EFFHYPONORMALITY OF FINITE RANK
PERTURBATIONS OF UNILATERAL WEIGHTED SHIFTS

RAUL E. CURTO AND WOO YOUNG LEE

Abstract. In this paper we explore finite rank perturbations of unilateral weighted shifts W,. First, we
prove that the subnormality of W, is never stable under nonzero finite rank pertrubations unless the per-
turbation occurs at the zeroth weight. Second, we establish that 2-hyponormality implies positive quadratic
hyponormality, in the sense that the Maclaurin coefficients of Dy, (s) := det Py, [(Wa+sW2)*, Wa+sW2| P,
are nonnegative, for every n > 0, where P, denotes the orthogonal projection onto the basis vectors
{eo, - ,en}. Finally, for a strictly increasing and W, 2-hyponormal, we show that for a small finite-rank
perturbation o’ of «, the shift W, remains quadratically hyponormal.

1. INTRODUCTION

Let H and K be complex Hilbert spaces, let £L(H,K) be the set of bounded linear operators from
H to K and write L(H) := L(H,H). An operator T' € L(H) is said to be normal if T*T = TT*,
hyponormal if T*T > TT*, and subnormal if T = N|y, where N is normal on some Hilbert space
K O H. If T is subnormal then T is also hyponormal. Recall that given a bounded sequence of
positive numbers « : ag, oy, - -+ (called weights), the (unilateral) weighted shift W, associated with «
is the operator on ¢%(Zy) defined by Wye, := aneni1 for all n > 0, where {e,}32, is the canonical
orthonormal basis for ¢2. It is straightforward to check that W, can never be normal, and that W,
is hyponormal if and only if a,, < 41 for all n > 0. The Bram-Halmos criterion for subnormality

states that an operator T is subnormal if and only if

> (Tia;, Tiz;) > 0

2%
for all finite collections xg,z1, -,z € H ([2],[4, I11.1.9]). Tt is easy to see that this is equivalent to
the following positivity test:
I T ... Tk
T T*T ... T*T
(1.1) : : . : >0 (all k > 1).
Tk T*TF .. TERTE
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Condition (1.1) provides a measure of the gap between hyponormality and subnormality. In fact,
the positivity condition (1.1) for & = 1 is equivalent to the hyponormality of T, while subnormality
requires the validity of (1.1) for all k. Let [A, B] := AB — BA denote the commutator of two operators
A and B, and define T to be k-hyponormal whenever the k x k operator matrix

(1.2) My(T) = ([T, ")) =
is positive. An application of the Choleski algorithm for operator matrices shows that the positivity of
(1.2) is equivalent to the positivity of the (k+ 1) x (k+ 1) operator matrix in (1.1); the Bram-Halmos
criterion can be then rephrased as saying that T is subnormal if and only if 7" is k-hyponormal for
every k > 1 ([16]).

Recall ([1],[16],[5]) that T' € L(H) is said to be weakly k-hyponormal if

k
LS(T,T% -, T%) =Y ;17 o= (ay,--+ ,a5) € C*
j=1

consists entirely of hyponormal operators, or equivalently, My (T) is weakly positive, i.e., ([16])

on on
(1.3) (M(T) , ) =0 for x € H and Ao, -, Ax € C.
Akx Ak$

If k = 2 then T is said to be quadratically hyponormal, and if k = 3 then T is said to be cubically
hyponormal. Similarly, T' € L(H) is said to be polynomially hyponormal if p(T') is hyponormal for
every polynomial p € C[z]. It is known that k-hyponormal = weakly k-hyponormal, but the converse
is not true in general.

The classes of (weakly) k-hyponormal operators have been studied in an attempt to bridge the gap
between subnormality and hyponormality ([7],[8],[10],[11],[12],[14],[16],[19],[22]). The study of this
gap has been only partially successful. For example, such a gap is not yet well described for Toeplitz
operators on the Hardy space of the unit circle; in fact, even subnormality for Toeplitz operators has
not been characterized (cf.[20],[6]). For weighted shifts, positive results appear in [7] and [12], although
no concrete example of a weighted shift which is polynomially hyponormal and not subnormal has yet
been found (the existence of such weighted shifts was established in [17] and [18]).

In the present paper we renew our efforts to help describe the above mentioned gap between
subnormality and hyponormality, with particular emphasis on polynomial hyponormality. We focus
on the class of unilateral weighted shifts, and initiate a study of how the above mentioned notions
behave under finite perturbations of the weight sequence. We first obtain three concrete results:

(i) the subnormality of W, is never stable under nonzero finite rank perturbations unless the
perturbation is confined to the zeroth weight (Theorem 2.1);

(ii) 2-hyponormality implies positive quadratic hyponormality, in the sense that the Maclaurin
coefficients of D,,(s) := det P, [[W, + sW2)*, W, + sW?2] P,, are nonnegative, for every n > 0, where
P,, denotes the orthogonal projection onto the basis vectors {eg,- - ,e,} (Theorem 2.2); and

(iii) if « is strictly increasing and W, is 2-hyponormal then for o’ a small perturbation of a, the
shift W, remains positively quadratically hyponormal (Theorem 2.3).

