SUMS OF TWO RATIONAL CUBES WITH MANY PRIME
FACTORS

DONGHO BYEON AND KEUNYOUNG JEONG

Abstract. In this paper, we show that for any given integer k > 2, there are
infinitely many cube-free integers n having exactly k prime divisors such that n is a
sum of two rational cubes. This is a cubic analogue of the work of Tian [Ti], which
proves that there are infinitely many congruent numbers having exactly k prime

divisors for any given integer k > 1.

1. INTRODUCTION AND RESULTS

Let n be a cube-free integer and E,, : 3412 = n the elliptic curve defined
over Q. Let Lg,(s) be the Hasse-Weil L-function of E,, and w,, € {1,—1}

its root number. Then Lg, (s) satisfies the functional equation
N*/2(27)*T(s) L, (s) = w,N*/2(2m)~ =12 - 5) L, (2 — 5),

where N is the conductor of E,, whose divisors are 3 and primes p |n. The
analytic rank of E, is the order of vanishing at the central point s = 1
of Lg,(s). The functional equation implies that w, = 1 if and only if
the analytic rank of F, is even. The Birch and Swinnerton-Dyer(BSD)
conjecture states that the rank of the Mordell-Weil group E,,(Q) is equal to
the analytic rank of E,. So the BSD conjecture implies that if w, = —1,
then n is a sum of two rational cubes.

The root number w,, can be computed by the following way, due to Birch
and Stephens [BS],

Wp = H wn(p),

p prime
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where for p # 3,

—1 if p|n and p =2 (mod 3)

1 otherwise
and for p = 3,

-1 if n=0, £2, 44, (mod 9)

1 otherwise.

In [Sa], Satgé proved that n = 2p, where p is a prime congruent to 2 mod
9 (so w, = —1), and also n = 2p?, where p is a prime congruent to 5 mod
9 (so wy, = —1), are sums of two rational cubes. Coward [Co] proved that
n = 25p, where p is a prime congruent to 2 mod 9 (so w, = —1), and also
n = 25p?, where p is a prime congruent to 5 mod 9 (so w, = —1), are sums
of two rational cubes. In [DV], Dasgupta and Voight proved that if p is a
prime congruent to 4 or 7 mod 9 (so w, = —1) and 3 is not a cube mod
p, then p is a sum of two rational cubes. We note that there are infinitely
many such p. Here we mention Sylvester’s conjecture which asserts if p is a
prime congruent to 4, 7 or 8 mod 9 (so w, = —1), then p is a sum of two
rational cubes. For more details and history on Sylvester’s conjecture, see
[DV].

In this paper, we prove the following theorem.

Theorem 1.1. For any given integer k > 2 and e € {1,—1}, there are
infinitely many cube-free integers (in fact, square-free integers) n having
exactly k prime divisors such that n is a sum of two rational cubes and

Wn, = €.

In [Ti], Tian has shown that for any given integer k > 1, there are in-
finitely many square-free positive integers m such that m is a congruent

3 — mZ2x has the root

number and the corresponding elliptic curve E : y? = z
number —1. So Theorem for the case w, = —1 is a cubic analogue of
the work of Tian.

On the other hand, Coates and Wiles [CW] proved that if n is a sum of
two rational cubes, than the analytic rank of E, is greater than zero. So
we immediately have the following corollary from Theorem for the case

wy, = 1.
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Corollary 1.2. For any given integer k > 2, there are infinitely many cube-
free integers n having exactly k prime divisors such that the analytic rank

of E,, is at least 2.

In [Ma], Mai proved that there are infinitely many cube-free integers n
such that the analytic rank of E, is at least 2, more precisely, the number
of cube-free integers n < X such that the analytic rank of E, is even(i.e.,
w, = 1) and > 2 is at least CX?/37¢, where € is arbitrarily small and C'is a
positive constant, for X large enough, without consideration of the number

of prime divisors of n.

2. PRELIMINARIES

Let n be a cube-free integer and E, : 23 + 4> = n. Then E, has the
Weierstrass form E!, : y? = 2% — 2433n2. We know that all E/, except for
n = £1 and £2 have no rational torsion(cf. [Si, Exercises 10.19]). In [Mal,

Lemma 2.1], Mai proved the following lemma.

