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Abstract. In this paper, we will introduce the notion of the real quadratic function
fields of minimal type, which is a function field analogue to Kawamoto and Tomita’s
notion of real quadratic fields of minimal type. As number field cases, we will show
that there are exactly 6 real quadratic function fields of class number one that are

not of minimal type.

1. INTRODUCTION

Let ¢ be an odd prime and k = FF, the finite field of order ¢q. Let D &
k[x] be a monic square-free polynomial of even degree and K = k(x)(v/D)
the real quadratic function field over k. Let O = k[z] + k[z]V/D be the
integral closure of k[z] in K, h(Og) the ideal class number of O, and
ex =tp + upvD the fundamental unit of K.

Let D € k[z] be a monic square-free polynomial of even degree. Then

v D has a continued fraction expansion

VD = [ag, a1, az, - - -, a1, 2a0),

where the sequence of non-constant polynomials a1, ...,a;_1 is palindromic,
that is, aj_; = a; for 1 <7 <1 — 1. Here [ is the period of D.

For a given positive integer [ > 1 and a palindromic sequence of non-
constant polynomials aq, ..., aj_1 in k[z], let Sg(l;a1,...,a;—1) be the set

of all monic square-free polynomials D of even degree in k[x] such that

VD = [ag, a1, . .., a;_1, 2a0) for some non-constant polynomial ag in k[z].
In this paper, we will show the following theorem, which is a function

field analogue to [B-L] and [Ha].

Theorem 1.1. Let g be an odd prime and k = F,. For a given positive
integer | > 1 and a palindromic sequence of non-constant polynomials a1,

.., aj—1 in k[z], deg D > degup for all D € Si(l;a1,...,a;—1) with one
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possible exception. If the exception exists, then it has the least degree in

Sk(l; ALy .y alfl).

The following definition is a function field analogue to Kawamoto and

Tomita’s notion of real quadratic fields of minimal type in [K-T].

Definition 1.2. Let q be an odd prime and k = F,. For a given positive
integer | > 1 and a palindromic sequence of non-constant polynomials aq,
.y a1 i k[zx], if Sp(l;a1,...,a;—1) has the exception D in Theorem 1.1,
then we call K = k(z)(v/D) a real quadratic function field of minimal type

over k.

In [K-T], Kawamoto and Tomita proved that there exist exactly 51 real
quadratic fields of ideal class number one that are not of minimal type with
one more possible exception. In this paper, we will show the following similar

theorem.

Theorem 1.3. Let g be an odd prime and k =F,. If ¢ =3 or 5, there are
exactly 6 real quadratic function fields over k with ideal class number one
that are not of minimal type. If ¢ > 7, all real quadratic function fields with

ideal class number one is of minimal type.

2. PROOF OoF THEOREM 1.1

Let ¢ be an odd prime and k = [F,. For a continued fraction expansion in
1
k()
[a()a ai, az, .. ']7

we define for i € Ny,

p—2:=0, p_1:=1, pi:=aipi1+Dpi-2,

q—2:=1, ¢1:=0, ¢ :=aigi-1+ g2
Then we have for i € Ny,

Pi

- = [CL()7 ay,ag, ... ,(17;],
ai
Piti—1 — pic1ai = (—1)"71,

Pit+1 = Gi+1P; + Pi—1,

Qi+1 = Gi+14; + Qi—1.
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We call % the i-th approzimant of the continued fraction [ag,a1,as,. . .].
Let a1, -+ ,a;_1 be a palindromic sequence of non-constant polynomials
in k[z]. Suppose that there exists a monic square-free polynomial D of even

degree and g € k[z] such that

VD = [ag, a1, a2, -, a;_1, 2aq).

