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1 Introduction and statement of results

Let K = Q(V/d), where d is a positive square free integer and let h(d) be
the class number of this field. Chowla [3] conjectured that h(4n® + 1) > 1
if n > 13 and Yokoi [9] conjectured that h(n? +4) > 1 if n > 17. In the
celebrated papers [1] [2], Bir6 proved these two conjectures.

Definition 1.1 Let d = n* +r, d # 5, be a positive square free integer
satisfying r|4n and —n < r < n. Then we call K = Q(v/d) a real quadratic
field of Richaud-Degert type. Specially if |r| € {1,4}, then K = Q(\/d) is
called a narrow-Richaud-Degert type.

Chowla and Yokoi conjectures are ones involving narrow-Richaud-Degert
type. In [5], Mollin also conjectured that h(n?> —4) > 1 if n > 21. In
this paper we will prove that Mollin’s conjecture is true and complete class
number 1 problem for real quadratic fields of narrow-Richaud-Degert type.

Theorem 1.2 If d is square free and d = n* — 4 with some positive integer
n > 21, then h(d) > 1.

Basically we follow Bird’s idea to prove Theorem 1.2. First we prove the
following theorem.
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Theorem 1.3 Ifd is square free, h(d) = 1 and d = n®—4 with some positive
integer n, then (g) =0 or1 for at least one of ¢ = 5,7,61,1861.

Then Theorem 1.2 immediately follows from Theorem 1.3 and the well known
class number 1 criterion [5];

Let d = n? —4 > 5 be a square free. Then h(d) =1 if and only if
(g) = —1 for all primes ¢ <n — 2

and class number table for real quadratic fields of narrow-Richaud-Degert
type. A new ingredient in this paper is developing skill of computation of
Cp(r) (0, X) (See section 2 for definition), where K is a quadratic field whose
fundamental unit’s norm is positive. We note that norms of fundamental
units of real quadratic fields in Chowla or Yokoi conjectures are negative.

Remark. Using the skill developed in this paper, we can compute (p() (0, x)
for all real quadratic fields K of Richaud-Degert type. But class number 1
criteria for some real quadratic fields in Richaud-Degert type (see [6]), for
example, the type of d = n? &2, are different from those in narrow-Richaud-
Degert type. So we can not directly apply this method to determine all real
quadratic fields of Richaud-Degert type with class number 1.

2 Computation of (p(x)(0, x)

Let d = n® — 4 be a positive square free integer with n > 5. Let K = Q(\/d),
R the ring of integers of K, and ¢ = ’”fm the fundamental unit of K. We
know that {1, €} is an integral basis for R. For an integral ideal a, let N(a) be
the order of R/a, and for an element a of K, let N(«) = I, ccax/Q) o(a).

We note that the norm of €, N(¢) = 1. Let I(K) be the set of nonzero
fractional ideals of K and P(K) the set of nonzero principal ideals of R.
Define the map i : K* — I(K) by a(# 0) — («). Let Kt be the set of
totally positive elements in K. Then we have the following lemmas.

Lemma 2.1 [i(K*):i(K*)] = 2.

Proof: See the pages 242 - 243 in [4]. O



Lemma 2.2 A given principal ideal () in i(K™) can be written in unique
way of the following form;

(@) = (X +Ye),

with some rational numbers X > 0, Y > 0, and if X and Y are a rational
number with X >0, Y >0, then

(X +Ye) € i(K).

Proof: Let o € Kt and suppose that (o) = (3) for some § € K. Then
B = éa for some integer j. So there exists a unique 3 € K such that
() =(B)and 8 >0,3>0,1< % < €2. We can write 3 = X + Ye for
X,Y € Q. Then

X+Ye< X +Ye< (X +Y0).

So
X(—1)>0 and Y(e—¢) >0.

Thus X >0and Y > 0. And if X and Y are a rational number with X > 0,
Y >0, then X +Ye >0 and X + Ye > 0, since € and € are greater than 0.
So

(X +Ye) €i(KT).

