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Introduction

» H : a separable, infinite dimensional, complex Hilbert space.
» L(H) : the algebra of all bounded linear operators on .
» Bram and Halmos [1955, Duke Math. J. / 1960, SBM]
e T is subnormal <
BH(n) = ([T", T'NT

tj-1 = 0forallneN.
» Definitions
e T is (strongly) n-hyponormal if BH(n) > 0.

@ T is polynomially hyponormal if
p(T) is hyponormal for every polynomial p.

o T is weakly n-hyponormal if
p(T) is hyponormal for all polynomial p with degree n or less.

o weakly 2 (or weakly 3)-hyponormal is referred to as
quadratically (or cubically) hyponormal.
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Subnormal

On Semi-cubically Hyponormal Weighted Shif KOTAC 18 June 2015 3 /46



Subnormal

w-==-hypo ][ = poly. hypo ]
L 4 v
v v
= cub. hypo ]
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Subnormal

w-==-hypo ][ = poly. hypo ]
L 4 v
v v
= cub. hypo ]
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Subnormal

= poly. hypo ]

= cub. hypo ]
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Subnormal
Concrete Example?

w-==-hypo ][ = poly. hypo ]

—)[ w-3-hypo ][ = cub. hypo ]
|
—)[ w-2-hypo ][ = guad. hypo ]
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» Open Problem
@ Subnormal <= polynomially hyponormal ?
» Curto-Putinar [1991, Bull.AMS / 1993, J.Funct.Anal.]

@ There exists a polynomially hyponormal operator which is not

2-hyponormal.
o Corollary There exists a unilateral weighted shift that is

polynomially hyponormal but not subnormal.

» Conclusion The answer is NO.

» Revised research problem
Find concrete weighted shift s.t
it is polynomially hyponormal but NOT subnormal.
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Subnormal
Concrete Example?

w-==-hypo ][ = poly. hypo ]

—)[ w-3-hypo ][ = cub. hypo ]
|
—)[ w-2-hypo ][ = guad. hypo ]
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Subnormal
Concrete Example?

w-==-hypo ][ = poly. hypo ]

—)[ W-S-i‘lvpo ][ = cub. hypo ]
—>[ w-2-hypo ][ = quad. hypo ]
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Subnormal
Concrete Example?

w-==-hypo ][ = poly. hypo ]

—)[ w-3-hypo ][ = cub. hypo ]
|
—)[ w-2-hypo ][ = guad. hypo ]
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Semi-cubic hyponormality
> o oxg, X1, X2, &3, - -+ a weight sequence with o > 0.

» W, : the weighted shift on 12(Ng) with an orthonormal basis
{ei}i2 is defined by Wy (e;j) = ojej41, Vj € No := NU{0}.
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Semi-cubic hyponormality
> o oxg, X1, X2, &3, - -+ a weight sequence with o > 0.

» W, : the weighted shift on 12(Ng) with an orthonormal basis
{ei}i2 is defined by Wy (e;j) = ojej41, Vj € No := NU{0}.

» Definitions (Jung, Exner, 2012)

@ W, : semi-weakly n-hyponormal if
Wy + sWZ @ hyponormal, Vs € C.

@ W, : semi-cubically hyponormal if
W +sW3 : hyponormal, Vs € C.
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Concrete Example/?/i.

w-==-hypo s-w-==-hypo
v
v
\ 4
[ cub. hypo = ][ w-3-hypo ]—)E@
\ 4

[ quad. hypo = ] [ w-2-hypo
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Concrete Example/?/i.

w-==-hypo s-w-==-hypo

[ cub. hypo = ][ W-Sj;vpo ]—)[ s-w-3-hypo ][ = semi-cub. hypo ]

\ 4
[ quad. hypo = ] [ w-2-hypo
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?

..................

s-w-3-hypo ][ = semi-cub. hypo ]
3

-
."‘ ?