Then we have

VD = ap + /87
where 8 = [0,a1,a9, -+ ,a;_1,2ag]. Let %‘ be the i-th approximant of the
continued fraction [0, a1, a9, - ,a;—1,2ap]. Then we have

Pl-1 = q-2

and

D — \/ag n 2a0p—1 + P12
Y e e —
q

-1

(cf. [p.338, Mc]). We note that dega? > deg 220PI=1HPI=2 | [f we Jet v =

qi-1
mmqfl%, then we have v € k[z] and

2a0p1-1 + pi—2 = vq-1.
So we have

2a0pi—1 — vqi—1 = —pi—2 = (-1 p_a(poiqi—2 — Paqi—1)
and
pi-1(2a0 + (—1)'praqi—2) = g1 (v + (—1)'p}_,).

Since p;—1 and ¢;—1 are relatively prime, there exists w € k[z] such that

2a0 + (—1)'p1_2qi—2 = wq_1,
and
12
v+ (=1)'pj_g = wp-1.
Thus we have

wg—1 + (1) tpagi_o
2

D =( )2+ wpi— + (1) p7,

and obtain the following lemma.
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Lemma 2.1. Let q be an odd prime, k = Fy, and D a monic square-free
polynomial of even degree in klx]|. Letl > 1 be a positive integer, ay,- -+ ,a;_1
a palindromic sequence of non-constant polynomials in k[x], and % the i-
th approzimant of the continued fraction [0,a1,as9,...,a;—1]. Suppose that

there exists ag € klx] such that

\/B — [a07a17a27 e aal—172a0]~

Then there exists w € k[x] such that

wg—1 4+ (=) poqi_o
2

)2 +wpi—1 + (1)l

D=(

The following lemma is well known.

Lemma 2.2. Let q be an odd prime and k = F,. Let D be a monic square-

free polynomial of even degree in k[x] such that VD = [ag, a1, az, - -, a;_1, 2ag)
and % the i-th approzimant of the continued fraction. Let K = k(z)(v/D)
be the real quadratic function field over k and ek the fundamental unit of

K. Then

p—1 +q_1VD if I is eqaul to the quasi-period of D,
€x =
pL_q+ qi_lx/ﬁ if | is eqaul to two times of the quasi-period of D.
2 2

Remark. Tt is well known that the period of D is equal to the quasi-period or
two times of the quasi-period of D. For detail and definition of quasi-period,

see [St].

Proof of Theorem 1.1. Let g be an odd prime and & = F,. For a given
positive integer [ > 1 and a palindromic sequence of polynomials aj, ...,
a;—1 in k[z], suppose that D € Sg(l;a1,...,a;—1). Then by Lemma 2.1, we
have

wq—1 + (=) pogqo
2

D= ( )? +wpi1 + (—1)pf,
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for some w € k[z], where % the ¢-th approximant of the continued fraction

[0,a1,a9,...,a;_1]. So if degwq;_1 # degp;_2q;_2, then we have

degD > degag

(qu + (=) paq o )2

= deg 5
> 2degq—1
> 2degq:_,

2

and by Lemma 2.2, we have
deg D > degup.
Suppose that degwq;—1 = degp;_2q;—2. Then we can write

()" 'psqa = aq_1 + 7
for some «, v € k[z] such that degy < deg ¢—1 or v = 0 and we have
wg—1 + (1) paqi—2 = (w + @) q_1 + -
So if w # —a, then by Lemma 2.1 we also have deg D > 2degq; ;1 and by
Lemma 2.2 we have
deg D > degup.
Thus we proved that deg D > degup for all D € Si(l;a1,...,a;—1) with one

possible exception, which is the case w = —a and in this case D has the

least degree in S(l;a1,...,a;_1). O

3. PROOF OF THEOREM 1.3

Let ¢ be an odd prime and k = F,. Let D € k[z] be a monic square-free
polynomial of even degree and K = k(x)(v/D) the real quadratic function
field over k. Let h(Og) be the ideal class number of O and hg the divisor

class number of K. Then we have
hx = Rxh(Ok),

where Ry is the regulator of K. If ex = tp + uD\/ﬁ, then Ry = degtp.
We note that if deg D = 2N, then the genus gx of K is equal to N — 1.
Let I > 1 be a positive integer and a1,--- ,a;—1 a palindromic sequence