Lemma 2.1. E/, has integral points if and only if n has one of the following
six forms:

b(a? — b?) or 1 — i3a2b — 3v° n a® — 9ab?

n=ET— 24 24

for some a,b € Z.

To control the root number w, and the number of prime divisors of n in
Lemma we slightly modify the result of Briidern, Kawada and Wooley
[BKW, Theorem 1], which is a quantitative strengthening of a theorem of
Perelli [Pe].

Lemma 2.2. Let f(x) € Z[z] be a polynomial which has a positive leading
coefficient with degree k. Let A, B be relatively prime odd integers and i, j
positive integers with 0 < i,7 <9 and (i,9) = (4,9) = 1. Suppose there is at

least one integer m such that
2f(m) = Ai+ Bj (mod9) and (AB,2f(m)) = 1.

Let EI?BU (N, f) be the number of positive integers n € [1, N| with 2f(n) =
Ai+ Bj (mod 9) and (AB, f(n)) = 1 for which the equation 2f(n) = Ap1 +

Bpy has no solution in primes p1 = i,p2 = j (mod 9). Then there is an
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absolute constant ¢ > 0 such that
EMPU(N, ) <5 NV,
so there are infinitely many integers n such that
2f(n) = Ap1 + Bpa,
for some primes p1 =i and po = j (mod 9).

Proof. Let N be a large positive integer, § a sufficiently small positive real
number to be chosen later, X := 2f(N), P := X% Q := X/P and & := 2 k.
Let A, B be positive odd integers and 4, j positive integers with 0 < 7,5 < 9
and (4,9) = (4,9) = 1. We define the exponential sum S;(a) by

Si(a):= Y (logp)e(ap),
P<p<X
p=i (mod 9)

where e(ap) := e?mP!

and p =i (mod 9). When T C [0, 1], we write

and the summation is over primes p with P <p < X

rams; (0 T) = /T Si(A0)S;(Ba)e(—an)da

and rapij(n) := rapi;(n;[0,1]). Then rap;;j(2f(n)) counts the number of
solutions of the equation 2f(n) = Ap; + Bpsy in primes p; = i,p2 = j
(mod 9) with weight log p1 log ps.

Let 9t C [0, 1] be the major arc defined by

m=J Mqa),
0<a<g<P
(a,9)=1

where

M(q,a) = {a €10,1]:

a‘<P}
a-l< L
q] — qX

and m C [0, 1] be the minor arc defined by
m = [0, 1] \ M.

First we consider minor arc. Let x be a Dirichlet character of modu-

lus 9. The orthogonality relations of Dirichlet characters >  x(i)x(p) =
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©(9)d(7, p), where the sum is over all Dirichlet characters of modulus 9, and
d(i,p) =1if p =14 (mod 9) and 5(i p) =0if p # i (mod 9) imply that
Si(Aa) = Y Z X()x(p) (log p)e(aAp)

P<p§X

< Y | > x(p)(logpe(adp)|.

X |P<p<x
From the proof of [Va, Theorem 3.1], we have if (a,q) = 1, ¢ < X and
o —a/ql < g2, then
3" x(p)(logp)e(adp) < (log X)*(Xq™V/2 + X474 X1/2q1/2),

P<p<X

SO

Si(Aa) < (IOgX)Zl(Xq*l/Q 1 x4/ +X1/2q1/2).

Using this upper bound and the proof of [BKW| Lemma 1], we have the
following same result for r4p;;(m) on minor arcs;
There is a positive real number a = a(d) such that

Z Irapij (2f (n);m)| < XNk, (1)

KN<n<N

Now we consider major arc. For a Dirichlet character x, we define

Zx ) and ¢(z,x, )= > x(n)A(n),

n=:i (mod 9)

where A(n) is the von Mangoldt function which defined as follows;

logp if n = pF,

0 otherwise.