Along the way we establish two related results, each of independent interest:
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(iv) an integrality criterion for a subnormal weighted shift to have an n-step subnormal extension
(Theorem 6.1); and

(v) a proof that the sets of k-hyponormal and weakly k-hyponormal operators are closed in the

strong operator topology (Proposition 6.7).

2. STATEMENT OF MAIN RESULTS

C. Berger’s characterization of subnormality for unilateral weighted shifts (cf. [21],[4, IIL.8.16])
states that W, is subnormal if and only if there exists a Borel probability measure p supported in
[0, [[Wal[?], with ||[Wq|[* € supp i, such that

Yn = /t"d,u(t) for all n > 0.

Given an initial segment of weights « : ag, - - - @, the sequence & € £°°(Z,) such that &; = «; (i =

0,---,m) is said to be recursively generated by « if there exist r > 1 and ¢g, - , pr—1 € R such that
(2.1) Yntr = P0Yn + -+ Pro1Vntr—1  (all n >0),

where 7o := 1, 7, := a?---a2_; (n > 1). In this case W, with weights & is said to be recursively
generated. If we let

(2.2) g(t) =t — (@r_1t" "+ + o),

then g has r distinct real roots 0 < sg < -+ < -1 ([11, Theorem 3.9]). Let

1 1 1
S0 S1 Sr—1
V.= .
o s Sio1
and let
£o Yo
—y-! :
pr—l "Yr—l

If the associated recursively generated weighted shift Wy is subnormal then its Berger measure is of
the form

M= P0550 +-+ pr—lér—l'

For example, given ap < a1 < a2, Wiag,a;1,a,)» is the recursive weighted shift whose weights are
calculated according to the recursive relation

1
(2.3) O‘i-s-l =1+ Yo 5



where

ada2(a —a?) a?(a3 — ad)
9.4 _ 0y U and _ o 0
=0 AT A B

In this case, W(ay,a1,a0) 18 subnormal with 2-atomic Berger measure. Let Wy (44 a,,0,)~ denote the
weighted shift whose weight sequence consists of the initial weight x followed by the weight sequence
of W(a07a17a2)A .

By the Density Theorem ([11, Theorem 4.2 and Corollary 4.3]), we know that if W, is a subnormal
weighted shift with weights « = {a,} and € > 0, then there exists a nonzero compact operator
K with ||K|| < e such that W, + K is a recursively generated subnormal weighted shift; in fact
Wy + K = WJTT) for some m > 1, where a(™ : ag, -+, m. The following result shows that K
cannot generally be taken to be finite rank.

Theorem 2.1 (Finite Rank Perturbations of Subnormal Shifts). If W, is a subnormal weighted
shift then there exists no nonzero finite rank operator F(# cPy) such that W + F is a sub-
normal weighted shift. Concretely, suppose Wy, is a subnormal weighted shift with weight sequence
a = {a,}32, and assume o = {al} is a nonzero perturbation of « in a finite number of weights
except the initial weight; then W, is not subnormal.

We next consider the selfcommutator [(W,+s W2)* W, +s W2]. Let W, be a hyponormal weighted
shift. For s € C, we write
D(s) = [(Wa +sW2)*, Wo + s W2]

and we let
g T™ 0 ... 0 0
o q1 T1 ... 0 0
9 9 0 1 g2 . 0 0
(2.5) Dy(s) i= Pp[(Wa +sW3) "\ Wo +sW3IP, = | . . . . -]
0 0 0 e dn—1 77”,1
0O 0 0 ... 7rp_1 qn
where P, is the orthogonal projection onto the subspace generated by {eg, - ,e,},
Gn 7= Up + |s]*0,
Ty 1= Sy/Wp
(2.6) Uy = ap —ap_y
Un 1= O‘?LO‘?LJA —an 0y,

n(a727,+1 - 047%71)27

and, for notational convenience, a_9s = a_; = 0. Clearly, W, is quadratically hyponormal if and only
if D(s) > 0 for all s € C and all n > 0. Let d,,(-) := det (D,(:)). Then d,, satisfies the following
2—-step recursive formula:

(2.7) do=qo, di=qoq1 — |rol®s dni2= qni2dni1 — |Tni1|’dn.
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If we let t := |s|?, we observe that d,, is a polynomial in ¢ of degree n + 1, and if we write d,, =
Z?jol c(n,i)t’, then the coefficients c(n, i) satisfy a double-indexed recursive formula, namely
(2.8) c(n+2,4) = upt2c(n+1,4) + vpgac(n+ 1,0 — 1) — wpqq1 ¢(n,i — 1),

c(n,0) =ug-+up, c(n,n+1)=vg- vy, ¢c(1,1)=wuvg+viup— W

(n > 0,4 >1). We say that W, is positively quadratically hyponormal if ¢(n,i) > 0 for every
n>0 0<i¢<n+1(c [9]). Evidently, positively quadratically hyponormal = quadratically
hyponormal. The converse, however, is not true in general (cf. [3]).

The following theorem establishes a useful relation between 2-hyponormality and positive quadratic
hyponormality.