[ cub. hypo = ][ w-3-hypo

quad. hypo

A 4
I hypo I
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» P, : the orthogonal projection onto Vi'_,{ex}.
» For s € C and n > 0, define

Dy = Dn(s) = P [(Wa + sW3)* Wy +sW3] P, Vs € C
@ 0 z 0 - 0

0 g0 0 =z
| zo qo 0
- 0 zZ Zn_2 ,
- 0
0 0 zno 0 qn

where qi = uy + vils|?, zx = /Wi,
_ 2 2
Up = &y — X1

_ 2.2 2 2 2 2
Vk = “k2“k2+1°‘k+22 - “k53 Xy 2%y 1»
Wi = o1 (0G0 — Xf g

2.
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» W : semi-cubically hyponormal
<= Du(s) > 0,Vs € C,Vn € Np.
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» W : semi-cubically hyponormal
<= Du(s) > 0,Vs € C,Vn € Np.

» Stampfli’s method [1966, Pacific J. Math.]
@ For a given numbers 0 < ag < 1 < xp, define
o2 =V + %’— for all n > 2,

n—1

where W — _S808(03—0d)  y _ aflod-ad]

X1 —Xp X1~ Xp

@ « is written as o : (g, &1, ocz)A

o o :={an}_ is bounded.

o lim oy =L:= \/% (w1 + /93 +4%).
n—o0
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Main Results

Lemma 1

For o : /X, (ﬁ, Vb, \/E>/\,

UnVni2 =Wy, > 2.

a
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Main Results

Lemma 1

For o : /X, <\/5, Vb, \/E)/\,

UnVni2 =Wn, N = 2.

» Define a sequence (N} as nn =

T
Lemma 2

For o : /X, (va, Vb, /), it holds that

Mnitl 2N, VN2

2
lim N, = (‘y—l_'_:ﬂ]_‘l : Q.
n—co Yo
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Seunghwan Baek Joint wor

Lemma 3

For o : v/x, (v/a, Vb, /c), suppose a positive integer 1 > 2. Then the

following assertion holds ;

z
e Z% 2
quri2 — =

2
Flyok-—2
qa1+2k

q142k—2—
U

=wvit+
1+ Myyot + Mgonigat? +-

where t = |s|? and k > 1.

o MpoNig4 Mokt
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» For t(=s|?) > 0 and for each n, define,

do 0 —v/Wot 0 0

0 q1 0 —vwit :
An(t) = —v/Wot 0 q2 0 T 0

0 —y/wit 0 g3 L —ywn ot

0 0  —ywnot 0 In

where the qi, ui, vi, and w; are for D,.
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» For t(=s|?) > 0 and for each n, define,

0 0 —wot 0 0
0 q1 0 —y/wit :
An(t) = —vWot 0 q2 0 T 0
0 —y/wit 0 g3 L —ywn ot
: e " .. " 0
0 0 —ywnast 0 dn

where the qi, ui, vi, and w; are for D,.

Lemma 4
Let W, be a weighted shift. Then for each n,

D, (s) is a (complex) positive quadratic form over C™*! for all s € C
if and only if

An(t) is a (real) positive quadratic form over R™*1 for all t > 0.

v
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» Define, for a vector (xg, - ,xn) in R,
. yxn:t) = <An(t)(X0: e 1X'T'L)Tl (XOI e .Xn)

n n—2 n
=5 uixi2 — 2Vt Y JWixixig2 1Y vix%.
i=0 i=0 i=0

")

Fn(XO,..

» Put fa = fa(xo, X1, %2, X3, t)
1 3 1
= (wi+twy) X% +t) Vixiz — 2\/{ > /WiXiXit2.
i—0 i— )

> FTL(XOIX]J Tt 1X1’L1t)
n—2
2
=f2+ unflel,l + unX$1 + > (\/uixi - \/tVi.+2Xi+2)
1=2

KOTAC 18 June 2015
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Lemma 5

Let o (x \/_(\/_\/_\/_) and n > 4. Then T.F.A.E:

