On Generalized criss-cross, near commutativity
and common spectral properties

Chafig Benhida
Université de Lille 1

2015 Kotac

Chafiq Benhida On Generalized criss-cross, near commutativity and common spe



Jacobson's lemma

Suppose X', ) are separable Banach spaces;
L(X,Y) the space of bounded linear operators T : X — ).
Let Ac L(X,)Y) and C € L(V, X).
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Jacobson's lemma

Suppose X', ) are separable Banach spaces;

L(X,Y) the space of bounded linear operators T : X — ).
Let Ac L(X,)Y) and C € L(V, X).

the following equivalence

| —AC invertible <= — CA invertible (1.1)

is known as Jacobson's lemma

Many authors studied its applications and consequences in local
and global spectral theory (B. Barnes, P. Aiena, M. Cho, R. Curto,
R. Harte, T. Huruya, I.H. Jeon, 1.B. Jung, E. Ko, K. Tanahashi, S.
Li, C. Lin, Y. Ruan, Z. Yan, E. Zerouali and C.B., ...)
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spectral consequences

For example, for global spectral theory, we have:
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spectral consequences

For example, for global spectral theory, we have:

o 0(AC)\ {0} = o(CA)\ {0}
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spectral consequences

For example, for global spectral theory, we have:
o o(AC)\ {0} = o(CA) \ {0}

op(AC) \ {0} = 0,(CA) \ {0}

oap(AC) \ {0} = 0ap(CA) \ {0}

0e(AC) \ {0} = 0e(CA) \ {0}
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spectral consequences

and for local spectral theory, we have:
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spectral consequences

and for local spectral theory, we have:
@ Ogvep(AC) = Tgvep(CA)
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spectral consequences

and for local spectral theory, we have:
Osvep(AC) = Osvep(CA)

03(AC) = 05(CA)

0+(AC) = 0,(CA)

Tdec(AC) = Tdec(CA)

o5, (AC) = 05.(CA)
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spectral consequences

and for local spectral theory, we have:
@ Ogvep(AC) = Tgvep(CA)

03(AC) = 05(CA)

0+(AC) = 0,(CA)

Tdec(AC) = 0dec(CA)

75,(AC) = 55, (CA)

We loose “somehow” 0 by passing from local to global spectra.
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

We emphasize that Jacobson's lemma does not extend, without
additional conditions, to more variables.
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

We emphasize that Jacobson's lemma does not extend, without
additional conditions, to more variables.
It doesn’t extend even to pairs!
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

We emphasize that Jacobson's lemma does not extend, without
additional conditions, to more variables.
It doesn’t extend even to pairs!

Obstacle:

If A= (A1, - ,A;) and B= (B, ,B,) are commuting n-tuples
( A,'Aj = AjA,' and B,‘Bj = B_,'B,' for every 1 § i,j S n)
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

We emphasize that Jacobson's lemma does not extend, without
additional conditions, to more variables.
It doesn’t extend even to pairs!

Obstacle:

If A= (A1, - ,A;) and B= (B, ,B,) are commuting n-tuples
( AjA; = AjA; and B;B; = B;B; for every 1 < i,j < n) and if we
consider

AB =: (A1By, -, AnBy).
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

We emphasize that Jacobson's lemma does not extend, without
additional conditions, to more variables.
It doesn’t extend even to pairs!

Obstacle:
If A= (A1, - ,A;) and B= (B, ,B,) are commuting n-tuples
( AjA; = AjA; and B;B; = B;B; for every 1 < i,j < n) and if we
consider

AB =: (A1B1, -, A,B,).

There is no reason that AB remains a commuting n-tuple.
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

We emphasize that Jacobson's lemma does not extend, without
additional conditions, to more variables.
It doesn’t extend even to pairs!

Obstacle:

If A= (A1, - ,A;) and B= (B, ,B,) are commuting n-tuples
( AjA; = AjA; and B;B; = B;B; for every 1 < i,j < n) and if we
consider

AB =: (A1By, -, AnBy).

There is no reason that AB remains a commuting n-tuple.

Thus, some other conditions are needed to keep at least the
commutativity and hopefully to have more.
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Cri ross condition

n-tuples spectral versions Near commutativity condition

We emphasize that Jacobson's lemma does not extend, without
additional conditions, to more variables.
It doesn’t extend even to pairs!