O

Let ¢ > 2 be an integer with (¢,d) = 1 and let y be an odd primitive character
with conductor q. For s € C, Re s > 1 define

v AN@) g x(N()

CP(K)(&X) = N(CL)S N(a)

a€i(K")
integral

a€P(K)

We note that (p(x)(s, x) extends meromorphically in s to the whole complex
plane. From Lemma 2.1,

i(K7) = (q)i(K") U (q)bi(K™),
where

n—2++vn?—4
5 .

b= (w) €i(K*) —i(K") and w =



So
> X(N(a))

Cpay (8, X) = "N

S
a € (9)i(KT) (a) a € (@bi(KT)

integral integral

We shall denote the first part by (*(s) and the second part by (™ (s).

First we compute (7(0). By Lemma 2.2, if a € (q)i(K™"), then a =
q(X +Ye) for X,V € Q such that X > 0 and Y > 0. We can write
X=z+nandY =y+ng, where 0 < x < 1,0 <y < 1 and ny,ny are
nonnegative integers. So

o AN (@)
C (S) ae (%EKH N(a)s

. i X(N(q(z 4+ n1 + ey + n2)))
(z,y)€R! n1,m2=0 ( ‘r+n1+€(y+n2>>>s

_ Z Z N(q(x + ye)))

(g)ert mma=o NV 93+”1+€(y+”2)))

where R' = {(z,y) € Q*|qz +que € R, 0 <z <1, 0 <y < 1}.

Since C' 4+ De with integers 0 < C, D < g — 1 form a complete system of
representatives of R/qR, we can uniquely select an integer pair 0 < C, D <
q— 1 such that q(x +ye) € C+ De+qR. Let RY(C,D) = {(z,y) € R' | q(x+
ye) € C' + De + qR}. From the work of Shintani [7] [§],

G0 - S averpy Y Y :

C,D=0 (z,y)€RY(C,D) ni,n2= 0 x—l—nl—i—e(y—i—ng)))s

— qi X(C*+D*+nCD) Y C(O,G §>,($,y))
C,D=0 )

(z,y)eRY(C,D

s=0

q—1
= > [x(C*+D*+nCD)
C,D=0

(z—)y—2)+-@+y* = (z+y)+ )¢
(x,y)g«z;(c,m{ 2V )Ty y Yy)T3 H



We note that

(z,y) € RY(C, D)
< q(x+ye) =C+ De+q(i + je) fori,j integers and (z,y) € R!

C ' D ‘
— O<z= +ql§1,0§y: Jrqy<1f0ri,jintegers
q
1 fC=0 D

Replacing x,y with the above we have

¢7(0)
1D 1 n,_ D D1
= 24 D24 nCDY (5 =)+ o1+ = — (1 +2) + -
C§=O X(C? + D* 4+ nC ){2(q D7+ (+q)+3)}

+ > [x(C*+D*+nCD)

0<C<gqg—-1
_(J_lD 1. n,C* D> (C+D. 1
{(E_§)<E_§)+Z(?+?_( p )+§)}]
q—1
= [X(C* + D* + nCD)
C,D=0
cC 1..D 1 n C?* D? C+D 1
{(5—5)(5—§)+Z(? ?—( 7 )Jrg)}]
! D 1
+ D* (= — =
> A0 )
q—1
= 2 x(C? + D? 4+ nCD)(6C*n + 12CD — 6gnC — 12Cq + (n + 3)¢%)
C,D=0
It
+ 5 > x(D*)(2D — ¢)6q.
12¢q o

Now we compute (~(0). Let R? = {(z,y) € Q*|w(qr + qy)e € R, 0 <
x < 1,0 <y < 1} Since C' + Dw with integers 0 < C,D < ¢ — 1 form
a complete system of representatives of R/qR, we can uniquely select an
integer pair 0 < C, D < g — 1 such that w(qz + qye) € C + Dw + gR. Let
R*(C,D) = {(z,y) € R*|w(qz + qye) € C + Dw + qR}. Then

5



a € (q)bi(KT)
integral

_ ¥y i X(=N(qw(z +ny + e(y +na)))

(=N(qw(z +n1 + €(y + n2)))

(z,y)ER? n1,n2=0

_ ¥ Z X(=N(gw(z + ye)))

—N(quw(z +n1 + €y +n2)))*

(z,y)€R? n1,n2= 0

q—1 1
— CDZ:O—X(N(C'—FDM))(H)G%;(CD)M% s (CN(qw(z + ny + e(y + na)))*
_ qu [~ X(N(C + Dw))
1
2 Z —2)%¢>((x+n1 + (y+n2)e)(x +n1 + (y + ng)e))s]‘