(i) Fn (x0, X1, ,Xn,t) =20 for any x;, te Ry (i=0,1,...,n);
(ii) f2+P(2;n)x3 + P(3;n)x3 > 0, for any xi, t e Ry (1=0,1,2,3)
where
uy
P(lin) = 1+T11+2t+m+2111+4t2+ AN LM M2(n-t) /2 /2
with 1>

Seunghwan Baek Joint wor On Semi-cubically Hyponormal Weighted Shif KOTAC 18 June 2015 22 / 46



Lemma 5

Let o (x \/_(\/_\/_\/_) and n > 4. Then T.F.A.E:

(i) Fn (x0, X1, ,Xn,t) =20 for any x;, te Ry (i=0,1,...,n);
(ii) f2+P(2;n)x3 + P(3;n)x3 > 0, for any xi, t e Ry (1=0,1,2,3)
where
uy
P(lin) = 1+T11+2t+m+2111+4t2+ AN LM M2(n-t) /2 /2
with 1>

Seunghwan Baek Joint wor On Semi-cubically Hyponormal Weighted Shif KOTAC 18 June 2015 22 / 46



Lemma 5

Let o (x \/_(\/_\/_\/_) and n > 4. Then T.F.AE:

(i) Fn (x0, X1, ,Xn,t) =20 for any x;, te Ry (i=0,1,...,n);
(ii) f2+P(2;n)x3 + P(3;n)x3 > 0, for any xi, t e Ry (1=0,1,2,3)
where

P(lin L
( ) 1+m+2t+m+2m+4t2+ ST 2M 4 2] (n—1) /2]  tln=v/2]
with 1>

Lemma 6

Suppose n > 4.

Fn(x0,%1, ..., Xn, t) > 0 for any x; € R, and t > %
if and only if

fa(xg, ..., x3,t) > 0 for any xq, ..., x3 € Ry and t > %
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» hs=min{\/a, VO} where
0 — ab{(c—a)2(c—b)Q+c(—a2b2+a2bc+a2c2+2ab2c—4abcz+bc3)}

a?be(b—a)’+(c—a)?(a?+bc—2ab)Q > 0.

)2,

Lemma 7
sup{x : fo(xg, x1,%2,%x3,t) > 0,t > %}< (hs J

» Proof of Lemma 7 (Setch)
Using Wy and W1, we can have that

1
2 2 2
Xy c C((l aoc C),

—be3 + a?b? — a?¢? + 4abe? — 2ab?c — a?be
(a—b)(ab—2ac+c?) '

2 =
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We can have the corresponding symmetric matrix Q (t) with respect to
f2 (x0,%1, X2, X3, t) such that

f2 (XO,X]_,Xz,X?,,t) = <Q(t) (XOIH' YX3)T1(X01“' 1X3)T>1 namely:
x 4+ abxt 0 —vtxab? 0
Q) = 0 a—x+ abct 0 —1/tab (c—x)2
| —Vtxab? 0 tbcoc?l 0

0 —4/tab (c—x)2 0 t(coc%oc%—xab)
From the elementary operations of determinants,
det Q (t) = d1(t) - da(t),

where
x 4+ abxt —vtxab? >

d; (t) = det
1t € < —Vtxab?  tbca?

a—x+ abct —1/tab ¢ —x)?
ds (t) = det ( )
—1/tab (c — x)2 t (cociocg — xab)
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By direct computations,

a?2—2ac+c?+t (ab02 —2a%be + a2b2)

di(t) = — >0, forallt>D0,
and bt (A(x)t + B(x))
d2 (t) = (b _ a)2
where
A(x) =

abc (—a (b— a)2 x — a?b? + a?be + a?c? + 2ab?c — 4abc? + bc3)

and

B(x) = (c — a)? (ab(c —b) +x(2ab — be — a?)).
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Then

da(t) >0 forall t > & <= A(x) >0 and — 3% < &
And we can have that
B 1
Ax) 20« x<a and —ﬁs—b}x<®
Alx) ~Q
Since 0 < x < a, we have x < (h3)2. O
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Positively Semi-cubic hyponormality

Recall W, is semi-cubically hyponormal <= D, (s) > 0, s € C, n € Np.
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Positively Semi-cubic hyponormality

Recall W, is semi-cubically hyponormal <= D, (s) >0, s € C, n € Np.

