the weight sequences {’wm caeZti=1,--- ,d} which is automatically satisfied in the case
d = 1. Without this assumption, the result may not hold (see Proposition 5.3 below).

Theorem 4.5 Assume
Wa,; > wg,; whenever o> fori=1,--- ,d. (28)

Then S is a tuple of hyponormal weighted shifts. Assume ab = cd. Let M and N be two multi-
indexes with M < N and |a| < |c|. Then

T =aSM 4+ pSN + M 4 ggN

18 hyponormal if and only if
cl* = lal® _ uon
B> = [df* ~ wo,m

Proof. The proof is similar but slightly more complicated than the proof of Theorem 2.4 because
of multi-indexes, the additional assumption (28) is needed for this proof. We include the details
for clarity. By (19) and the assumption (28),

Ua,N 2 2 Uo,N
=== [ I whinea= 1T I1 whei=

u U
oM i d My<ki<N; 1<i<d M<k;<N; 0,M

That is,
Flzinf{ua’N:azM}:uo’N.
Ue, M Uuo,M
Next we will show min {Fy, F», F3} = F}. Note that

nginf{ua’N:azManda;fN}
Ua,M — Vao,M

Uo,N

Zinf{ua’N:azMandazN}z ,
up, M

Ue, M
where the last inequality again follows from (28). For « > N, we write

Ua,N — Va,N  Ua,MUa+M,N—M — Va,MYa—M,N—M

Co 1=
Ua,M — Vo, M Ua,M — Vo, M

Va—M,N—M . Ya,M — Va,M
= | Ua,M — Va,M -
Uat M,N—M Uat- M,N—M

13




By (19), (20) and (28), et
JazM\N=M -

Uq+M,N—M
Therefore

. [ UYa,M — Va,M
Ca = (ua,M - Ua,M) - <>
Ut M,N—M

U, N uo,N
= UatM,N-M = > —.
Ua, M Uuo, M

This proves min { I, Fy, F3} = -2~ m

uo, M
When S is double commuting, we have the following more explicit condition for the hyponor-
mality of 7" in the case |a| > |c|. We first introduce some notation. We will assume
'an,i = 77(()2)7
where for each 1 < i < d, ngi) is a sequence indexed by «; = 0,1,2,--- . The S is commuting since
for i # j,

Wa,iWate;,j = US}U&? and Way,jWarte;i = 77%)77&-)-

The S is double commuting since for ¢ # j,a; > 1,

* gk, _ , A _ (), ()
SjSieq = SjWa,i€ate; = Wa,iWarte;—e;,jCatei—e; = n&i)%j_leantai—aj,
*o _ G G
SiSj €a = Siwafsj,jeafsj = Wa—¢;,jWa—¢;,iCa—cjt+e; = najfln&i)eafstrsia

and when a; = 0, S}‘Siea = SiSJ’-‘ea = 0. Furthermore for a > 0,

Ni—1
1 d i D)\ 2
Ua,N = gt(>z1),Nl a .g(()éd)yNd7 where géi)7Ni - H (nf(li)Jrj)
§=0
and for a > N,
a;—1
i r )\ 2
Vo, N = 9((111)7 Ny OEZ), Ny where 0&3, N, = H (17]( )) .
J=a;—N;

Theorem 4.6 Let S be a tuple of hyponormal weighted shifts. Assume that
(1) wa; = 77&? for some sequences 77&?.

(i) limn oo =1 (i=1,---,d).

Then S is double commuting. If |a| > |c|, then T is hyponormal if and only if

af? = |
Ll B b BN )
a7 = 2 G (29)

14



where

(@)
FE1; = sup 200, Ni 0< oy < M;

Dy,
¢
Es; = sup (,L»)al—’l(z-):MiSOCi<Ni )
EaiaMi - eaini
0 W
ESi = sup a;,N; a;,N;

;>N fg) 9( )

a;, M;

Gi = max {E;, By, E3i} = max {Eo;, E3;} .