Theorem 2.2. Let o = {a, }22 be a weight sequence and assume that W, is 2-hyponormal. Then
W is positively quadratically hyponormal. More precisely, if Wy, is 2-hyponormal then

(2.9) e(n,i) > vg-- ViU Uy m>0,0<i<n+1)

In particular, if a is strictly increasing and W, is 2-hyponormal then the Maclaurin coefficients of
dn(t) are positive for all n > 0.

If W, is a weighted shift with weight sequence o = {a,,}22 ), then the moments of W,, are usually
defined by By := 1, Bnt1 = anfn (n > 0) [23]; however, we prefer to reserve this term for the
sequence 7, = 32 (n > 0). A criterion for k-hyponormality can be given in terms of these moments
([7, Theorem 4]): if we build a (k4 1) x (k + 1) Hankel matrix A(n;k) by

Tn Tnt+1 - Undk
Yn+l  Ynd2 oo Vntktl
(2.10) A(n; k) == . ) . (n>0),
In+k  Tnt+k+1 -+ TInt2k
then
(2.11) Wy is k-hyponormal <= A(n;k) >0 (n > 0).

In particular, for « strictly increasing, W, is 2-hyponormal if and only if

Tn Tn+1  Yn42
(2.12) det | Ynt1 Yn+2 Ynas | =0 (n>0).
Tn+2  Yn+3  Intd

One might conjecture that if W, is a k-hyponormal weighted shift whose weight sequence is strictly
increasing then W, remains weakly k-hyponormal under a small perturbation of the weight sequence.
We will show below that this is true for k£ = 2 (Theorem 2.3).

In [12, Theorem 4.3], it was shown that the gap between 2-hyponormality and quadratic hyponor-
mality can be detected by unilateral shifts with a weight sequence « : /z, (1/a, Vb, ve). In particular,
there exists a maximum value Ho = Ha(a,b,c) of x that makes W\/E,(\/E,\/B,\/E)A 2-hyponormal; Ho
is called the modulus of 2-hyponormality (cf. [12]). Any value of z > Hs yields a non-2-hyponormal
weighted shift. However, if © — Hs is small enough, W N AN AN L is still quadratically hyponormal.
The following theorem shows that, more generally, for finite rank perturbations of weighted shifts with
strictly increasing weight sequences, there always exists a gap between 2-hyponormality and quadratic
hyponormality.
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Theorem 2.3 (Finite Rank Perturbations of 2-hyponormal Shifts). Let @ = {a,}52, be a
strictly increasing weight sequence. If Wy, is 2-hyponormal then W, remains positively quadratically
hyponormal under a small nonzero finite rank perturbation of c.

3. PROOF OF THEOREM 2.1

Proof of Theorem 2.1. Tt suffices to show that if T' is a weighted shift whose restriction to \/{e,, ent1,- -+ }
(n > 2) is subnormal then there is at most one «;,_1 for which T" is subnormal.

Let W:=TW(. | eoenirmyand S:=TWe, 4 where n > 2. Then W and S have weights
ar(W) := agyn-1 and ag(S) := ag4n (kK > 0). Thus the corresponding moments are related by the

equation
Y1 (W)
WS =opahi =
Qn1

We now adapt the proof of [7, Proposition 8]. Suppose S is subnormal with associated Berger measure
2

w. Then ~,(S) = follTH t* dp. Thus W is subnormal if and only if there exists a probability measure

v on [0, ||T][?] such that

1

2
a1

[T)? [T
/ th Tl dy(t) = / thdu(t) for all k >0,
0 0

2
n

which readily implies that tdv = a; _; du. Thus W is subnormal if and only if the formula

2

Qn—1
d
L H

defines a probability measure for some A > 0, where §y is the point mass at the origin. In particular
1€ L'(p) and p({0}) = 0 whenever W is subnormal. If we repeat the above argument for W and
V= T|W{en_2’en_17_. },» then we should have that v({0}) = 0 whenever V' is subnormal. Therefore we
can conclude that if V' is subnormal then A = 0, and hence

(3.1) dv = X- 6y +

(3.2) dv = "{1 dp.
Thus we have
Tl TP
1= [ an=at, [ Gt
0
so that
1712 !
(3.3) = ([ )
0 t
which implies that «,_1 is determined uniquely by {ay, @nt1,- -} whenever T is subnormal. This
completes the proof. O

Theorem 2.1 says that a nonzero finite rank perturbation of a subnormal shift is never subnormal un-
less the perturbation occurs at the initial weight. However, this is not the case for k-hyponormality. To

see this we use a close relative of the Bergman shift B, (whose weights are given by oo = {/ Z—E};’fzo);

it is well known that B, is subnormal.



Example 3.1. For x > 0, let T, be the weighted shift whose weights are given by

1 1
ap = \/;, ay =z, and o, = n (n>2).
n

Then we have:

(i) Ty is subnormal <= x = 2;

(ii) T, is 2-hyponormal <= % <z< %.
Proof. Assertion (i) follows from Theorem 2.1. For assertion (ii) we use (2.12): T, is 2-hyponormal if
and only if

1 3 52 3 3% 57
det, % %x %x >0 and det %m %m %x >0,
3T 5T ¥ T fpT g7
or equivalently, 63’8‘6@ <z< 2 a

For perturbations of recursive subnormal shifts of the form W( VaBAON subnormality and 2-
hyponormality coincide.
Theorem 3.2. Let a = {a, }32 be recursively generated by +/a, Vb, Ve. If T, is the weighted shift
whose weights are given by ag : g, - ,0-1,/Z, 41, -+ , then we have
T = a? if 7 > 1;

T, is subnormal <= T, is 2-hyponormal <= oo
r<a if 7 =0.