(z,y)€R?(C,D) ni,n2= 0

From the work of Shintani [7] [8],

1

q

¢(0) =

C

™

A= -2+ -2CD) o} £ ) )
)

|
—

= % [~x(C* = (n=2)D* + (- 2CD)
C,D=0

> {5+ @ - @y + )}
(z,y)€R2(C,D)

We note that

(z,y) € R*(C, D)
< quw(x+ye) =C+ Dw+ q(i + jw) for 4, integers and (z,y) € R?
— (n—2)q(x+ye)=—(n—1)(C+iq)+ (n—2)(D+ jq) + e(C +1iq)
for 7, j integers and (z,y) € R?
—(n=D(C+ig) +(n-2)(D+jqg) _,

— O<z= =~
(n—2)q
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Ot
Ogy:ﬂ<1 fori=0,1,---,n — 3 integers and
(n—2)q
. C+iqg)(n—1 D
J:[lJr( )( )_]‘
q(n—2) q

Thus
—(C+iq)(n—1) D
He 2 Sl
C-D C +iq
q q(n —2)
_ s C—-D, r(C/D) C+1iq
a [H q I+ q q(n —2)
r(C,D) C+igq7 r(C,D) C +1iq
{ q +Q(n—2)} ( ¢ an-2)

= [i+ |-G+ +
q
}—(i—l—[c_D]—i—r(C’D) C+iq

q q Q(n—?))Jr1

)+ 1 fori=0,1,---,n — 3 integers,

where r(C, D) =C — D — q[C_TD]. Since

0 < r(C, D) C +1iq

< <2,
q q(n —2)

D) W (C.D) )
(7 ) t2 s > L

Tr =

{_(W+M)+1 if@+ﬂ<1
q q(n—2)

Let s(C, D) = [w]. Then (z,y) € R*(C, D) if and only if

q q(n—2)

{_(W+M)+1 if 0 <i<n—2-—s(C,D)
A

= _(T<C;D>+q(0n+jg))+2 ifn—2—s(C,D)<i<n-2.
g
y = (—i_;;] for0<i<n-—2.
n—2)q

Replacing x,y with above we have

¢ (0)= qz—: —x(C* = (n—2)D*+ (n —2)CD)S(C, D),

C,D=0



where

S(C,D)
B n_B_XS(:C’D) B C+ iq<_7’(C,D) B C +iq 1)
Py 2q q (n—2)q
n+2_ v D) n._ r(CD), n+3
1 (1 . )—1—4(1 . )? + 5 }
fy C+iq, r(C,D) C+igq
i=n—2—s(C,D) q q (n—2)q
n+ 2 r(C,D), n r(C,D),, n+3
1 (2 )+4(2— . )? + 5 }

(by using MATHEMATICA)

1
= 1242 (—6Cq — 6Cqs(C, D) + 6C? — ¢*n — 12Cr(C, D) + 3¢* + 6Cr(C, D)n
+67(C, D)q — 3r(C, D)qn + 9¢*s(C, D) + 3¢*s(C, D)* — 6r(C, D)qs(C, D)n
—6nr(C, D)? + 3n*r(C, D)?)
1 2 )
= g {3((n—2)r(C. D)+ C - s(C, D)q)” +3C
+(3 —n)¢* — 6Cq +9¢°s(C, D) — 12r(C, D)gs(C, D)

+6nr(C, D)? — 12r(C, D)* + 6r(C, D)q — 3r(C, D)qn}.

Since
C—-D  ifC—-D>0
Tmﬂn_{q+0—p it C— D <0,

we obtain the following equations;

q—1

(1) Z xX(Qc,p(n))r(C, D)

C,D

»—‘O

-1

= Z X(Qc.p(n))q + Z X(Qe.p(n))(C — D),

C,D=0
<D



(2) X(Qc,p(n))r(C, D)
C,D=0
q—1 q—1
= > x(Qcpm)(@®+2¢(C—-D))+ > x(Qcnn))(C— D)?
C,D=0 C,D=0
q—1
(3) X(Qc.p(n))s(C, D)r(C, D)
C,D=0
q—1
= Y x(@Qcp(m)((¢g+C —D)(n—2)+que,p(n)
q—1

C,D=0
q—1
(4) x(Qc,p(n))s(C, D)
C,D=0
q—1 q—1
= > xQecpm)(n-2)+ Y x(Qcn(n))ve,n(n).
CéD<=DO C,D=0

where

[n(C'—D)—I—2D—C}

ucp(n) = n(C—-D)+2D—-C—gq .