of non-constant polynomials in k[x]. Suppose that D € S(l : a1, - ,a;-1)
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and VD = [ag,ay,az, -, a1, 2ag] for some ag € k[z]. Let % be the i-th

approximant of the continued fraction [ag, a1, a2, - ,a;_1,2a0]. If D does
not have the least degree in Si(l : a1, --,a;_1), then deg D > 2deg q;_1. So

we have
deg D = 2N > 2degq—1 = 2(dega; + --- + dega;—1)
and
Ry < degp;_1 =degag+dega; +---+degay,—1 =N +degq;_1 < 2N.

So we have the following lower bound of the ideal class number of K =
k(z)(vV/D) from the work of Madan and Queen [M-Q] and the work of Feng
and Hu [F-H].

29 —1

(q—1)(¢*9% 1 +1—2ggq 2 )
- Ri(29x —1)(q9% — 1)

(=)@ +1-2(N—-1)q
2NN —3) (" 11

This lower bound implies the following proposition.

h(Ok)

2N-3

).

Proposition 3.1. Let ¢ be an odd prime and k = F,. Let D € klx] be a
monic square-free polynomial of even degree and K = k(x)(v/D) the real
quadratic function field over k. If K is not minimal type and the ideal class

number of K is equal to one, then

4,6,8,10, ifqg=3
deg D = < 4.6, ifq=5
4, ifq="7
In particular, if ¢ > 11, then all real quadratic function fields with ideal class

number one is of minimal type.

Remark. If deg D = 2, D is not contained in Sk(l : a1, ,a;—1) for I > 1.
In this case, K = k(z)(v/D) always has ideal class number one.

Proof of Theorem 1.3. Theorem 1.3 follows from Proposition 3.1 and the
table of class numbers of quadratic function field in [F-H]. The complete list

of 6 real quadratic function fields over k& with ideal class number one that
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are not of minimal type is following.

q, degD D R h(Ok)
q=3,degD =4 zt + 222+ 2 2 1
g=3,degD=6 25+a2*+23+22+22+2 3 1

S+t +223 242 4+2 3 1
28 4+ 25 4+ 223 + 222 4 2 ) 1
28 4+ 22° + 23 + 222 4 2 ) 1
q=2>5, degD = 4 x4+ 2 2 1

REFERENCES

[B-L] D. Byeon and S. Lee, A note on units of real quadratic fields, Bull. Korean Math.
Soc. 49 (2012), 767-774.

[F-H] K. Feng and W. Hu, On real quadratic function fields of Chowla type with ideal class
number one, Proc. Amer. Math. Soc. 127 (1999), 1301-1307.

[F-S] K. Feng and S. Sun, On class number of quadratic fields, Proceeding of First In-
ternational Symposium on Algebraic Structures and Number Theory (1988, Hong
Kong), Edited by S. P. Lam and K. P. Shum, World Scientific, (1990), 88-133.

[Ha] R. Hashimoto, Ankeny-Artin-Chowla conjecture and continued fraction, J. Number
Theory 90 (2001), 143-153.

[K-T] F. Kawamoto and K. Tomita, Continued fractions and certain real quadratic fields
of minimal type, J. Math. Soc. Japan 60 (2008), 865-903.

[M-Q] M. Madan and C. Queen, Algebraic function fields of class number one, Acta Arith.
20 (1972), 423-432.

[Mc] J. Mc Laughlin, Multi-variable polynomial solutions to Pell’s equation and funda-
mental units in real quadratic fields, Pacific J. Math. 210 (2003), 335-349.

[St] A. Stein, Introduction to continued fraction expansion in real quadratic function fields,

Preprint.

Department of Mathematics, Seoul National University, Seoul, Korea

E-mail: dhbyeon@snu.ac.kr

Department of Mathematics, Seoul National University, Seoul, Korea

E-mail: pure2942@snu.ac.kr

Department of Mathematics, Seoul National University, Seoul, Korea



