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Abstract. We shall show that the number of real quadratic fields whose
absolute discriminant is ≤ x and whose class number is divisible by
3 is >> x

7
8 improving the existing best known bound >> x

5
6 of K.

Chakraborty and R. Murty.

1 Introduction

Recently K. Chakraborty and R. Murty [1] showed that the number of real
quadratic fields whose absolute discriminant is ≤ x and whose class number is
divisible by 3 is >> x

5
6 improving Murty’s previous bound >> x

1
6 in [4]. On
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the other hand Soundararajan [5] has shown that the number of imaginary
quadratic fields whose absolute discriminant is ≤ x and whose class number is
divisible by 3 is >> x

7
8 , which also improved Murty’s previous bound >> x

5
6

in [4]. Heuristics of Cohen and Lenstra [2] predict that the probability of
such an event is positive.
In this note, applying Soundararajan’s results in [5] to the case of real
quadratic fields, we shall show the following:

Theorem 1.1 The number of real quadratic fields whose absolute discrimi-
nant is ≤ x and whose class number is divisible by 3 is >> x

7
8 .

To apply Soundararajan’s results we need the following theorem, which can
be obtained from Kishi and Miyake’s classification of quadratic fields with
class number divisible by 3 in [3].

Theorem 1.2 Let m and n be two positive integers satisfying m ≡ 1 (mod
18), n ≡ 1 (mod 54) and (m,n) = 1. If the polynomial f(X) := X3 −
3mX − 2n is irreducible over Q, then the class number of the quadratic field

Q(
√

3(m3 − n2)) is divisible by 3.

2 Preliminary

In [3], Kishi and Miyake classified all quadratic fields whose class number is
divisible by 3 as follows. Let g(Z) be an irreducible polynomials over Q of
the form

g(Z) = Z3 − uwZ − u2, u, w ∈ Z,

where u and w are relatively prime, d := 4uw3 − 27u2 is not a square in Z,
and one of the following conditions holds:

(1) 3 6 | w;
(2) 3 | w, uw 6≡ 3 (mod 9), and u ≡ w ± 1 (mod 9);
(3) 3 | w, uw ≡ 3 (mod 9), and u ≡ w ± 1 (mod 27).

Then the roots of g(Z) = 0 generate an unramified cyclic cubic extension
of the quadratic field Q(

√
d). Conversely, every quadratic field whose class

number is divisible by 3 and every unramified cyclic cubic extension of it are
given in this way by a suitable pair of integers u and w.
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3 Proof of results

First we shall prove Theorem 1.2.

Proof of Theorem 1.2: Let m and n be two positive integers satisfying m ≡ 1
(mod 18), n ≡ 1 (mod 54) and (m,n) = 1. Put u := (2n)2 and w := 3m.
Then u,w are relatively prime and satisfy (3), that is,

3 | w, uw ≡ 3 (mod 9), and u ≡ w + 1 (mod 27).

Thus by the above preliminary, the class number of the quadratic field

Q(
√

4uw3 − 27u2) = Q(
√

4(2n)2(3m)3 − 27(2n)4) = Q(
√

3(m3 − n2))

is divisible by 3, if the polynomial

g(Z) = Z3 − uwZ − u2 = Z3 − (2n)2(3m)Z − (2n)4

is irreducible over Q. Divide g(Z) by (2n)3, and put X := Z/(2n) then we
get

f(X) = X3 − 3mX − 2n

and Theorem 1.2 follows. 2

Let x be a positive real number and T := x
1
16 . Put M := T

2
3 x

1
3 /2 and

N := Tx
1
2 /24. Let N(x, T ) be the number of positive square-free integers

d ≤ x with at least one solution to

m3 − n2 = 27 · t2d, (1)

where T < t ≤ 2T , M < m ≤ 2M , N < n ≤ 2N , (m, t) = (m,n) = (t, 6) =
1, m ≡ 19 (mod 18·6), and n ≡ 55 (mod 54·6). Then by a slight modification
of the results of Soundararajan in [5], we can obtain

N(x, T ) >> x
7
8 . (2)

.
Proof of Theorem 1.1: From Theorem 1.2, we know that for a positive
square-free integer d satisfying the equation (1), the class number of the
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real quadratic field Q(
√

d) is divisible by 3 when the polynomial f(X) =
X3 − 3mX − 2n is irreducible over Q. Thus the number of real quadratic
fields whose absolute discriminant is ≤ x and whose class number is divisible
by 3 is

≥ N(x, T )− ]{M < m ≤ 2M, N < n ≤ 2N | f(X) is reducible}. (3)

Now we estimate ]{M < m ≤ 2M, N < n ≤ 2N | f(X) is reducible} by the
same method in [1]. Let us fix 2n. If f(X) is reducible, then we can write
f(X) = (X + c)(X2 − cX + d), where −2n = cd and −3m = d − c2. Thus
−3m is uniquely determined by the number of divisors of −2n. Let d(−2n)
represents the number of positive divisors of −2n. Then it is well known that∑

N<n≤2N d(−2n) << N log N. Thus

]{M < m ≤ 2M,N < n ≤ 2N | f(X) is reducible} << N log N. (4)

Finally applying (4) and (2) to (3), we complete the proof of Theorem 1.1.
2
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