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Consider two N x N Hankel matrices

a;  ap aN by by by
az as by b3
Blz 732: .
a2N—2 : g o ban—2
aN - GaN—2 Q2N-—1 by - banv—2 ban—1
g C-1 -'° C_N41
C Ci . 5
When B1B; = 1 0 . Toeplitz matrix ?
C-1
CRi=i °°° @i Co

We first discuss this question in the infinite-dimensional case and answer
this question.
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H?: the Hardy space on T.
P: the orthogonal projection from L? onto H?2.
J:(H*)* — H? is given by J(27") = 2"}, n> 1.

Definition

Given ¢ € L*°, define the Toeplitz operator 1, and the Hankel operator
H, on H? by

feH? = T,f:=P(pf), Hf:=JI-P)(ef)

Note that I — P is the orthogonal projection from L? onto (H?)*.
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Let ¢ = anz" € L™ and H? = V{1, 2,2%,---}. Then
P

n=—o0
apg a—1 G_2 a_1 a_2 a_3
ai ap a_q . a_2 a_3

TL/J = . . ) H«p =
az ai "o "o a—3
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It is interesting to ask that
Q Tngw = Tq> <~ ?

Q HLPHQZ, :Tq> =g ?

They are solved as
Q T,Ty =T <= either 2 or © is analytic. In this case ® = 1),

Q@ H,Hy # Ty for any ¢, 1 € L.
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Definitions of TTO and THO

For an inner function v on T, let

K?:= H?> o uH?.
For example,
u=2N = uH?=Vv{z" 2N*1 ...} 5o that

K2=v{1,2,22%, ..,z "1}
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Let P, be the orthogonal projection from H? onto K2.

Definition

Given ¢ € L™, define the truncated Toeplitz operator(TTO) A, and the
truncated Hankel operator(THO) B, on K2 by

feK'LZL = Atpf = Pu(Tcpf)a Bsaf = Pu(wa)-
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Suppose u = zV and ¢ = Z anz". Then

n=—oo
agp a_q a1—-N a_1 a2 a_nN
o aj ag | a—2 a_s
Acp B ’ ng B o . .
a—1 . To To az—2N
aN—-1 ay ao a-nNy -+ QA2-2N Q12N
N Z—A;

However, if u is a general inner function (ex: u = [[,_, =2, A € D),

we cannot guarantee the Toeplitz or Hankel matrix form.
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For f € K2, define f by

f(2) = u(2)z ().

Then ~ is a conjugate linear isometry of K2 onto itself.

For A€ D, let k¥ (z) := :=4AE) € K2 Then
O (f,k%) = f()) for f € KT,
[2) Ei = w2)=u@) ¢ g2

u
zZ—A

In particular, u =2V, A=0 = k¥ =1, k§ = N1

Hyoung Joon Kim (joint work with Dong-O Kang) The products of Hankel operators



Let S, := A, the compression of the unilateral shift on H? onto K2.
Forc € C, let Sy ¢ := Sy + c(k§ ® Eg)
If w = 2", then Su,c is of the form

0 @

1 0
€ My.
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Characterization of TTO and THO

Theorem (Sarason, 2007)

A€ L(K2)is TTO <= there exist f,g € K2 such that

A= S,AS, = (F @ k) + (k§ ® ).

Theorem (Gu, 2014)

B € L(K2) is THO <= there exist f,g € K2 such that

B-8:BSi=(f®k) + (k¥ ®g).
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The case of TTO

Indeed, it is natural to ask

if Ay, Ay are Toeplitz matrices (or generally TTO),
Ay Ay is Toeplitz matrix (or TTO) <= 7

N. Sedlock gave the nice solution to this question.
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Theorem (Sedlock, 2011)

Suppose Ay, As are TTO such that Ay or Ay # \I. Then
A1Ay: TTO <<= Ay, Ay € {Sy,} for some c € C.

In this case, if u = 2"V, then Ay, A are of the form

ap cCaN—1 °°° caq
a1 ag
, ceC
CaN—1
aN—1 ai ao

which is called the “generalized circulant form”.
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Now, let me go back to main question.

Suppose By, By are Hankel matrices (or generally THO).
BBy is Toeplitz matrix (or TTO) <— 7
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For a function f, define f by f(z) = f(2).

For example, if f(z) = ag+ a1z +---, then f(z) =ag +arz +---.

Lemma (Gu, 2014)

Suppose u = % and D := By. Then
Q@ D is self-adjoint and unitary,
Q if B € L(K?2) is THO, then both BD and DB are TTO.
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Theorem (Main)

Suppose By, By are THO such that By or By # AD. If u = 4, then
B1Bs : TTO < Su,cBl SZ & S;LEBQ = BQSU’C for some ¢ € C.

In this case, the shape of the symbol of the THO B;, By and the
resulting TTO B; Bs can be concretely determined.

Indeed, there exist f1, fo € K such that By = By, (), where

$1 = f1 + Ty Su f1 and By = Byg,, where ¢y = fa + Trea0) Su i
Moreover, if By By = A, then the symbol of A is Ay, f> .
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Finally, let me introduce the answer of the initial question.

Assume uw= 2z and write 31 = B, and By = By,, where

Z a_pz2", Y= Z b_,z". Then

a;  ap . aN by by . by
a2 as bg b3
Bl = ) BQZ .
2N —2 : g o ban—o
aN -+ GaN-—2 Q2N-—1 by - banv—2 ban—1
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Theorem (Matrix version)

Suppose By, By are Hankel matrices as the above. Then
B1Bs : Toeplitz matrix <=

0 0 s an b1 b2
0 b2 b3
Bl = . ) BQ = .
. ’ a2N—2
ay -+ GaN—2 Q2N—1 by
or
ai a2 ce an b1 bo
°, 1
as - zay ba
B, = ) c , By = )
1 1
aN $01 o GaN-_1 by c¢by

by

bn

Cbl

cbn_1

We can say the second form is the “generalized skew-circulant form™.
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Thank you |
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