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@ Open unitdisc: D={ze C:|z| <1}
Unit ball: B={z € C?: |z| < 1}
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@ Open unitdisc: D={ze C:|z| <1}
Unit ball: B={z € C?: |z| < 1}
e Hardy space: H?(D) = {f € Hol(D) : [|f||2, = > 7eq |anl? <
00, f(z) =3 720 anz"}
Bergman space:
L2(D) = {f € Hol(D) : Hf||ig(D) = fD |f(2)|?dA(z) < oo}
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@ Open unitdisc: D={ze C:|z| <1}
Unit ball: B={z € C?: |z| < 1}
@ Hardy space: H?(D) = {f € Hol(D) : ||ﬂ|H2 =3 la,|? <
00, f(z) =3 720 anz"}
Bergman space:
L2(D) = {f € Hol(D) : Hf||ig(D) = fD |f(2)|?dA(z) < oo}
@ Dirichlet space D = {f € Hol(D) : [, |f'|?dA < oo}
norm: |||, = Hf|| +fm>|f’|2dA
kernel: K¢(z) = Iog

1(2
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Drury-Arveson Space

@ Drury-Arveson Space: H3 with kernel

R = =g
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Drury-Arveson Space

@ Drury-Arveson Space: H3 with kernel

R = =g

@ Schatten p-class (1 < p < o0):
Sp={A€KH) : |Allp = {tr((A*AP/?)}/P < oo},
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Drury-Arveson Space

@ Drury-Arveson Space: H3 with kernel

R = =g

@ Schatten p-class (1 < p < o0):
S ={A € K(H) : ||All, = {tr((A*A)P/2)}1/P < oo},

@ In 2011, Fang and Xia proved that: Let f € M(H3). Then
[M: M,] €Sy p>2d,i=1,--- ,d.
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Drury-Arveson Space

@ Drury-Arveson Space: H3 with kernel

R = =g

@ Schatten p-class (1 < p < o0):
S ={A € K(H) : ||All, = {tr((A*A)P/2)}1/P < oo},
@ In 2011, Fang and Xia proved that: Let f € M(H3). Then
[M: M,] €Sy p>2d,i=1,--- ,d.
They also showed that: There is a ¢ € M(H3) such that M,, is not

essentially hyponormal, i.e. w(Ms) is not hyponormal in
B(H3)/K(H3).
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Similar properties between Hg and D:
o M(H2) C H*(B)
M(D) ¢ H>(D)
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Similar properties between Hg and D:
o M(H2) C H*(B)
M(D) ¢ H>(D)

@ The kernels of H§ and D are complete Nevanlinna-Pick kernel.
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Similar properties between Hg and D:
o M(H2) C H*(B)
M(D) ¢ H>(D)
@ The kernels of H§ and D are complete Nevanlinna-Pick kernel.

@ The corona theorem is true for H§ and D.
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Main Results

Theorem 2.1 (L)

Let p > 1,f € M(D). Then the commutator [M;, M,] is in the Schatten
p-class, i.e. there exists a constant c(p) depending on p such that

IIM7, Me]llp < c(p) || M-
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Main Results

Theorem 2.1 (L)

Let p > 1,f € M(D). Then the commutator [M;, M,] is in the Schatten
p-class, i.e. there exists a constant c(p) depending on p such that

IIM7, Me]llp < c(p) || M-

Theorem 2.2 (L)

There is an f € M(D) such that My is not essentially hyponormal.
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Theorem 2.1 holds for the Bergman space and Hardy space.
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Theorem 2.1 holds for the Bergman space and Hardy space.
In L2(D), let p € L>°(D), let T, = PM,P be the Toeplitz operator and

H, = P1M,P be the Hankel operator, where P : [2(D) — L2(D) is the
orthogonal projection.
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Theorem 2.1 holds for the Bergman space and Hardy space.

In L2(D), let p € L>°(D), let T, = PM,P be the Toeplitz operator and
H, = P1M,P be the Hankel operator, where P : [2(D) — L2(D) is the
orthogonal projection.

Then

[MZ, M¢] = [Tz, T¢]
= Ty Tf — T¢ Tz = PZPLP = H: Hy,
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Theorem 2.1 holds for the Bergman space and Hardy space.

In L2(D), let p € L>°(D), let T, = PM,P be the Toeplitz operator and
H, = P1M,P be the Hankel operator, where P : [2(D) — L2(D) is the
orthogonal projection.

Then

[MZ, M¢] = [Tz, T¢]
= Ty Tf — T¢ Tz = PZPLP = H: Hy,

thus

(M, MAIMZ , Mi]* = H: He Hi H,
< | HF[2H: He = [|H7 |2V, ML),
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(N+1)
Let N > 3 be a fixed odd number, u,(z) = <%)

dA
Q= Jpta @ tat=iapy \Sr?))

,a €D, and

Theorem 2.3 (L)

Let p > 1,f € M(D). Then the commutator [M}, M¢Q] is in the Schatten
p-class.
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,a €D, and

1-az

(N+1)
Let N > 3 be a fixed odd number, u,(z) = <M)

dA
Q= fIDJ Uy @ Uy (1_‘((1?2))2-

Theorem 2.3 (L)

Let p > 1,f € M(D). Then the commutator [M}, M¢Q] is in the Schatten
p-class.

Note that ¢(N)/ < Q < d(N)/ and
[MZ, Me] = [Mz, MeQQ™'] = [M, MrQIQ™ + Mf[Q, M]Q,

Theorem 2.1 follows from the above theorem.
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Sketch of the proof of Theorem 2.3

)(N—i-l)

Q= / Uy ® ua dA(a)
D

— [af?)?