W is semi-cubically hyponormal
— D t)>0 D) >0 t>0 neNg, where

q0 To 0 q1 1 0
1 To q2 T2 5 T1 q3 T3
DSI) =] o w»n 0 ' DEL) =] o 0 '
Ton-2 R B Ton—1
0 mno2 92n 0 Tono1 d2n4a
t:|S|2, qx = Uk + tvi, T = Viwy.
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Positively Semi-cubic hyponormality

Recall W, is semi-cubically hyponormal <= D, (s) >0, s € C, n € Np.

W is semi-cubically hyponormal
— D t)>0 D) >0 t>0 neNg, where

@ T 0 @ 11 0
(1) To q2 ™ 2) 1 q3 T3
Dn’ = 0 T 0 , Dn = 0 T3 0 '
‘ Ton 2 r Ton 1
0 mno2 d2n 0 Tono1 d2n4a
t=1sl%, g =uk + tvi, Tk = VI
Put dﬁ)(t) = det (D,&”(t)), j=1,2.
n+1 ;
— Y Z cl
If c0)(m, i) >0, for0<i<nandcinn+1)>0n>0j=1,2

then W is seml-cublcally hyponormal.
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Definition
W, is positively semi-cubically hyponormal if
cm(n,i) >0, for0<i<nand c(j)(n,n-i-l) >0,n>0j=1,2
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Definition
W, is positively semi-cubically hyponormal if
c(j)(n,i) >0, for0<i<nand cm(n,n+1) >0,n>0j=1,2

NOTE W, is positively semi-cubically hyponormal then
it is semi-cubically hyponormal.

Seunghwan Baek Joint wor On Semi-cubically Hyponormal Weighted Shif KOTAC 18 June 2015 28 / 46



Definition
W, is positively semi-cubically hyponormal if
c(j)(n,i) >0, for0<i<nand cm(n,n+1) >0,n>0j=1,2

NOTE W, is positively semi-cubically hyponormal then
it is semi-cubically hyponormal.

Lemma 8

Let a: VX, (ﬁ, Vb, \/E)

x < (?13)2 => Wy (x) Is positively semi-cubically hyponormal.

VAN

Seunghwan Baek Joint wor On Semi-cubically Hyponormal Weighted Shif KOTAC 18 June 2015 28 / 46



Theorem 9

Let (x) : v/x, (v/a, Vb, /€)™ with x < a < b < ¢ and let W,y be the

associated weighted shift. Then T.F.A.E:

(i) Wx(x) is semi-cubically hyponormal,

(i) Fr(x0, X1, ,%Xn,t) =0 for all xg,x1, -+ ,%xn,tin Ry and all n > 2,
(iii) Frn(xo,x1, -+, xn,t) =0 for all xg,x1,--+ ,%n in Ry, t > % and all
n >4,

|v) fa(xg, X1, %2,%3,t) = 0 for all xg,x1,%2,x3 in Ry and all t > é

(
(v) vx < hs,
(

V|) «(x) 1S positively semi-cubically hyponormal.
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Nl=

» Put hy .= (sup{xIW“(x)is quadratically hyponormal})
» From Curto and Fialkow,

1
. a’b?c+ab?(c—a)K+ab(c—b)K? 2
hz = min {\/a’ (a3b+ab(c—a)K+(a2—2ab+bc)K2

\y2
where K := ——112,
WO

Seunghwan Baek Joint wor On Semi-cubically Hyponormal Weighted Shif KOTAC 18 June 2015 30 / 46




Nl=

» Put hy .= (sup{xIW“(x)is quadratically hyponormal}) )
» From Curto and Fialkow,

1
. a’b?c+ab?(c—a)K+ab(c—b)K? 2
hz = min {\/a’ ((13b+ab((:—a)K+((12—2c1b+bc)K2

\y2
where K := ——112,
\PO

Example 10

Let a weight sequence x(x) : v/x, (1,v2,v/3)" with 0 < x < 1.
= Yo=—2,¥; =4 K=8v2+16 and Q = 49(v2 +2)2.