[H(C—D)-i-ZD—C]

q
Qep(n) = C*—(n—2)D*+ (n—2)CD.

vop(n) = ;

And
(5) (n—2)r(C,D)+ C —qs(C,D)

q

n— - —a(n —92)[c=D
= (”2)(0D)+Cq(n2){C;D]Q[( (O =D)+C—an =2 ]]

C—D)—FC’}
q

q
— m-2(C-D)+C—q[n=N

= uc.p(n)



By the equations (1) - (5), we have the following value of (~(0).
¢ (0)
= —2)D*+ (n—2)CD
cho[ (n—2)D* + (n—2)CD)
{3uC,D(n)2 +3C? + 6n(C — D)* —12(C — D)* — 6Cq — 12quc,p(n)(C — D)
— 3ng(C' — D) +6q(C — D) + ¢*(3 + 9ve,p(n) — n)}|

1t

o7 C’DZ: 0 [X(C* = (n=2)D* + (n - 2)CD)

{(6n —12)(¢* + 2¢(C' — D)) — 124((g + C — D)(n — 2) + que.p(n))
+ (6q - 3qn)q +9¢°(n - 2) |

= 12q2 C%:O [ (n —2)D* + (n —2)CD)

{Buc.p(n)? +3C? 4 6n(C — D)* = 12(C = D)* = 6Cq — 12quc,p(n)(C — D)
— 3ng(C' — D) +6q(C — D) + ¢*(3 + 9ve,p(n) — n)}|

1
12¢?

Z x(C? = (n—2)D* + (n — 2)CD)(—UC7D(TL)12(]2).

c,D=0
C <D

Combining the values of (*(0) and ¢~ (0), we have
(6) Cr(x) (0, x)

1l
= o5 Z x(C? + D? + nCD){GC’zn +12CD — 6gnC — 12Cq + (n + 3)q2}
4" ¢.p=0

> [X(C’Q —(n—2)D*+ (n—2)CD)

{SUC.D(TLV +3C? +6n(C — D)* — 12(C — D)* — 6Cq — 12que,p(n)(C — D)
— 3ng(C — D) +6¢(C — D) + ¢*(3 + ve,p(n) — ”)H
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[y

1 =

+ 12¢?

(]

X(C? — (n — 2)D* + (n — 2)CD)vep(n)12¢>.
Cc,D=0
C <D

Finally we can have the following Lemma.

Lemma 2.3 Let d = n?> — 4, n > 5 be a positive square free integer, q > 2
an integer with (q¢,d) = 1, and x is an odd character with conductor q. Let

TL(C—D)-FQD—C?

ucp(n) = n(C’—D)+2D—C’—q[ p

Uc,D(n) _ {TL(C—D)—FQD—C}.

q
Then if n = gk +r where 0 < r < g,

Grae (0, = oz (Bo()k + 4,(0))
where
Ax(r)
= 5 {X(C2 + D? + rC’D){602r +12CD — 6qrC + (r + 3)¢* — 12Cq}
C,D=0

— X(C? = (r = 2)D* + (r = 2)CD){3uc,p(r)* + 3C* + (6r — 12)(C — D)’
— 6¢C + (=3qr + 6q — 12quc p(r))(C — D) + >3+ Yvep(r) — 7")}]

¥ V(€2 = (r = 2)D* + (r — 2CDYvep(r)12¢?
o
q—1
+ > x(D*)(2D — ¢)6q,
D=0
and
By r)
q—1
= [X(C2 + D?* +rCD)(6C%*q — 6Cq* + ¢*)
C,D=0

11



— X(C* = (r=2)D* + (r — 2)CD){ = 6¢(C — D)* + 6¢*(C — D) — ¢*}|
— qi x(C? — (r —2)D* + (r — 2)CD)(C — D)124°.

C,D=0
C <D

Proof: We know that if n = gk + r where 0 < r < ¢, then

uc.p(gk + 1) = uc p(r),

vep(gk+71) = (C — D)k +vep(r),

x(C? — (n —2)D* 4 (n — 2)CD) = x(C* — (r — 2)D* + (r — 2)CD),
X(C* 4+ D? + nCD) = x(C? + D* +rCD).