Obstacle:

If A= (A1, - ,A;) and B= (B, ,B,) are commuting n-tuples
( AjA; = AjA; and B;B; = B;B; for every 1 < i,j < n) and if we
consider

AB =: (A1B1, -+, AnBp).
There is no reason that AB remains a commuting n-tuple.
Thus, some other conditions are needed to keep at least the

commutativity and hopefully to have more.
Actually, there are two known possiblities:
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

A and B are called criss-cross (R. Harte) commuting if

AiBiAx = AcBjA;  forevery 1 <i,j,k<n
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n-tuples spectral versions Near commutativity condition

A and B are called criss-cross (R. Harte) commuting if

AiBiAx = AcBjA;  forevery 1 <i,j,k<n
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

A and B are called criss-cross (R. Harte) commuting if

AiBiAx = AcBjA;  forevery 1 <i,j,k<n
B,'AjBk = BkAjB,' for every 1< i,j, k <n

It generalizes Jacobson’s lemma in the following way

T(AB)\ {0} = or(BA) \ {0} (3.1)
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

A and B are called criss-cross (R. Harte) commuting if

AiBiAx = AcBjA;  forevery 1 <i,j,k<n
B,'AjBk = BkAjB,' for every 1< i,j, k <n

It generalizes Jacobson’s lemma in the following way

or(AB)\ {0} = o7(BA) \ {0} (3.1)

Here o1 stands for Taylor spectrum for commuting n-tuples
introduced by J. L. Taylor.
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

A and B are said nearly commuting (C. B. and E. Zerouali)
provided that

AiBj = BjA;  for every i#j. (3.2)
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

A and B are said nearly commuting (C. B. and E. Zerouali)
provided that

AiBj = BjA;  for every i#j. (3.2)

Before, going further

Criss — Cross # Near commutativity
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

A and B are said nearly commuting (C. B. and E. Zerouali)
provided that

AiBj = BjA;  for every i#j. (3.2)

Before, going further

Criss — Cross # Near commutativity

It generalizes Jacobson’s lemma in the following way

or(AB) \ [0] = o7(BA) \ [0], (3.3)
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Criss-cross condition

n-tuples spectral versions Near commutativity condition

A and B are said nearly commuting (C. B. and E. Zerouali)
provided that

AiBj = BjA;  for every i#j. (3.2)

Before, going further

Criss — Cross # Near commutativity

It generalizes Jacobson’s lemma in the following way

or(AB)\ [0] = or(BA)\ [0], (3:3)
where

0] ={(z1, - ,z,) €C" : Hz,- = 0}.
i=1
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ed Criss-Cross

ed near-commutativity

Extensions Jacobson's lemma

In a recent work of G. Corach, B. Duggal and R. Harte '13 (see
also Q. Zeng, H. Zhong '14), the equation (1.1) is generalized to
the following one
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eralized Criss-Cross
alized near-commutativity

Extensions Jacobson's lemma

In a recent work of G. Corach, B. Duggal and R. Harte '13 (see
also Q. Zeng, H. Zhong '14), the equation (1.1) is generalized to

the following one

I —AC invertible <= [ — BA invertible (4.1)
provided that ABA = ACA.
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Cross

r-commutativity

Extensions Jacobson's lemma

In a recent work of G. Corach, B. Duggal and R. Harte '13 (see
also Q. Zeng, H. Zhong '14), the equation (1.1) is generalized to
the following one

I —AC invertible <= [ — BA invertible (4.1)
provided that ABA = ACA.
Of course the last condition is obviously true when B = C and in

this case we obtain (1.1). Thus, (4.1) could be considered as an
extension of Jacobson's lemma.
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ized Criss-Cross

zed near-commutativity

Extensions Jacobson's lemma

Our goal is to give the n-tuple version of 4.1. In fact, we give two
versions as it was done for Jacobson's lemma.
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Generalized Criss-Cross
Generalized near-commutativity
Extensions Jacobson's lemma

Definition (Generalized criss-cross)

A,‘BjAk = AkBjA,' and B,‘AjBk = BkAjB,' vV 1 < i,j, k <n (i/)
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Generalized Criss-Cross
Generalized near-commutativity
Extensions Jacobson's lemma

Definition (Generalized criss-cross)

A,‘BjAk = AkBjA,' and B,‘AjBk = BkAjB,' vV 1 < i,j, k <n (i/)
AkCJ'A,' = A,'C:,'Ak and C,'AjCk = CkAJ'C,' i 1 < i,j, k <n (ii/)
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Generalized Criss-Cross
Generalized near-commutativity
Extensions Jacobson's lemma

Definition (Generalized criss-cross)

A,‘BjAk = AkBjA,' and B,‘AjBk = BkAjB,' vV 1 < i,j, k <n (i/)
AkCJ'A,' = A,'C:,'Ak and C,'AjCk = CkAJ'C,' i 1 < i,j, k <n (ii/)
AiBiAj = AiGiA; forevery 1< j<n (iii")
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Generalized near-commutativity
Extensions Jacobson's lemma