Proof. We prove the result for d = 2 since the proof for d > 2 is similar or by induction. We first
note that for any o 2 M, there is a 8 > M and 8 7 N such that 8 > . Thus

u u u
B8,N > B,N > a,N

- — Y
uﬁvM - UIB7M uBaM uO‘vM
(2)

where the last inequality follows from the assumption N > M and 7,/ is increasing in «;. Therefore

U, M — Va,M

zM}SEQ:sup{ua’N:azMandazN}
uaM

FEy =sup {
and we need to study only max {Fs, E3} .
We now prove the necessity of (29). We first prove Fs > max {Ea1, Ea2}. There are two cases

for > M and o # N.
Case 1: Suppose M7 < a3 < N7 and o > M. Note that

1 2
Ua7N o 5&1),]\715&2),]\[2
_ ) 1) (2
o, M UQ’M é-Oq M1£a2 My — eal,Ml 00(2,M2
1
o 51(361)71\71
(1) oM 92
5Oq,M1 ( a2,M2/£O<2 Nz) Otl,Ml ( a2,M2/5042 N2)
and @ @
N 1 0,
TSI 5 s =1, lim 22—y
Qap—00 5(2) Q2 —00 (2) (2) Q2 —00 5(2)
o2, N2 Nogz ) " \Mag+Nz—1 o2, N2
Therefore @
I Ua, N . g041,N1
025360 Uy 11 — Vot gD M
? oM oM éL011,M1 o 9a1,M1
and

Eo > Eo.
Case 2: Suppose Mo < ag < Ng and oy > M7. Then, similarly, we also have

Ey > Foo,

15



The proof of E3 > max {F31, F32} is also similar.

To prove the sufficiency of (29), we need to show max {Ey;, F3; : 1 < i < d} = max {E», E3}. A
direct proof of this fact seems rather difficult. Instead, assume (29) holds, we will use Lemma 2.1
to prove T is hyponormal. By Lemma 2.1,

where

6 = la]* = |e|* and 8 = |d|” — [b]*.

Note that, since S is double commuting,
5915, 5] — ;5105 el s e
= SiMi g gxha g g gl gz g Mo
+ §M1 ged gedz gM> - g gy g Mo G
= [, 50| sgMesde 4 sihgiM (50, st
Thus
T, 7] = &[S, 510 5505y — [ s1™, 51| sy
) [S;M2, 52M2] SMigey _ 3 [s;NQ, Sgﬂ SN gEN
By assumption, M < N and S7 and Sy are contractions,
SyM2gMe > gxlNa g2 and gMLgHML > NGt
By condition (29) and Theorem 2.2 (i), we have
oSt 8] = B[S, 5| and 5 (85, 50 > g [s5™, 5]
Since S is double commuting, it follows that
g [SfMle{Vh} SSMQSé% >0 [Sle,S{Vl} S;‘NQSNZ,

and similarly,
5 [S;*M?, S;‘ﬂ SMigeMy > g [S§N2, ngz} SN gEN,

Therefore, [T%,T] > 0 and T is hyponormal. =

(%)

Remark 4.7 The assumption lim;,_ Y (i)

= 1 is not restrictive. Since S; is hyponormal, ny’ is
icreasing in n, and lim,_ n,(f) = a; for a positive number a; and we study the hyponormality of

T/(ay---aq).
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5 Hyponormal Toeplitz operators of several variables

We apply Theorem 4.3 on weighted Bergman spaces of the polydisk and the unit ball. Even on
the Hardy space of the unit ball, the result seems to be interesting. On the Hardy space of the
polydisk, the result seems to be trivial.

Let v = {74 : @ > 0} be a set of positive numbers. Let C denote the set of complex numbers
viewed as an one dimensional Hilbert space. Let H,% be the weighted Hardy space as in [22]:

H2=Sf(2) =D fa2®  fa €C P = qalfal’ <oop . (30)

a>0 a>0

Then S; = M, is a weighted shift with

wa,i:{ MZO&ZO} (1<i<d).
Yo

We first discuss the weighted Bergman space on the polydisk. Let I be the unit disk and D¢
be the polydisk. We use K,(D9) (for p > 1) to denote the Hilbert space of analytic functions on
the polydisk D¢ with reproducing kernel

1
H(z‘izl (1 - Zi)‘ii)p.

This scale of spaces contains the Bergman space L2(D?) (p = 2) and Hardy space H2(D?) (p = 1).
When p > 2, ICp(Dd) is often called the weighted Bergman space on the polydisk. By the expansion
formula,

K(z,\) =

_ 1 TS Tleta) e
K(Z’A)_Hd (I—Zi)\i)p_H<Z a;'T'(p) (%) )

=1 Oz7;=0

Therefore
Kp(D%) = H? with v = {70 = [| ailllp) < (31)
8 ¢ i1 L'(p+ i) -
In this case
wai = .
T tp

So the results on weighted Bergman spaces of the polydisk follows from theorems of last section
and the one variable case.