A(n) =

Using the orthogonality relations of Dirichlet characters, we have
1 — .
¥l x,1) = Z >_X(0) JAn) = ©(9) D X @, x - X,
n<:1: x' ¥ X'
where x/ varies in the set of Dirichlet characters of modulus 9 and x-x/'(n) :=
x(n)x'(n). From the proof of [Gal, Theorem 7], we have for ¢ < T < :c%,
xf zlog?z
1[)(1’ X, 1) = ZX xx’l'_zi)_FO( T )

s P
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and
z+h P4
Y0 Y xlgp<h(RID YN A+ ),
ISP X (mod 9) <P x X' »p

where p = 8 + i varies in the set of zeros of L(s,x - x') with 0 < Re(p) <
1, Im(p)| < T and > * denotes that the sum is taken over all primitive
Dirichlet characters of modulus ¢. From the proof of |Ga, Theorem 7],
additional computations and the argument below [MV) Lemma 4.3], we
have the following modification of [MV], Lemma 4.3];

For suitable (small) positive absolute constants c1, ca,

xT

. N, 4 log N
; maxmax(h + 75) z;l x(p)logp‘<<exp(61logp) (2)
= X =i
(mod9)

provided exp(log% N) < P < N°. Here Y% indicates that the term with
q=11s to be

T

Z logp — Z 1

z—h rz—h<n<zx
p=t (mod 9) n>0
n=i (mod 9)

and that if there is an exceptional character X then the corresponding term
18
x

> xlogp+ Y.

z—h r—h<n<x
p=t (mod 9) n>0
n=:i (mod 9)

where B is the (unique) exceptional zero of L(s,X). If the exceptional char-

acter occurs, the right hand side of @ may be reduced by a factor of (1 —

B)log P.

For a Dirichlet character x of modulus ¢, we define

Sitem) = Y. (logp)x(p)e(pn),

P<p<X
p=i (mod 9)
and
Ti):== Y., elnm), Tin)=- Y  ne(ny),
P<n<X P<n<X

n=i (mod 9) n=i (mod 9)

where the last one is defined only if there is an exceptional character.
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Let xo be the principal character modulo g. Define

Wilx;n) =4 Sile,n) = Ti(n)  if x = Xxo,
Si(x,n) otherwise.
Suppose that a Dirichlet character x (mod ¢) is induced by a primitive

character x* (mod r). Put

1

WA= (7 Wi Anfant and WA= Y YW

1
Q q<P X

Applying [MV], Lemma 4.2] to the real numbers

x(p)logp ifn=Ap, P<p<X, p=i (mod?9),

Uy =
0 otherwise,
we get
A 2AX 1 2 |
Wi < ([ 5 X | w)
0 q P<p<X
z—%prS:v
p=t (mod 9)
< X2 o S 3 A
a a — ogp|.
%2§Og}l§xx P —~ X\p)20e P
gzcazi
(mod 9)

Then using the above modification of [MV] Lemma 4.3], we have the follow-
ing modification of [MV], (7.1) and (7.1)];
If there is no exceptional character,

logX)
log P"’

wh < Xz exp(—cs

and if the exceptional character occurs,

1 ~ log X
WA < X2(1— f)log Pexp(—cs 1ng).

i —a — . 1
For a € M(q,a) we write a« = ¢ + 17 for (a,q) =1, -5 < n < 5

and ¢ < P. For a character x of modulus ¢, let 7(x) = >¢_, x(n)e(y)

be the Gaussian sum. For integers C,D € {A,B,q,n,2f(n)}, we define

Cp = (C(;D). Using arguments in [MV] Section 6], we have

; oz—'u(QA)- 71 a)T(x ;
SilAa) = 2T An) + — ZX:X(Aq JTOWilx, An),  (3)
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where the sum is over all Dirichlet characters y of modulus ¢4, unless there
is an exceptional character of modulus 7, in which case 7|g4 then we obtain

an additional term
X(Aqa)7T(XX0) 5
(Ag0)7(00) 7 1
©(qa)
on the right hand side of .