= hy ~ 0.85628, and hs ~ 0.82520.
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Flatness of Semi-cubic Hyponormality
» Stampfli (1966, Pacific J. Math.)

Wy is subnormal and atn = any1 forneNg = o1 =0 =--- .
» Curto (1990, IEOT)

Wy is 2-hypo. and oy =y forneNg = g =axo =---.
» Choi (2000, Bull. KMS)

Wy is poly. hypo. and ap =1 = g =01 =xp = -+ -.
» Curto (1990, IEOT)

3 o with o: \@ \/g VIS (n>2) st. Wy is quad. hypo.

» Weighted shift W, has Flatness property if
o] =0 —> K] = Xn, VN € N.
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1966, Stampfl

w-==-hypo ]—-)[ s-w-==-hypo ]

¥ 4 2000, Choi
v v
v v
[ 4-hypo ]—)[ w-4-hypo ]—-)[ s-w-4-hypo]
v v
[ 3-hypo ]—)[ w-3-hypo ]—-)[ s-w-3-hypo]
2013, Li
v

4
1950, Cunn[ 2-hypo ]—)[ w-2-hypo ]
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1966, Stampfl

w-==-hypo ]—-)[ s-w-==-hypo ]

& 4 2000, Choi
v v
v v
[ 4-hypo ]—)[ w-4-hypo ]—-)[ s-w-4-hypo]
v v
2012, Do-
[ 3-hypo ]—)[ w-3-hypo ]—"[ s-w-3-hypo ]Exner-J:ng-Li
2013, Li
v 4
1990, Curto [ 2-hypo ]—)[ w-2-hypo ]
1990, Curto
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> Woixy) With a(x,y) 1 1, (1, v/, 1) and 1 <x <y

—1
(] lyo ZXX—I%, ‘y]_ :th

2
[ yey?=3xy ) (VR ly— DT (1) (x—y ) +x (y—1))
° Q= 2x—y) (x1)°

@ From Lemma 7,
e di(t) =di(x,y,t) =det (

e do(t) = da(x,y,1)

1+ tx —V/tx >

tx2(y?—2y+x)
—Vix P

1+1tx — (y—1)
= det _\/-R(y _ 1) tx(y—1) (xy?4y(1—3x)+2x%>—2x+1) .

(x—1)?
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tx2(1—2y+y2+t(x2—2xy+xy?))
x—1

o di(x,y,t) =

_ tx2{(y*1)2+t((xfly)2+y2(xfl))}
P

> 0,Vt > 0.

tx(y—1)(A(x,y)t+B(x,y))
(x—1)2 '

where A(x,y) = xy(1 —2x + 2x% +y — 3xy + xy?)

o do(x,y,t) =

and B(x,y) :=1—2x +x% —y + 2xy — x%y.

o da(x,y,t) =0Vt > & <= Alx,y) >0 and — Blxy) <

1
Axy) Q
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tx2(1—2y+y2+t(x2—2xy+xy?))
x—1

y)?+y? (x—1))}

o di(x,y,t) =

_ A{y—D 4t ((x—
- xX— 1

> 0,Vt > 0.

tx(y—1)(A(x,y)t+B(x,y))
(x—1)2 '

where A(x,y) = xy(1 —2x + 2x% +y — 3xy + xy?)

° da(x,y,t) =

and B(x,y) :=1—2x +x% —y + 2xy — x%y.

e dp(x,y,t) > 0,Vt > % = A(x,y) >0 and — E((x,’y) -

» WLOG x=14+handy=14+h+kforh>0k>0.
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o A(x,y) =2h? +h3 + hk+2h%k + k2 + hk? > 0 for all h,k > 0
@ Forallh >0,k >0,