Proof. Since « is recursively generated by /a, Vb, V¢, we have that o = a, o =b, a3 = ¢,
b(c?> — 2ac + ab) be® — 4abc® + 2ab’c + a’be — a?b? + a?c?
c(b—a) ’ (b —a)(c? — 2ac + ab)
Case 1 (j = 0): It is evident that T}, is subnormal if and only if < a. For 2-hyponormality observe
by (2.12) that T, is 2-hyponormal if and only if

1 x bx
det| = bx bex >0,
br bex aibex

(3.4) a3 = and of =

or equivalently, = < a.
Case 2 (j > 1): Without loss of generality we may assume that j = 1 and a = 1. Thus ag = /.
Then by Theorem 2.1, T, is subnormal if and only if x = b. On the other hand, by (2.12), T, is

2-hyponormal if and only if

1 1 T 1 T cr
det | 1 =« cr >0 and det| =z cr a%cx > 0.
T cr agcx cx a%cm agaﬁcx

Thus a direct calculation with the specific forms of a3, a4 given in (3.4) shows that T, is 2-hyponormal
2 2o,

if and only if (x — b) (x — w> < 0and z <b. Since b < w, it follows that 7T is 2-

hyponormal if and only if x = b. This completes the proof. O



4. PROOF OF THEOREM 2.2

With the notation in (2.6), we let
D = Up Upg1 — Wy (n>0).
We then have:

Lemma 4.1. If a = {a,}22, is a strictly increasing weight sequence then the following statements
are equivalent:
(i) Wy is 2-hyponormal;
(ii) a%jl(“rﬂrl + un+2)2 < Up41Un42 (n>0);
(iii) -
)

‘;n Unt2 o Untl (n > 0);
(iv) pp 20 (n>0).

g2 Unt3 T Uni2

Proof. This follows from a straightforward calculation. O

Proof of Theorem 2.2. If « is not strictly increasing then « is flat, by the argument of [7, Corollary
6], i.e., ap = a3 =ag =---. Then

4.1 D _ ag+\s|2aé E()zg 0
( . ) n(s) 3 2k @D U

0

(cf. (2.5)), so that (2.9) is evident. Thus we may assume that « is strictly increasing, so that
n+1

U, >0, v, >0 and w, > 0 for all n > 0. Recall that if we write d,,(t) := > . c(n,i)t’ then the
¢(n,i)’s satisty the following recursive formulas (cf. (2.8)):
(42) c(n + 2,2) = Un+2 C('fl + 1,2) + Un+2 C(?’l + 1aZ - 1) — Wn+1 C(?’l, i — 1) (n > 07 1 < ) < Tl)

Also, ¢(n,n+1) = vg---v, (again by (2.8)) and p,, := upVpt1 — wy > 0 (n > 0), by Lemma 4.1. A
straightforward calculation shows that

(4.3) do(t) = up + vo t;

dy(t) = upuy + (vous + po) t + vovy t%;

da(t) = uourug + (vourug + uopr + uzpo) t + (voviuz + vop1 + vapo) £ + vovrvg t°.
Evidently,
(4.4) e(n, i) >0 0<n<2 0<i<n+1).

Define
B(n,i) :=c(n,i) —vg - vi—1U; - Up (n>1, 1<i<n).

For every n > 1, we now have

UO"'UnZU (1:0)
(4.5) e(n,i) =4 Vo Vi1 Uy + B(n,i) (1<i<n)
VgV >0 (i=n+1).

For notational convenience we let 3(n,0) := 0 for every n > 0.



Claim 1. Forn > 1,
(4.6) c(n,n) > upc(n—1,n) > 0.
Proof of Claim 1. We use mathematical induction. For n =1,

c¢(1,1) =vous +po > wu1¢(0,1) >0,
and

cn+1,n+1)=uprrc(n,n+ 1)+ v41¢(n,n) —wpe(n —1,n)

( )
> uptr1ce(n,n+ 1)+ vpp1 upe(n — 1,n) —w, e(n —1,n)  (by inductive hypothesis)
=Upy1c(n,m+ 1) +ppc(n—1,n)
> Upt1c(n,n+ 1),
which proves Claim 1.
Claim 2. Forn > 2,
(4.7) B(n, i) > u, f(n—1,i) >0 (0<i<n-1).

Proof of Claim 2. We use mathematical induction. If n = 2 and ¢ = 0, this is trivial. Also,
B(2,1) =ugp1 +uzpo = uop1 +uz B(1,1) > uz f(1,1) > 0.
Assume that (4.7) holds. We shall prove that
B(n+1,4) > upt1 B(n,i) >0 (0<i<n).