First we assume that there is no exceptional character. Let n € (kN, N]|
be an integer with 2f(n) = Ai + Bj (mod 9) and (AB, f(n)) = 1. For

simplicity, we define

tMB(n) = Ti(An)Tj(Bn)e(—2f(n)n),

thwP(n) = Ti(An)W;(x', Bn)e(—2f(n)n),
tBwl(n) = T;(Bn)Wilx, An)e(—2f(n)n),

wiwB(n) = Wilx, AmW;(x', Bn)e(—2f (n)n),
where y and X/ are characters of modulus of g4 and ¢g, respectively. Then

we have

N [© B A
+ qum o xne-270r ) [ et )
+ q;#(%) XEXIX Byexx (=2f(m)r(0)7(¥)
S ©

where ¢,(m) = Zt(za,q)zl (%) and co(m) := 374 _, *(h)e(hTm) (We remark

that h goes from 1 to g though the modulus of x is a divisor of q.).
Using [MV] Lemma 5.5] and arguments in [MV], Section 6], we have

) (4A)X' (Byey (2 ()T() | [79 10 s 2
< X e BN
< xS IO 7

q<P X’ rQ
« AW yrpys

p(2f(n))
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By the same method, we have

2f(n) ‘A1 I 2f(n) Ay B
L ———W7X2 and (1) < —7W/ W".
@ ©(2f(n)) ©(2f(n)) ’
Now we consider the term . Assume harmless conditions ¢@ > 184 and
A > B. Then we have

1 1 1 1
9@ ALB _ ™ ALB T oAB B ALB
[T = [T - [T aan- [ o

1 L
184 18

mAB T q
- /1 titj(ﬁ)dﬁ—/_

aQ 18

<]
-
- sl
&~

17 (n)dn.

‘H
|

By the same argument for [MV], (6.10)], we have

1
18A
/1 117 (n)dn < Q.
aQ

By elementary computation, we have

&l

JGO R ST et

93
Tlg P<klI<X 9 9°AB
k=il=j
Ak+Bl=2f(n)
and
1 11
A,B _ _ _ _
18A P<kl<X
k=il=j
Ak+BIl=2f(n)
1 1 2f(n)
= (= - — p).
(18 18A)92AB O(P)

Thus we have

@ _ 2f(n) 1 1 2f(n)
[ e nan = 00 -2~ 5x)eran + 0lQ)

Using the above estimation for the integral in and arguments for [MV],
(6.12), (6.13), (6.14)], we have the the following estimation for the term ([4));

(1) = ©.4.5(21(n) 2L+ O(x1 P,

where &4 p(n) = ZZ‘;l %%(_n)-
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Finally, combining the above bounds for , (@, and the above esti-
mation for (4), we have the following modification of [MV], (6.17)];

2f(n)
93A2B

_2f(0) qpayd CwBxh L wAWB
+ O Gy WAXE+WPXE+ W), (9)

TaBij(2f(n); M) = Gap(2f(n)) +o(xpt

Since A, B and 2f(n) are pairwise relatively prime, we have

Sap2f(n) = [Ja+

and by [BKW,, (15)]

2f(n)
©4,5(2f(n) =cap611(2f(n) > caB—57~
27t 21

for a constant c4 p depending only on A, B. From the above modification
of [MV], (7.1)], the third term of the right hand side of is less then
@(ﬁzf f(?yz))X e~65. If we choose a sufficiently small positive real number 4,
then 74pi;(2f(n); M) > (55975 — c4)S(2f(n))(2f(n)). This implies that
TABij(Qf(n);gﬁ) > X.

Next we assume that there is the exceptional character. Let n € (kN, N]

be an integer with 2f(n) = Ai + Bj (mod 9) and (AB, f(n)) = 1. For

simplicity, we define

1P m) = T(ADT;(Bn)e(=2f(n)n),
thP () = Ti(AnTj(Bn)e(=2f(n)n),
P ) = T(AnT;(Bn)e(=2f (n)n),
EAwf(n) = ﬂ(An)Wj(X/,Bﬁ)e(_zf(n)n)7
Pwlt(n) = T(Bn)Wilx, An)e(—2f(n)n),
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where x and x’ are characters of modulus of ¢4 and gg, respectively. Then

we have the following possible additional terms in 74p;;(2f(n); M);