/1/ b % u |dn|  rdr
N
1

| s

0

where s = (1 — rz)% T, =

1 2
ual2) = (2

o

% Jom sy @ a syt
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1
d
(M2, M Q) :/ [Mj,l\/lfTs]?s.
0

1Mz, My Tl < e(p)l[Mrlls* =27,

then
[[MZ, M¢ Q]| p < €(p)|| M|
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Forevery 0 <s<1, Tg = s% fau) u(l_SQ) : u(l—sZ)%nT'

_c(s) / Idnl
S 9
RED] B(y,s) m

where B(y,s) = {x € O : d(y,x) = 1 - y%[1/2 < s}, (s) < 4,
L <507 +1, and

ST

Xi(n) = ZXE Opn)u (1-s2)2 o,n®u(1—s2)%om'
i€l

O; are unitary transformations on C, |Jk_, Uiey, Ei = 9D, I has the
property that B(Oin,s) N B(Ojn,s) = 0,i,j € lx,i # j.
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u .
=2 _x&( Ya-eybom @ Ya-sybon
i€l

M M= 5] o M MO
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u .
=2 _x&( Ya-eybom @ Ya-sybon
i€l

M, M, T,] = ’BCS) ’/y fok(n)]@.

Let ai(n) = (1 — 52)% Oin, then

Xi(n) =Y XE(Oim)tiay () © oy

i€l
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ZXE

i€l

u .
MU abon ® Ya sybon

_cls)

Mka(n)]@-

h>

iN)Uai(n) @ Uayi(n)

M: M:T,] =
[ z VIf S] ’B v.s
Let ai(n) = (1 — 52)% Oin, then
X 77) = ZXE,'(O
i€l
thus

(M2, MeXic(m)] = xE,(Om)(M

i€l

ZXE /77 fu
i€l
=A-B
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3 = i(0)fua; () ® Uay ()~

(Mz - ai(n))ua;(n)
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Let {e; : i € It} be an orthonormal set, then

A= xe(Om) (M — i) fua;(g) © Uay()

i€l

= Z(M — a,(n))fu () ® € Z & @ XE(Oin)ua, ()

i€l i€l

= GH*.
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Let {e; : i € It} be an orthonormal set, then

A= xe(Om) (M — i) fua;(g) © Uay()

i€l

= Z(M — a,(n))fu () ® € Z & @ XE(Oin)ua, ()

i€l i€l

= GH*.

Show |G|, < c(p)l|M¢|s>~2/7, | H]| < C. Then

1Allp < c(p)| My |s*~%/P.
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Let {e; : i € It} be an orthonormal set, then

A= xe(Om) (M — i) fua;(g) © Uay()

i€l

= Z(M — a,(n))fu () ® € Z & @ XE(Oin)ua, ()

i€l i€l

= GH*.

Show |G|, < c(p)l|M¢|s>~2/7, | H]| < C. Then

1Allp < c(p)| My |s*~%/P.

Similarly,
1Blp < E(p)||Mel|s>~2/P.
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Essentially Hyponormal Operators

Theorem 2.4 (L)

There is an f € M(D) such that My is not essentially hyponormal.

@ A bounded operator T on H is called hyponormal, if
[T*, T]=T"T—-TT*>0.
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Essentially Hyponormal Operators

Theorem 2.4 (L)
There is an f € M(D) such that My is not essentially hyponormal.

@ A bounded operator T on H is called hyponormal, if
[T*, T]=T"T—-TT*>0.

@ A bounded operator T on H is called essentially hyponormal, if
[7(T)*,7w(T)] >0, where 7 : B(H) — B(H)/K(H).
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Proposition
If f € M(D), and M is essentially hyponormal, then ||mw(Mg)|| < ||f]|Heo-
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Proposition
If f € M(D), and M is essentially hyponormal, then ||mw(Mg)|| < ||f]|Heo-

M essentially hyponormal = ||7(M¢)|| = ry(m(Ms)) < ro(My)
o(M¢) = ran (M), where I : M(D) — C(M) Gelfand transform
D dense in M = o(My) = closf(D) = r,(Ms) = ||f||Heo. O
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Theorem 2.6

There exists a sequence {gj}j>1 € M(D) such that

inf [[7(Mg)[| >0 and lim lgjle(o) =0
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Theorem 2.6

There exists a sequence {gj}j>1 € M(D) such that

J'g‘; [|[w(Mg;)|| >0 and J|—|>r20 1&g | oo (my = 0.

Idea: Let hy(z) = 11__‘0"2,04 € D, then

az

lhallp = 1 [[hallHe = [[7(Mp,)I| = 1 + |af, and

1 1
M = |
Ml = (5108 11

2 500 as|al — 1.
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Theorem 2.6
There exists a sequence {gj}j>1 € M(D) such that

J'g‘; [|[w(Mg;)|| >0 and J|—|>r20 1&g | oo (my = 0.

Idea: Let hy(z) = 11__‘042,04 € D, then

az

lhallp = 1 [[hallHe = [[7(Mp,)I| = 1 + |af, and

1 1

|Mp, || < (|a\2 log T |042)1/2 — o0 as|al = L

ha. )
Let f; = W show that there exists a sequence of natural numbers

{k(r)}r>1 such that the sequence {gj = > /2 fi(r) };>1 satisfies the
theorem.
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Thank You!
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