B(1+h,1+h+k
—m <L <:>p3 (h, k) : Zélkl 0, where

&o
&2
&3
&4
&s
&6
&7
&s

2h% (h+1)*, & =h8(16h+7) (h+1)3,

4n° (3h + 14h? 4 14h% — 1) (h +1)?,

h? (h+1) (3h + 98h? + 190h> + 112h* — 4) ,
h* (2h + 109h? + 322h> + 356h* + 140h° — &),
2h® (h + 1) (5h + 46h? + 88h® + 56h* — 1),

h? (h+ 1) (13h + 64h? + 104h3 + 56h* — 1),
h? (h + 1) (34h + 42h? + 16h> +9) ,
2h(4h+h%+2) (h+1)?, and & = (h+1)°.
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Theorem 11

Let ae(x,y) : 1, (1, v/, @)A with 1 <x <y. Then
Wy (x,y) is semi-cubically hyponormal if and only if
P3(h, k) <0 for h >0 and k > 0.
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Theorem 11
Let x(x,y): 1, (1, v/x, \/1])/\ with 1 <x <y. Then

Waix,y)
P3(h, k) <0 for h >0 and k > 0.

is semi-cubically hyponormal if and only if

Question

. . : ? . :
semi-cubic hyponormality «+— quadratic hyponormality
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» Recall from [Curto and Jung, 2000, IEOT]
@ Wy (x,y) is quadratically hyponormal < p; (h, k) Z pikt <

where po = h7 (h+2) (h+ 1)3,

p1 = h® (16h + 6h2 +7) (h+1)%,

p2 = h* (5h + 53h? + 96h> + 66h* 4 15h5 — 4),
p3 = h3 (h+ 1) (5h + 52h2 + 65h3 + 20h* — 4),
ps = h? (8h +35h2 + 15h3 — 1) (h + 1),

ps = 3h? (6h +2h2 + 3) (h+1)%,

pe =h(h+5) (h+1)°

and p7 = (h+ 1)3, for h,k > 0.
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Theorem 12

Let W (x,y) be a weighted shift with a weight sequence
a(x,y): 1, (1, VX, \/ﬁ)/\ forl<x<uy.

Then iRg\JAQ;:,, 5{3\922 and Rp N R3 are all non-empty sets.
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Theorem 12
Let Wy (x,y) be a weighted shift with a weight sequence

x(x,y): 1, (1, v/x, \/g)A for1<x<wy.
Then 922\523, 5%3\922 and R» ﬂ§23 are all non-empty sets.

Proof of Theorem 12 (Sketch)

W.LOG x=14+hy=14+h+kfor h k>0.

Consider h = 1—%)0.

Let KXo ={k > 0:p2(k) =p2(1/100, k) < 0},

and K3 = {k > 0: p3(k) = p3 (1/100, k) < 0}.

Then 3 B1 < ot1 < P2 < & such that Xy = [«g, ap] and 9%3 = [B1, B2l
(Note o3 = 0.000787776068 - - -, oy = 0.0422764016 - - -,

B1 = 0.000786885627 - -- and B, = 0.0402782805---)
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For k € K3\Xs = (B1, a1), (1h5, k) € R3\Ro.

Seunghwan Baek Joint wor

On Semi-cubically Hyponormal Weighted Shif




-
0 p a J o,

For k € K3\X2 = (B1, &), (gg. k) € R3\Ro.
For k € XK3sNXy = (a1, B2), (% )EfR3ﬂiR2.
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For k € J:Cg\iKg = (B1, 1), (135
For k € XKz NXKy = (a1, B2), (

k) € 933\912
k) € IR3 NRy.

For k € 5(2\523 = (B2, x2), (% ) S 522\9%3
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For k € K3\X2 = (B1, &), (gg. k) € R3\Ro.
For k € XK3sNXy = (a1, B2), ( )EfR3ﬂiRz.

For k € 5(?2\5%3 = (B2, x2), (% ) S 522\:R3

Therefore the proof is complete.
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THANK YOU

On Semi-cubically Hyponormal Weighted Shif KOTAC 18 June 2015 46 / 46



	Contents
	1. Introduction
	2. Semi-cubic hyponormality
	3. Main Results
	4. Flatness of Semi-cubic Hyponormality