Thus the lemma immediately follows from the above computation of (p(x)(0, x)
in (6). O

3 Proof of Theorem 1.3

Let d = n? — 4 be a positive square free integer with n > 5 and K = Q(v/d).
Let ¢ > 2 be an integer with (¢,d) = 1, x an odd primitive character with
conductor ¢, x4(-) = (%) the usual Kronecker character and L, the field
generated over Q by the values x(a) (1 <a < ¢). We assume that h(d) = 1.
Then

Ck(0,x) = CP(K)(Oa X)

where
_ X(N(a))
CK(&X) - quj;Kl) N(a)s
We note the formula (2.2) in [1]
1 g qd
Cx(0,x) = —- > ax(a) X bx(b)xa(b)-
qa = b—1

Thus from Lemma 2.3, we have

q qd
o B0k + A3(r)) = 3 3% ax() Yo b)),

12



where r =n+qk, 0 <r < q. Let

Since we know form the Fact A in [1] that qid > by (b)xa(b) is an algebraic
integer ,
By (r)k+ A, (r) =0 (mod I),

where I is a prime ideal of L, for which m, € I. Let

2
—4
Um:{a€Z|(a

) = —1 for every prime divisor ¢ of m},

and assume that the positive integers ¢ and p satisfy the following condition:

Condition(*). The integer q is odd, p is an odd prime, and there is an odd
prime character x with conductor q¢ and a prime ideal I of L, lying over p
such that m, € I, but I does not divide the ideal generated by B, (a) in the
ring of integers of Ly, if a is any rational integer with a € Uj,.

If the integers ¢ and p satisfy the Condition(*), then for r € U, we have

Ax(r)
B\(r)
And if the residue field of I is the prime field, then

n=-—q +7r (mod I).

R/I = 7/pZ.

So there is a unique T'(r) € {0,1,---,p — 1} such that

qgig +r+I=T()+1,

and

13



3.1 The computer program

In this section, we provide the computer program to compute 7'(r) for each
r € U, Firstly we compute x(r) modulo /. In the program, chila_]
(i= 1,2, 3) is the function computing x;(a) modulo I;, where the character
x; and the ideal I; are defined in Example 1, Example 3 and Example 4 of
Section 4 in [1] respectively for ¢ = 1,2,3. Next we compute A, (r) and B, (r)
modulo /. Finally we compute T'(r). In the program T1[r_] is the function
computing 77 (r) for which

Ay (1)
—175-X L =T I
BXl(r)—FT‘—I— 1 () + 1,
T2[r_] is the function computing T5(r) for which
Ay (1)
—61--X2 I, =T 1
By, (r) +r+ I ="T5(r)+ I,

T3[r_] is the function computing 753(r) for which

Ay (1)
—175-2 Is =T: Is.
BXB(T)—l—T—l— 3 =T15(r) + I3
The following is the MATHEMATICA program to compute T'(r) for each
reU,.

(f[x_,y_] computes the logarithm of x with base 2 modulo y.)

flx_, y.1 := (j=0; m=Mod[x, yl;
If [Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*2, y] ; j = j + 1];
Returnl[y - 1 - j1);

(glx_,y_] computes the logarithm of x with base 3 modulo y.)

glx_, y_1 := (j = 0; m = Mod[x, y];
If[Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*3, yl; j = j + 11;
Returnl[y - 1 - j1);
g7lx_] := glx, 71; £25[x_] := (j = 0; m = Mod[x, 25];
If[ Mod[m, 5] == 0, Return[0]];
While[Mod[m, 25] >1, m = Mod[m*2, 25]; j = j + 1];
Return[20 - j1);
f61[x_] := flx, 61];

14



(iv[x_,y] computes the multiplicative inverse of x modulo y.)

ivlzx_, y_1 = (
i=1;
While[Mod[ i*x, y] >1, i++];
Return[i] );

(chila_] computes x;(a) modulo I;.)

chifa_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod[PowerMod[8, f25[Mod[a, 25]]1, 61]*
PowerMod [47, g7[Mod[a, 7] ], 611, 61]11);

ch2[a_] := (If[Mod[a, 61] == 0, Return[0]];
Return[PowerMod[1833, f61[Mod[a, 61]], 1861]1]1);

ch3[a_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod [PowerMod [380, f25[Mod[a, 25]], 1861]%*
PowerMod [1406, g7[Mod[a, 7] 1, 1861], 1861]1]1);