For,
B(n+1,4)+vg- - vi—1u; - Upy1 = c(n+ 1,1) (by (4.2))
= Upt16(n, i) + vpp1e(n, i — 1) —wpe(n — 1,0 — 1)
= un+1 <ﬂ(n72) _|_ 'UO . "Uiflui PN un>
=+ Un—i—l <ﬁ(n,z — 1) =+ Vo Vi—2Uj—1 """ Un)
— Wy, (5(” — 1,4 —1)+wo- - vi_oUi—y - 'Un—1>,
so that

B(n+1,i) = upy18(n, i) + vpp18(n,i — 1) —wp,B(n—1,i — 1)
U Vi—oUi—1  Up—1 (UpUpt1 — Wy)
= Upt18(n, 1) + vpp18(n, i — 1) —wpB(n— 1,0 — 1) + (Vg - - Vi—2Ui—1 * * Up—1) Pn
> Upt18(n,i) + vpprupfn—1,i— 1) —w,B(n — 1,i — 1)
(by the inductive hypothesis and Lemma 4.1;
observe that i —1 < n — 1, so (4.7) applies)
— ns1B(n,1) + pu Bl — 1,0 — 1)
> Upy1 B(n, i),
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which proves Claim 2.

By Claim 2 and (4.5), we can see that ¢(n,7) > 0 for alln > 0 and 1 < i <n — 1. Therefore (4.4),
(4.5), Claim 1 and Claim 2 imply

c(n,yi) > Vo ViU Uy n>0,0<i<n+1).
This completes the proof. O
5. PROOF OF THEOREM 2.3
To prove Theorem 2.3 we need:

Lemma 5.1 ([15, Lemma 2.3]). Let o = {a, }52 be a strictly increasing weight sequence. If W,
is 2-hyponormal then the sequence of quotients

(5.1) 0, = L (> 0)
Un+-2

is bounded away from 0 and from oc. More precisely,

Wal2\?
(5.2) 1<0,< Z—; <|aoall|> for sufficiently large n.

In particular, {u,}52, is eventually decreasing.

Proof of Theorem 2.3. By Theorem 2.2, W, is strictly positively quadratically hyponormal, in the
sense that all coefficients of d,,(t) are positive for all n > 0. Note that finite rank perturbations of o
affect a finite number of values of w,,, v, and w,. More concretely, if o’ is a perturbation of « in the
weights {ag, -+ ,an}, then u,, v,, w, and p, are invariant under o’ for n > N + 3. In particular,
pn >0 forn >N + 3.

Claim 1. Forn>3, 0<i:<n+1,

c(n, ) :unc(n—1,i)+pn_1c(n—2,i—1)—+—Zpk_2 ij ck—3,i—n+k—2)

k=4 j=k
(5.3) + Up - V3 Pimnt1,
where
0 (i<n—1)
) uopr (i=n-1)
P wopy +vape (i =)
VU1 V2 (i=n+1)

(cf. [12, Proof of Theorem 4.3)).
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Proof of Claim 1. We use induction. For n =3, 0 < <4,
c(3,1) =uzc(2, i) +v3e(2,i—1) —wae(1,i—1)

= ugz c(2,1) +v3(u2 e(lyi—1)4wvae(l, i —2) —wy ¢(0, i — 2)) —wgc(l,i—1)

=ugc(2,4) +pae(lyi—1) + v (vg c(l,i—2) —wy ¢(0,i — 2))

= Uus 0(2, Z) +p2 C(l,i — 1) + V3 Pi—2,
where by (4.3),

0 (1<2)

Uop1 (i=2)
Pi—2 = .

VoP1 + V2Po (i=3)

VU102 (Z = 4)

Now,

cn+1,1) = upy1c(n, i) + vpprce(n,i — 1) —wpe(n — 1,1 — 1)

= Upt16(n, i) + Vpy1 (unc(n —1,i—1)+pr_1c(n—2,i—2)

+Zpk72 ij c(k—3,i—n+k—3)+vn~--1)3pin) —wpe(n—1,i—1)
k=4 j=k

= Upy1¢(n, i) + ppe(n — 1,0 — 1) + vy p1pn—1c(n — 2,7 — 2)

n
+Un+1 Zpk_z ij c(k‘—3,ifn+kf3)+vn+1~~v3pi_n
k=4 j=k

(by inductive hypothesis)

n+1 n+1
= Upt1¢(n, i) + pre(n — 1,4 — 1) +Zpk_2 ij clk—3,i—n+k—3)
k=4 j=k
+ Upt1 - U3Pi—n,
which proves Claim 1.
Write ul,, v}, wl,,pl,p,, and ¢/(-,-) for the entities corresponding to o'. If p, > 0 for every
n =0,---,N + 2, then in view of Claim 1, we can choose a small perturbation such that p/, > 0
(0 <n < N +2) and therefore ¢/(n,i) > 0 for all n > 0 and 0 < ¢ < n + 1, which implies that W,
is also positively quadratically hyponormal. If instead p, = 0 for some n = 0,--- , N + 2, careful
inspection of (5.3) reveals that without loss of generality we may assume pg = -+ = pyy2 = 0. By
Theorem 2.2, we have that for a sufficiently small perturbation o’ of «,
(5.4) d(n,i)>0 (0<n<N+2 0<i<n+1) and (n,n+1)>0 (n>0).
Write v
ky = — (n=2,3,--+).