OO 4 B oy [ AT

3 ety aBe-21(0) / Ry 9)
Tlga,qB

v Y M) i e (<25m)) / A i (10)
%, elaa)elan) oo %
f\QB

b Y MO g e (21 [ ) an
w =

b 3 MBI 5 Corprionay [ Butman (2
q<P X @
7lga

oy Wrod T‘{‘X@) (3 o2 (Y () [ #uan. 13

<P A)<P qB
Tlap

By the same arguments for and @, we have

2f(n) Ayy o 2f(n) By
" S oefmy"i e " oermy)

Now we consider the first three terms @, , . For the integral in
@, we have

1
S FATB () dy — gy L _ 1
[rRTman = Y @) g - o)+ Ollog X)
18 P<kl<X

k=i,l=j

Ak+BI=2f(n)

and by the same argument for the estimation of the integral in , we have

/ CHPGI =T -2 Y ) g - ) + 0,

1 18 18A
7Q P<ki<X
k=i,l=j
Ak+BI=2f(n)
where
1
— w |
e N (R S !
—18 P<kl<X
k=i,l=jg

Ak+Bl=2F(n)
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Similarly, for the integral in , we have

1
aQ ~ 5 .1 1
2B (n)dn = TP -2 )= — —) +0(Q),
1 18 18A
e P<kI<X
k=i,l=j

Ak+Bl=2F(n)

~ 1
where J;;‘B := [, t28(n)dn and for the integral in , we have

1

aQ ~ ~ 51,1 1
[T R man=TE -2 S 9P g - ) + O,
e P<k,l<X
k=i,l=j
Ak+Bl=2F(n)

where JBA f18 tAtB )dn.
Using the arguments for [MV, (6.19), (6.16)], we have

A
@++ = GAB(Qf( ))#
2

(())f () 18 p1(9 f (). 7
S = 3 —T(XXO)T(XX(])N co(—n ince an
where G4 p(n) = qz:; e o(as) X(A,By)cy(—n). Since A, B and
7lga,9B

2f(n) are pairwise relatively prime and one of the Gaussian sums in & A4,B(n)

vanishes when ¢/7 and 7 are not relatively prime, we have

Ga,5(2f(n))
X(=r x(p) 1 o1
(F)p(Tap(n)) lp_fl(lJrsO(p)) lpg (1+so(p)) lpg . w(p)z)'
plAB pl2f(n) ph(2/(n))AB

Finally, combining all the above estimations, we have the following mod-

ification of [MV], (6.17)];

ragij(2f(n); M) = Gap(2f(n)3
)2
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If (2f(n),7) = 1, the fourth term of the right hand side of is less then
X175 and

- 7 1 r2f(n) _
SasSm) < i I1 0 o9 < gy =0
pl2f(n)

so using arguments in [MV] Section 8] and the above modification of [MV],

(7.1)], we have r4p;;(2f(n); M) > X. Since

el s (=2
p|AB pr2f(n)AB

X(p)=-1

Banfm) < Sapfm) [[ =2 [[ —. (15)
pl

using arguments in [BKW] p.122-123], we have that if 1 < (2f(n),7) <Y,

X it P+# @,

rapij(2f(n); 9) >
’ XY 3(logX)"! if P=g,

where P is the set of primes in the products of . Finally there are at
most O(N'T¢Y~1) possible exceptions n with (2f(n),7) > Y. Thus we have
the following analogue of [BKW| Lemma 2];

Suppose that Y is a real number with 1 <Y < X%. Then one has

rapij(2f(n);9M) > XY 2 (log X)~! (16)

for alln € (kN, N] with 2f(n) = Ai+ Bj (mod 9) and (AB, f(n)) =1 with
the possible exception of O(N€Y 1) values of n.

We note that if there is at least one integer m such that 2f(m) = Ai+ Bj
(mod 9) and (AB,2f(m)) = 1, the set of n € (kN, N] with 2f(n) = Ai+ Bj
(mod 9) and (AB, f(n)) = 1 has a positive density in the set of n € (kN, NJ.
Now Lemma follows from , and the proof of [BKW, Theorem
1]. O

3. PROOF OoF THEOREM 1.1

In this section, for convenience’ sake, we assume that n is a square-free.
However, the method used in this section can easily be modified to cube-free

integers n though it is more complicated to state.
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Lemma 3.1. Let n > 0 be a square-free integer. Then

+1 ifn=1,2,3 0r5 (mod9)
-1 ifn=4,6,7 or8 (mod 9).