(The followings are needed to compute A,,(r) and By, (r) modulo I;.)

ulx_, y_, a_,q.] :=a (x-y) +2y-x-q Floor[(a (x - y) +
2y-x)/q];

vlx_, y_, a_, q_] := Floor[(a (x - y) + 2y - x)/q];

ax11[x_, y_, a_, q_] :=
Mod[-chl[x"2 - (a - 2)y"2 + (a - 2)x yl*
Bulx, y, a, gl"2+3x2+6a(x-y)"2-12 (x - y)"2
-6gqgx-3qax-y)+6qkx-y)-12qvix, vy, a, ql x -y
+ 39q72+9vlx, vy, a,q qg°2 -aq2)
+ chl[x"2 + y72 + a x yl*
(6x2a-6xqga+q2x*x(a+3)+12xy-12xq ), 61];

ax12[x_, q_] := Mod[chl[x"2]*(2 x - q)*6%q, 61];

ax13[x_, y_, a_, gq_] := Mod[chi[x"2 - (a - 2)y"2 + (a - 2) x yl*
12xq~2*v[x, y, a, ql, 61];

15



bx11[x_, y_, a_, q_] :=
Mod[chl[x"2 + y°2 + a x y] *
(6 x°2 q-69g72x+q°3)
- chl[x"2 - (a - 2)y"2 + (a - 2)x yl*
(-6 q x-y)"2+6q2x*(x-y)-q9g3), 61];

bx12[x_, y_, a_, q_1 :=
Mod[chl[x"2 - (a - 2)y"2 + (a - 2)x yl*
12%q"2*(x - y), 61];

ax21[x_, y_, a_, q_] :=
Mod[-ch2[x"2 - (a - 2)y"2 + (a - 2)x yl*
B ulx, y, a, ql"2+3x2+6a(x-y)"2-12 (x-y)"2
-6gx-3gqa(x-y)+6qkx-y)-12qvix, vy, a, q x-1y)
+ 39q2+9vlx,vy,a ql qg2-aq2)
+ ch2[x"2 + y™2 + a x yl*
(6x2a-6xqa+q2x*x(a+3) +12xy-12x q ), 1861];

ax22[x_, q_] := Mod[ch2[x"2]*(2 x - q)*6*q, 1861];

ax23[x_, y_, a_, q_] :=
Mod[ch2[x"2 - (a - 2)y"2 + (a - 2) x yl*
12xq " 2xv([x, y, a, ql,1861];

bx21[x_, y_, a_, q_] :=
Mod[ch2[x"2 + y°2 + a x y] *
(6 x°2q-69°2x + q°3)
- ch2[x"2 - (a - 2)y"2 + (a - 2)x yl*
(-6 q x-y)"2+6q2x*(x-y)-q93),1861];

bx22[x_, y_, a_, q_] :=
Mod[ch2[x"2 - (a - 2)y"2 + (a - 2)x yl*
12xq~2*(x - y), 1861];

ax31[x_, y_, a_, q_] :=
Mod[-ch3[x"2 - (a - 2)y"2 + (a - 2)x yl*
B ulx, y, a, ql"2+3x2+6a(x-y)"2-12 (x-y)"2
-6gx-3qa(x-y)+6qkx-y)-12qvix, vy, a, q x-1y)
+ 39q2+9vlx,vy,a ql qg2-aq2)
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+ ch3[x"2 + y™2 + a x yl*
(6x2a-6xqga+q2=x*(a+3)+12xy-12xq), 1861];

ax32[x_, q_] := Mod[ch3[x"2]*(2 x - q)*6*q, 1861];

ax33[x_, y_, a_, q_] :=
Mod[ch3[x"2 - (a - 2)y"2 + (a - 2) x yl*
12xq"2xv([x, y, a, ql,1861];

bx31[x_, y_, a_, q_] :=
Mod[ch3[x"2 + y°2 + a x y] *
(6 x°2q-649°2x +q°3)
- ch3[x"2 - (a - y"2 + (a - 2)x yl*
(-6 q (x-y)"2+6q2=*(x-y) -q3),1861];

bx32[x_, y_, a_, q_] :=
Mod[ch3[x"2 - (a - 2)y"2 + (a - 2)x yl*
12xq~2*(x - y), 1861];

(Axila_,q_] and Bxila_,q_]) computes A, (r) and B,, (r) modulo I; respectively,
where q is the conductor for the character y; for i = 1,2,3.)