Un
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Claim 2. {k,}22, is bounded.
Proof of Claim 2. Observe that

2.2 2 2
- Ul o OnOQny1 — O 1059
n - 2 _ 52
Unp, an a1
2 2 2
o — @ a1 — Qp_g
(55) 20524-052_ _A'_QQM_'_Oﬁ_ _n—. n—Z
n n—1 n_9 2 n—1"_9 2
ay Qp—1 an Qp1

Therefore if W, is 2-hyponormal then by Lemma 5.1, the sequences

2 2\ 2 2 oo
Oén-i—l -y A1 — Qo
a2 —a? and a2 —a?

n n—1J) p=2 n n—1 n=2

are both bounded, so that {k,}52, is bounded. This proves Claim 2.

Write k := sup,, k,. Without loss of generality we assume k < 1 (this is possible from the ob-
servation that ca induces {c%k,}). Choose a sufficiently small perturbation o’ of a such that if we
let

N+4 N+3
(5.6) h:= sup Z Do H v | ¢ (k =3, 0) + Vg V3 P
0<U<SNH2 | =4 =k
0<m<1
then
1

(this is always possible because by Theorem 2.2, we can choose a sufficiently small |p;| such that
(N +3,i) >vp--viqu;---unt3—€ and |h] < (1— k)(v0-~-vi,1ui-~-uN+3 — e)

for any small € > 0).
Claim 3. Forj >4 and 0<i< N +j,

7—3
(58) C/(N—Fj, Z) > UN4j "  UN+4 (C/(N+3, Z) — an h) .
n=1

Proof of Claim 3. We use induction. If j =4 then by Claim 1 and (5.6),

(N +4, i) =uy 4 (N +3,i) + pys (N +2,i—1)

Nt4 N+3
+ U Z P2 H vj | (k=3,i = N+k—06)+ vy, g V30 (ny3)
k=4 j=k

> Uy g (N +3,0) + pyysc (N + 2,0 — 1) — vy 4h
> unya(d (N +3,i) — knyah)
> una(¢'(N +3,0) — kh)
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because 'y, 4 = UNt4, V4 = VN4 and ply, 5 = pni3 > 0. Now suppose (5.8) holds for some j > 4.
By Claim 1, we have that for j > 4,

d(N+j+1,i) = U§v+j+1cl(N +7, 1) +p3v+jC(N +j-1,i-1)

N+j+1 N+j+1

+ Z p;c—2 H U;' dk=3,i—N+k—j—3)+ U§V+j+1 T vép;—(N-i-j)

k=4 =k
= Unpj1¢ (N + 7, 9) +Pyyje(N+5—1,i-1)

N+j+1 N+j+1

+ 3 pho| [[ v ) ¢t—3i-N+k—j-3)
k=N+5 j=k
Nt4 N+j+1

+3 P | T vf | k=30 = Nt k=5 —3) + v yir vhpi (e
k=4 =k

Since p), = p, > 0for n > N + 3 and ¢/(n,£) > 0 for 0 < n < N + j by the inductive hypothesis, it
follows that

N+4j+1 N+j+1
(5.9) PreN+j-1i-10)+ > pho| J[ vj)dk=3i-N+k-j-3)>0.
k=N+5 j=Fk
By inductive hypothesis and (5.9),
d(N+7+1,0)
N+4 N+j+1
>y (N+5, 0+ Y o | [ o) | =3 —N+k—3=3)+ vy v50i vy
k=4 j=k

7—3
> UN4j1UN+j " UN+4 (CI(N + 3,i) — Z k‘nh>
n=1

N44 N+3
Fonjpavne o onta | Y Phea [ [T o) | k=30 = N+ k=5 —=3) + viyys - vhpl_ vy
k=4 j=k
7j—3
> UN4j41UN4j - UN+4 [ € (N +3,4) — Z k”h> — UN4j+1UN+j =" UN+4a B
n=1

n=1

j—3
= UN+j+1UN+j " UN+4 (CI(N + 3, Z) — Z k™h — k‘N+j+1k‘N+j cee ]<JN+4 h>

j—2
> UN4j+1UN4j " UN 44 N +3,i) — Z knh) ,
n=1

which proves Claim 3.
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Since meﬂ k™ < 137 for every j > 1, it follows from Claim 3 and (5.7) that
(5.10) d(N+j,i)>0 forj>4and0<i<N+j.

It thus follows from (5.4) and (5.10) that ¢/(n,4) > 0 for every n > 0 and 0 < i < n + 1. Therefore
Wy is also positively quadratically hyponormal. This completes the proof. (]

Corollary 5.2. Let W, be a weighted shift such that o;_1 < oy for some j > 1, and let T, be the
weighted shift with weight sequence

Qg P QQ, 0 _1,T, 0547, "

Then {x : T, 1is 2-hyponormal} is a proper closed subset of {x : T, is quadratically hyponormal}
whenever the latter set is non-empty.

Proof. Write
Hy :={x : T, is 2-hyponormal}.