Wy, =

Proof. Write the prime factorization of n in the form
n=3" H i H 7
pi=1l (mod 3) ¢;j=2 (mod 3)

where o = 0 or 1 and p;, g; are distinct primes.
Let ay, be the number of ¢; = 2 (mod 3). Then the computation of root

number w,, of E,, in Section 1 gives the following condition.

wy, = —1 ifand only if (i) n=41,£3 (mod 9) and a, is odd, or

(1) n=+42,44 (mod 9) and a, is even.

We note that (Hpizl (mod 3) Pi quEZ (mod 3) Qj) =2 (mOd 3) if and only
if a, is odd. Then we have the following table and complete the proof of

the lemma.
n (mod9)| 1 2 3 4 5 6 7 8
an, even | odd |even |even | odd | odd | even | odd
Wy, +1 +1 +1 | -1 +1 -1 -1 -1

O

Proposition 3.2. For any given k > 2 and r € {1,2,4,5,7,8}, there are
infinitely many square-free integer n > 0 having exactly k prime divisors such
that n is a sum of two rational cubes and n = r (mod 9). For r € {3,6},

the same statement holds for k > 3.

Proof. By Lemma 2.1 we know that for nonzero a,b € Z, 16% — a? is a sum

_ (@) (@®—~(45°)%)
1

of two rational cubes because b3(166° — a?) = . Let

1
A= Hpi, for fixed primes p; =1 (mod 9), B = 27,
i=1

where [ > 0 is a fixed integer (if I =0, then A =1).
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We note that b> = 0 or &1 (mod 9) for any integer b. Since there is an
integer b such that 8 = 84 + 8B (mod 9) and (AB, 8b%) = 1, Lemma
ensures that there are infinitely many integers b that satisfy the equation

A3 — Ap + Bq,

2
for some primes p = 8 and ¢ = 8 (mod 9). If p = ¢, then 8b3 = Ap + 27p,
so 8p?c3 = A + 27 for some positive integer c. Thus there are only finitely
many p, q such that p = ¢ and we may assume p # q.

Let a = @ € Z. Then 16b° — a®> = ABpq = 27Apq is a sum of
two rational cubes having exactly (I 4+ 3) prime divisors because p,q 1 A, B.
Hence Apq is a square-free integer having exactly (I 4 2) prime divisors such
that Apq is sum of two rational cubes and Apg = 1 (mod 9). This proves
the theorem for the case of r = 1. If we set ¢ = 7,5,4 and 2 (mod 9), then
the theorem for the cases of r = 2, 4, 5, and 7 follows.

For the case r = 8 and k > 3, set

l
A= Hpi, for fixed primes p1 =2, po, -+ ,py = 1(mod 9), B =27
i=1
and let p, ¢ be primes such that p =5, ¢ = 8 (mod 9). For the case r = 8
and k = 2, set

A=1, B=27

and let p, ¢ be primes such that p =8, ¢ =1 (mod 9). Then the theorem
for the case r = 8 follows.

For the case r = 3, let

A= ﬁpi, for fixed primes p; =1 (mod 9), B = 81,
i=1
where [ > 0 is a fixed integer (if [ = 0, then A = 1) and let p, ¢ be primes
such that p = 8, ¢ = 8 (mod 9) Then 3Apq is a square-free integer having
exactly (I + 3) prime divisors such that 3Apq is sum of two rational cubes
and 3Apg = 3 (mod 9). This proves the theorem for the case of r = 3.
Finally, if we set ¢ = 7 (mod 9), then the theorem for the case r = 6 follows
and the proof of the theorem is completed. O
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Proof of Theorem [1.1 Lemma [3.1] and Proposition for the case r = 4,7,8
implies Theorem for the case w,, = —1. Lemma [3.1] and Proposition for
the case r = 1,2, 5 implies Theorem for the case w, = 1. O
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