Theorem 5.1 Assume ab = cd. Let M = (My,---,Mg) and N = (Ny,---,Ng) be two multi-
indezes with M < N and |a| > |¢|. For ¢ = az™ +bzN + &M + dzN, T, on K,(D?) (p > 1) is

hyponormal if and only if

d
e ~lal’ _ {7 T+ )LOS+p)

b]* — |d|* ~ 3 D(M; + DI(N; + p)

=1

17



Proof. The result follows from Theorem 4.5. =

Theorem 5.2 Assume ab = cd. Let M = (M, -+, My) and N = (Ni,--+,Ng) be two multi-
indezes with M < N and |a| < |c|. For ¢ = azM + b2V + M +dzN, T, on K,(D?) (p > 2 is a
positive integer) is hyponormal if and only if

jaf* —|ef? N?

dF — b = 1=ia MF
Proof. The result follows from Theorem 4.6 and the proof of Theorem 3.2. =
We now discuss the weighted Bergman space on the unit ball. Let B¢ be the unit ball of C¢ :

Bd:{z:(zl,-'-,zd)G(Cd:|21\2+~-+|zd|2<1}.

Let w = (wy, - ,wy) € B and (z,w) be the inner product defined by

d
=1

Let K,(B?) (p > 1) be the Hilbert space of analytic functions on B¢ with reproducing kernel

1

KEw = gy

This scale of spaces contains the Bergman space L2(B?) (p = d + 1), the Hardy space H?(B%)
(p = d), and the Drury-Arveson space H3(B?) (p = 1). By the expansion formula,

_ 1 _ —T(p+1i) W)
K(zw) = (1= (z,w))P ZZ; ill(p) &)

< T +i il oo T'(p+ |« a—a
:Z 2('? )) 2L =T =2 Z)!F(L)DZ v

i=0 (p lal=i a>0

Therefore Ir(p)
ICIB%d:H2Withfy:{7a:a'p:a20}, 32
B = Iy Do+ fa) o

where |a| = oy + - - + ag. Thus the shift S; = M,, on K,(B?) is a weighted shift with

2 _ Jotei _ a;+1

oK)

(a>0), (33)

w - =
Yo la| 4 p

and S; is hyponormal for p > 1, but w,,; does not satisfy (28). Theorem 4.5 is not applicable. In
fact, the following result shows that the assumption (28) cannot be removed in Theorem 4.5.

Proposition 5.3 Assume ab = cd. Let M = (My,--- ,My) and N = (Ny,---, Ng) be two multi-

indexes with M < N and |a| < |c|. For p = azM +b2N +ezM + dz, T, on K,(B%) (p > 1) is not
hyponormal.

18



Proof. By Theorem 4.3, T,, on K,(B?) (p > 1) is hyponormal if and only if

lef® ~ lal”

]6]2 - ]d|2 < min {Fy, Fy, F3}, where F} = inf {Ua,N tat M} )

Ua, M

Without loss of generality, assume Ny > M; > 1. Note that

YN H H ay + My
- wOé“rki&‘i,i S . (34)
Ua,M 1<i<d M;<k;<N; Oé1+042+---+ozd+M1+p

Let a; = 0 and ag — oo. Then a # M and 7=~ — 0. So Fy = 0 and l¢|* = |af* < 0, which is a
contradiction to |a| < |¢|. m 7

It is natural to ask in the case |a| > |¢| whether T}, on K,(B¢) (p > 1) could be hyponormal.
The answer is yes. But Theorem 4.6 is not applicable because S on K,(B?) (p > 1) is not double
commuting, so we only have the following (rough) estimation.

Proposition 5.4 Assume ab = cd. Let M = (My,--- , My) and N = (N1, , Ng) be two multi-
indezes with M < N and |a| > |c|. For ¢ = azM + b2V + M 4+ dzV, T, on K,(BY) (p > 1) is
hyponormal if and only if

ja” = |¢f?
W Z maX{E]_,EQ,Eg},

where max { Ey, Ea, Es} is finite. More specifically,

ON; — 1) (IN| — M; + p)
Ey, Fy, B3} < N2, S — 1) 2N ! :
max {1, By, 5}—max{11??<xd b it N = D o N N, £ )

Proof. By Theorem 4.3, we need to show each Ej; is a finite number for ¢ = 1,2,3. By (33) and
(34),