Without loss of generality, we can assume that Hy is non-empty, and that j = 1. Recall that a
2-hyponormal weighted shift with two equal weights is of the form agp = a1 =as =+ or ag < a3 =
oo = ag = ---. Let x,, := inf Hy. By Proposition 6.7 below, T,  is hyponormal. Then x,, > «p.
By assumption, z,, < as. Thus aq,Zm,, a2, as, -+ is strictly increasing. Now we apply Theorem
2.3 to obtain z’ such that oy < 2’ < x,,, and T,/ is quadratically hyponormal. However T} is not
2-hyponormal by the definition of x,,. The proof is complete. O

The following question arises naturally:

Question 5.3. Let a be a strictly increasing weight sequence and let k > 3. If W, is a k-hyponormal
weighted shift, does it follow that W, is weakly k-hyponormal under a small perturbation of the weight
sequence ?

6. OTHER RELATED RESULTS

§6.1 Subnormal Extensions

Let v : g, a1, - - - be a weight sequence, let z; > 0for 1 < i < n,andlet (z,, - x1)a: Ty, -, 21,00, Q1,"
be the augmented weight sequence. We say that W, .. ;) is an extension (or n-step extension) of
W,. Observe that

W(L“...’wl)a|w = We.

{en ent1,

The hypothesis F' # ¢ P,y in Theorem 2.1 is essential. Indeed, there exist infinitely many one-step
subnormal extension of a subnormal weighted shift whenever one such extension exists. Recall ([7,
Proposition 8]) that if W, is a weighted shift whose restriction to \/{e1,es, -} is subnormal with
associated measure pu, then W, is subnormal if and only if

(i) +€L'(w);

.. —1
(i) of < (I[$|lL1(w)
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Also note that there may not exist any one-step subnormal extension of the subnormal weighted shift:
for example, if W, is the Bergman shift then the corresponding Berger measure is p(t) = ¢, and hence
% is not integrable with respect to u; therefore W, does not admit any subnormal extension. A similar
situation arises when p has an atom at {0}.

More generally we have:

Theorem 6.1 (Subnormal Extensions). Let W, be a subnormal weighted shift with weights « :
ag, a1, and let ji be the corresponding Berger measure. Then Wiy, .. +)a 18 subnormal if and only

if
(i) 7 € L' (n);

1
1 2
(ii) xj:(tJll'Llw)> for1<j<n-—1;

T
HgHLl(u)

1

. lzirllig, \
(iii) =, < | o
HWHLl(u)

In particular, if we put
Si={(w1, - ,2n) ER" : Wi, .. 21)a 15 subnormal}

then either S =0 or S is a line segment in R™.

Proof. Write Wj := W, .. a)alVien_sien_yiar} (1 <7 < n) and hence Wy, = Wi, ... 21)a- By the
argument used to establish (3.2) we have that TW; is subnormal with associated measure v4 if and only
if

(i) § €L (p);

. 3 : 2 Wall* 1 B

(ii) dvy = F-dp, or equivalently, x7 = (fo 7 du(t))
Inductively W,,_; is subnormal with associated measure v, if and only if

(i) W,,—o is subnormal;
(ii) tnlfl € Ll(/‘);

R 2
z2_ 22zl . HWell L du(t)
(iii) dvp_1 = —2=+dvy, o = -+ = ““55—"dpu, or equivalently, 2 = I 2 .
0 tn—1 diu'(t)
Therefore W, is subnormal if and only if
(i) Wp—1 is subnormal;
. 1
(i) & € L'(w);
R Wal2

(iii) 22 < (f”W%HQldy 1)_1-— ( ”W%H2§§;;;£idﬂ(ﬂ)‘4<_ e 0)
n = \JO0 e — \Jo R

n - W, 2
t OH all t%d“(t)

O

Corollary 6.2. If W, is a subnormal weighted shift with associated measure i, there exists an n-step
subnormal extension of Wy, if and only if t% € Li(u).

For the next result we refer to the notation in (2.1) and (2.2).
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Corollary 6.3. A recursively generated subnormal shift with ¢g # 0 admits an n-step subnormal
extension for every n > 1.

Proof. The assumption about ¢( implies that the zeros of g(t) are positive, so that sy > 0. Thus for
every n > 1, t% is integrable with respect to the corresponding Berger measure p = pods, + -+ +
pr—190s,_,. By Corollary 6.2, there exists an n-step subnormal extension. O

We need not expect that for arbitrary recursively generated shifts, 2-hyponormality and subnor-

mality coincide as in Theorem 3.2. For example, if « : \/g, vz, (V3 \/%T), \/g)A then by (2.12) and
Theorem 6.1,
(i) T, is 2-hyponormal <= 4 — /6 < 2 < 2;
(ii) Ty is subnormal <= x = 2.
A straightforward calculation shows, however, that T, is 3-hyponormal if and only if x = 2; for,
1 3

L1y 34 bz
- 3) — 2 2 2 > —9.
A(0;3) T S Be 1Ta| 2 0 < z=2
%m b 17x 58z

This behavior is typical of general recursively generated weighted shifts: we show in [13] that subnor-
mality is equivalent to k-hyponormality for some k > 2.

§6-2 Convexity and Closedness

Next, we will show that canonical rank-one perturbations of k-hyponormal weighted shifts which
preserve k-hyponormality form a convex set. To see this we need an auxiliary result.