Definition (Generalized criss-cross)

A,‘BjAk = AkBjA,' and B,‘AjBk = BkAjB,' vV 1 < i,j, k <n (i/)
AkCJ'A,' = A,'C:,'Ak and C,'AjCk = CkAJ'C,' i 1 < i,j, k <n (ii/)
AiBiAj = AiGiA; forevery 1< j<n (iii")

Remark:
When C = B, conditions (ii') and (iii') are empty and we end with
the criss-cross definition.
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Generalized Criss-Cross
Generalized near-commutativity

Extensions Jacobson's lemma

Theorem

et A= (A1, --,Ay) €L(X)", B=(By,---,Bn) € L(X)" and
C=(G, - ,Cy) € L(X)" be commuting n-tuples that are
generalized criss-cross. We have

2(AB)\ {0} = X(CA)\ {0}

for any ¥ € {0, 0¢, 0™k, omk ook, aﬁ’k} and 0 < k < n.
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Generalized Criss-Cross
Generalized near-commutativity
Extensions Jacobson's lemma

Definition

Let A= (A, - ,A) € L(X)", B=(B1,---,B,) € L(X)" and
C=(G, - ,Cy) € L(X)" be commuting n-tuples. We'll say that
A, B and C are generalized nearly commuting if

AiBj = BjA; forevery 1<i#j<n (i)
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Extensions Jacobson's lemma

Definition

Let A= (A,

AiBj = BjA;
AiCi = GA;

,An) € L(X)",

B= (B, - ,B,) € L(X)" and
C=(G, - ,Cy) € L(X)" be commuting n-tuples. We'll say that
A, B and C are generalized nearly commuting if

forevery 1<i#j<n (i)
forevery 1<i#j<n (i)

Generalized Criss-Cross
Generalized near-commutativity

Chafiq Benhida
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Generalized Criss-Cross
Generalized near-commutativity
Extensions Jacobson's lemma

Definition

Let A= (A, - ,A) € L(X)", B=(B1,---,B,) € L(X)" and
C=(G, - ,Cy) € L(X)" be commuting n-tuples. We'll say that
A, B and C are generalized nearly commuting if

AiBj = BjA; forevery 1<i#j<n (i)
AiC = GA; forevery 1<i#j<n (i)
A,‘B,’A,’ = A,‘C,‘A,‘ for every 1 S ] S n (III)
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Generalized Criss-Cross
Generalized near-commutativity
Extensions Jacobson's lemma

Definition

Let A= (A, - ,A) € L(X)", B=(B1,---,B,) € L(X)" and
C=(G, - ,Cy) € L(X)" be commuting n-tuples. We'll say that
A, B and C are generalized nearly commuting if

AiBj = BjA; forevery 1<i#j<n (i)
AiC = GA; forevery 1<i#j<n (i)
A,‘B,’A,’ = A,‘C,‘A,‘ for every 1 S ] S n (III)

Remark:
Notice that if C = B, conditions (ii) and (iii) are empty. Thus, we
overhaul near commutativity.

Chafiq Benhida On Generalized criss-cross, near commutativity and common spe



Generalized Criss-Cross

Generalized near-commutativity

Extensions Jacobson's lemma

Let Z be a subset of {1,---, n} and denote

(CA)I = ((ClAl)I, sy (CnAn)I);

with (C,'A,')Z =A;B;if i €1 and (C,'A,')Z = C;A; otherwise.
Clearly (CA)@ = CA and (CA){L...,”} = AB.
We also write

[0 = {(A1,-+- . An) € C": [T A = 0}
ieT

Chafiq Benhida On Generalized criss-cross, near commutativity and common spe



Generalized Criss-Cross
Generalized near-commutativity
Extensions Jacobson's lemma

Theorem

Let A= (A1, ---,An) € L(X)", B=(B1,---,Bn) € L(X)" and
C=(G, - ,Cy) € L(X)" be commuting n-tuples that are
generalized near-commuting

e ForZ,J C {1,---,n}, We have

Z((CA)) \ [0 = ((CA)7) \ [0}
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Generalized Criss-Cross
Generalized near-commutativity
Extensions Jacobson's lemma

Theorem

Let A= (A1, ---,An) € L(X)", B=(B1,---,Bn) € L(X)" and
C=(G, - ,Cy) € L(X)" be commuting n-tuples that are
generalized near-commuting

e ForZ,J C {1,---,n}, We have

Z((CA)) \ [0 = ((CA)7) \ [0}

@ In particular

2(CA)\ [0] = 2(AB) \ [0]

K 5,k
for ¥ € {0,0e,0™K, a5, 0%k a2},
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