Elzsup{m:azM}gl.
a,

We next estimate Ey. Note that for « > M and a # N,

Ua, N
Co 1= ua,N o Ue, M 1
@ - _ 9 _ YaM — 1 _ Ya,M "
YoM = Vo, M 1 Ua, M 1 Yo, M
We claim
Vo.M 1
S < max {1— —; (35)
Ua,pm ~ 1<i<d N;
Then
1 1
Ca <~y < max ¢ ————— ¢ = max N7,
1— -l 7 aki<d | 4 <1 1 > 1<i<d
Ua, M - - N2
1
Thus
Ua, N
Ey = sup ai’:aZMandazN < maXNZ?.
U, M — Va,M 1<i<d
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To prove Claim (35), since o # N, assume a1 < Nj. Since Wa4ne, i is increasing in n,

2 2
UOL,M _ w()é—ki8i7i wo&—&‘hl
Ua M H w? . = w
@ 1<i<d 1<k;<M; —a+(ki—1)e;,i a1
1 1
aq a[+p (1 N ) <1 B >
]a|+p—1 a4+ 1 lal +p—1 a1 +1
< (1 4

1 1
L
o1 +1 o1 +1 (a1 + 1) N;
where one inequality follows from
lal+p—1>a1+1+p—1>a1+1,

and the last inequality follows from a; + 1 < Nj. This proves Claim (35).
We now estimate Fs3. Let

AZ = H wzk‘r(kz*l)sl,l’ H wi—kiei,ﬂ
1<k;<N; 1<k; <N;
CZ - H w '—1 Ez,l’ H wi—kziei,i (Z - 17 : 7d)
1<k;<M; 1<k;<M;
Notethatbywiﬂg1foralla20andl§i§d,N>M,
A; B;
égl, ﬁzgl, C;—D; >0, and A; —B; >0.
Then
[I 4- 1II B
U, N — Vo,N _ 1<i<d 1<i<d
Ua,M — Va,M II Ci— 1II D
1<i<d 1<i<d
1
S (THZ ) (4 - By) (T4 B:)
T «d i—1
S (TH56) (€5 = D) (T 40 D:)
d j—144 7 J d 7
< Zj:l <Hi_1 C’i) <Cj — Dj> (Hz‘j—i—ll)i)
A — B
d
= X <c_p> ’
J J
where [[_,4; = 1= Hl d+1Bi- Set
a; = wi-ﬁ—(i—l)ahl and b; = wg_igl 1 (1<i< Ny
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By a similar but more complicated argument (because Ny # M),

I oai— I b X0 I a)(a;—0y) IT b
A1 —B1  1<i<h 1<<N, 1<i<j—1 JHI<ISN

Ci—Di Il aj— TII b
1<i<M, ! 1<i<M; ’ Z;Mll I a (aj —bj) [1 b
1<i<j—1 JH1<i<My

<1<1;[' 1%) ( bj ( 1<i<N bj)
< ijll <i<j— JH1<i<Ny
( [[ ai)f(a bj) ( bj
1<i<j—1 JH1<i<M,;
( [1 ai) (aj — bj) < [I bj)
1<i<j— J+1<i<N;
+ZJ M1+1
< ) = bj) < [1 bj)
1<i<j—1 JH1<i<My
( > i —bj) ( [I bj)
1<i<j—1 J+1<i<Ng

( 11 az‘) (an, — bary)
1<i< My -1

(aj — b))
< M + Z] MIHM’

aj—
j—

N
< M+ ijlM1+1

where the fact w ; <1 (ai,b; <1)is used several times. By a direct computation,

aj — bj = w], a—jer,1

a+(j—1)e1,1
i 14l a4l Q- D(al—artp-1)
Caf+i=1+p al=j+p  (a[+j-1+p)(lal=j+p)
@Ni = 1) (ja] — a1+ p—1)
~ (laf+ N1 =1+ p) (Jo| = N1+ p)
@M —1)(|a| — a1+ p—1)
(laf + My =1+ p) (la| = M1+ p)

Therefore for a > N, we have

(M1+1§]§N1)7

ay, — b, =

L (a-by) (2N~ 1) (Jal + (M — 1) + p) (Jo] = M + p)
D (TP Yy R e v R ey ey (Y ey
(2N — 1) (N] — My + p)
<=M ) G (N[ M+ )

Summarizing,
Ay —
C1— D,

(2N1 — 1) (IN| = Mi + p)
(@0, — 1) (N[ N1 + p)
(2N1 — 1) (IN| = M; + p)
@M, — 1) (N[~ N1+ p)°

<M1—|—(N1—M1—1>

< (N1 —1)
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Therefore,

d
By — sup {UN—UN} < i) ((2Nz-—1> (IN| = M; + p)

>N Loy = Vam ] ~ = 2M; — 1) (IN[ = Ni+p)

The proof is complete. m
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