Lemma 6.4. Let I ={1,--- ,n} x{1,--- ,n} and let J be a symmetric subset of I. Let A = (a;j) €
M, (C) and let C = (¢;5) € M,,(C) be given by

uoif () ed
cijZ{CaJ Z.f (Z. J.) (¢>0).
@ij if (i,5)€I\J
If A and C are positive semidefinite then B = (b;;) € M, (C) defined by
bay, F (i) e
bij = { o Z.f (Z ]) (be[l,c ore1])
@ij if (i,5)€I\J

is also positive semidefinite.

Proof. Without loss of generality we may assume ¢ > 1. If b =1 or b = ¢ the assertion is trivial. Thus
we assume 1 < b < c. The result is now a consequence of the following observation. If [D]; ;) denotes
the (4, j)-entry of the matrix D then

c—b b—1 = (1+IZ:;1>C) ag it (i,5) e J
c—1 = (ir9) c=b (1 + H) a;  if (L) eI\J

1 b
(bay if ()€
{aij if (4,5)€l\J
= [Bl(i.j)>
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which is positive semidefinite because positive semidefinite matrices in M, (C) form a cone. O

An immediate consequence of Lemma 6.4 is that positivity of a matrix forms a convex set with
respect to a fixed diagonal location; i.e., if

N
A= | * = =
Xk ok

then {z : A, is positive semidefinite} is convex.

‘We now have:

Theorem 6.5. Let a = {a,}5%, be a weight sequence, let k > 1, and let j > 0. Define o) (x) :
g, 01, T, jy1, - . Assume Wy, is k-hyponormal and define

in’j ={z: Woii) (z) 18 k-hyponormal}.
Then QK9 is a closed interval.

Proof. Suppose 1, T9 € QFJ with z1 < zo. Then by (2.11), the (k + 1) x (k + 1) Hankel matrix

Tn Tn+1 e VYn+k
In+1  In+2 s Ontk41
Ag k)= 7 (n>0;i=1,2)
Tn+k  Ynt+k+1 .- In+2k

is positive, where A,, corresponds to a/)(z;). We must show that tz; + (1 —t)xy € Q87 (0 <t < 1),
ie.,
Atzﬁ—(l—t)acg (n, k) 2 0 (n 2 07 0<t< 1)

Observe that it suffices to establish the positivity of the 2k Hankel matrices corresponding to a(?) (tz; +
(1 — t)x2) such that tx; + (1 — t)zo appears as a factor in at least one entry but not in every entry.
A moment’s thought reveals that without loss of generality we may assume j = 2k. Observe that

Az (nik) — Az, (s k) = (7 — 23) H(ns )
for some Hankel matrix H(n; k). For notational convenience, we abbreviate A.(n; k) as A,. Then

P Ay, + (1 — 1) Ay, +2t(1 — 1)A iz for 0<n <2k
A 1+ (1=t)ze = 2
R (t+-nz) 4, for n > 2k + 1.
Since A,, >0, A, > 0 and Am have the form described by Lemma 6.4 and since 1 < /T122 <
x3 it follows from Lemma 6.4 that A 7z > 0. Thus evidently, Az, 1(1-t)z, > 0, and therefore

tzy + (1 —t)xg € QFJ. This shows that QFJ is an interval. The closedness of the interval follows from
Proposition 6.7 below. O

In [17] and [18], it was shown that there exists a non-subnormal polynomially hyponormal operator.
Also in [22], it was shown that there exists a non-subnormal polynomially hyponormal operator if and
only if there exists one which is also a weighted shift. However, no concrete weighted shift has yet
been found. As a strategy for finding such a shift, we would like to suggest the following:
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Question 6.6. Does it follow that the polynomial hyponormality of the weighted shift is stable under
small perturbations of the weight sequence ?

If the answer to Question 6.6 were affirmative then we would easily find a polynomially hyponormal
non-subnormal (even non-2-hyponormal) weighted shift; for example, if

0115 (VB[ 2, [T

and T, is the weighted shift associated with «, then by Theorem 3.2, T, is subnormal < z = 2,
whereas T, is polynomially hyponormal < 2—4; < < 2+ 42 for some 1,2 > 0 provided the answer
to Question 6.6 is yes; therefore for sufficiently small € > 0,

—— /10 /17
Qe : 1a 2+67(\/§7 ?7 g)/\

would induce a non-2-hyponormal polynomially hyponormal weighted shift.

The answer to Question 6.6 for weak k-hyponormality is negative. In fact we have:

Proposition 6.7.

(i) The set of k-hyponormal operators is sot-closed.
(ii) The set of weakly k-hyponormal operators is sot-closed.

Proof. Suppose T,, € L(H) and T,, — T in sot. Then, by the Uniform Boundedness Principle, {||T},||},
is bounded. Thus T;*T] — T*T7 in sot for every i, j, so that M(T;)) — M(T) in sot (where M;,(T)
is as in (1.2)). (i) In this case My(T,) > 0 for all n, so My(T) > 0, i.e., T is k-hyponormal.

(i) Here, M}, (T}) is weakly positive for all n. By (1.3), My(T') is also weakly positive, i.e., T is
weakly k-hyponormal. O
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