Ax1fa_, q_] :=
Sum[Sum[ax11[x, y, a, ql, {x, 0, q - 1}], {y, 0, q - 1}]
+ Sum([Sum[ax13[x, y, a, ql, {y, x + 1, q - 1}], {x, 0, q - 2}]
+ Sum[ax12[x, ql, {x, 0, q - 1}];
Bxila_, q_] :=
Sum[Sum[bx11[x, y, a, ql, {x, 0, q - 1}], {y, 0, q - 1}]
+ Sum[ Sum[bx12[x, y, a, ql, {y, x + 1, q - 1}, {x, 0, q - 2}];
Ax2[a_, q_] :=
Sum[Sum[ax21[x, y, a, ql, {x, 0, q - 1}], {y, 0, q - 1}]
+ Sum[Sum[ax23[x, y, a, ql, {y, x + 1, q - 1}], {x, 0, q - 2}]
+ Sum[ax22[x,q], {x, 0, q - 1}];
Bx2[a_, q_] :=
Sum[Sum[bx21[x, y, a, ql, {x, 0, q - 1}], {y, 0, q - 1}]
+ Sum[Sum[bx22[x, y, a, ql, {y, x + 1, q - 1}]1, {x, 0, q - 2}];
Ax3[a_, q_] :=
Sum[Sum[ax31[x, y, a, ql, {x, 0, q - 1}1, {y, 0, q - 1}]
+ Sum[Sum[ax33([x, y, a, ql, {y, x + 1, q - 1}], {x, 0, q - 2}] +
Sum[ax32[x, q], {x, 0, q - 1}];
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Bx3[a_, q_] :=
Sum[SU-m[bXS]-[X, y, a, q]y {X9 Or q - 1}]: {Y1 O’ q - 1}]
+ Sum[Sum[bx32[x, y, a, ql, {y, x + 1, q - 1}], {x, 0, q - 2}];

(Tila_](i = 1,2,3) are previously defined functions at the beginning of this sec-
tion.)

Tila_] :=

Mod[-Ax1[a, 175]*175%iv([Bx1[a, 175], 61] + a, 61];
T2[a_] :=

Mod[-Ax2[a, 61]*61*iv[Bx2[a, 61], 1861] + a, 1861];
T3[a_] :=

Mod[-Ax3[a, 175]*175*iv[Bx3[a, 175], 1861] + a, 1861];

3.2 The result of the computer work

We denote by ¢ — p that g, p satisfy Condition(*). From the Section 4 in
[1], we can find that

175 — 61, 61 — 1861, 175 — 1861.

Let ay75 be an residue modulo 175 for which ay75 € U;75 and bg; be the residue
modulo 61 for which

ber = T (a7s)

and bg; € Ug;. By the computer work in section 3.1, we can obtain

{(a175,b61)} = { (14,48), (21,21), (39, 45), (46, 15), (56, 36), (81, 55), (84,
38), (91, 23), (94, 6), (119, 25), (129, 46), (136, 16), (154, 40), (161,13)}.

For a bg1, let c1g61 be the residue modulo 1861 for which
C1861 — T2<b61)
and cig61 € Uiggr- Then we can obtain

{(be1, c1861)} = { (48, 163), (45, 1176), (36, 1164), (55, 1855), (38, 1726), (23,
135), (6, 6), (25, 697), (16, 685), (13, 1698)}.
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For an ay75 such that the corresponding bg; appears in the above {(bg1, c1s61) },
let digg1 be the residue modulo 1861 for which

dige1 = T3(a175)
and d1861 c U1861' Then we can obtain

{(a1rs, diser)} = { (14, 1702), (39, 874), (56, 894), (81, 176), (84, 309), (91,
1552), (94, 1685), (119, 967), (136, 987), (161, 159) }.

But C1861 7é d1861 for all 018617d1861- Thus if h(d) = 1, then (g) =0or 1 for
at least one of ¢ = 5,7,61,1861. This completes the proof of Theorem 1.3.

Acknowledgements. The authors thank the referee for many valuable
suggestions.
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