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Abstract. Let d be a fundamental discriminant, χd be the Dirichlet character

associated to the quadratic field Q(
√
d) and L(s, χd) be the Dirichlet L-function.

In [Go], Goldfeld obtained an effective lower bound for L(1, χd) with uncalculated

constants. For d < 0, Oesterlé [Oe] computed the constants. However, for d > 0,

the constants are not computed yet. In this paper, we compute the constants

for d > 0 and give an explicit lower bound for L(1, χd) with d > 0. Finally, as

an application, we give an explicit lower bound for class numbers of certain real

quadratic fields.

1. Introduction and results

Let d be a fundamental discriminant, χd be the Dirichlet character asso-

ciated to the quadratic field Q(
√
d) and L(s, χd) be the Dirichlet L-function.

Dirichlet class number formula says

L(1, χd) =


2πh(d)

ω
√
|d|

if d < 0,

2h(d) log εd√
d

if d > 0,

where h(d) is the class number of Q(
√
d), ω the number of roots of unity in

Q(
√
d) (d < 0) and εd the fundamental unit of Q(

√
d) (d > 0). Siegel [Si]

proved that

L(1, χd) > c(ε)|d|−ε (ε > 0).

But there is no known method to compute the constant c(ε) > 0. In [Go],

Goldfeld obtained an effective lower bound for L(1, χd).

Theorem 1.1. [Theorem 1, Go] Let E be an elliptic curve over Q with

conductor N . If E has complex multiplication and the L-function associated
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to E has a zero of order g at s = 1, then for any χd with (d,N) = 1 and

|d| > exp exp(c1Ng3), we have

L(1, χd) >
c2

g4gN13

(log |d|)g−µ−1 exp(−21
√
g log log |d|)√

|d|
,

where µ = 1 or 2 is suitably chosen so that χd(−N) = (−1)g−µ, and the

constants c1, c2 > 0 can be effectively computed and are independent of g,

N and d.

In fact, Goldfeld proved Theorem 1.1 under assumption that the associ-

ated base change Hasse-Weil L-function L
E/Q(

√
d)

(s) has a zero of order ≥ g.

Thus the proof of Theorem 1.1 in [Go] also implies the following theorem

(cf. [Theorem 1, Go1] and the remark below [Theorem 1, Go1]).

Theorem 1.2. Let E be an elliptic curve over Q with conductor N and g ≥

4 be a positive integer. If E has complex multiplication and the associated

base change Hasse-Weil L-function L
E/Q(

√
d)

(s) has a zero of order ≥ g at

s = 1, then for any such d with (d,N) = 1 and |d| > exp exp(c1Ng3), we

have

L(1, χd) >
c2

g4gN13

(log |d|)g−3 exp(−21
√
g log log |d|)√

|d|
,

where the constants c1, c2 > 0 can be effectively computed and are indepen-

dent of g, N and d.

In [Oe], Oesterlé explicitly computed the constants c1, c2 for d < 0 in

Theorem 1.1 or Theorem 1.2 and wrote the term exp(−21
√
g log log |d|) as

a simple product over primes dividing d. Finally he proved that for the

imaginary quadratic field Q(
√
d), d < 0 and (d, 5077) = 1,

h(d) > 1
55 log |d|

∏
p|d, p6=|d|

(
1− b2√pc

p+1

)
.

However the constants c1, c2 for d > 0 in Theorem 1.2 are not computed

yet. In this paper, we will explicitly compute the constants c1, c2 for d > 0

in Theorem 1.2 and prove the following theorem.

Theorem 1.3. Let d > 0 be a fundamental discriminant of a real quadratic

field Q(
√
d). Assume the same conditions as in Theorem 1.2. Then for any
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such d with (d,N) = 1 and d > exp exp (4000Ng3), we have

L(1, χd) >
10180

g4gN5
· (log d)g−3 exp(−21

√
g log log d)√

d
.

Remark 1.4. Let E be an elliptic curve with complex multiplication by an

imaginary quadratic field K = Q(
√
−k). In the proof of Theorem 1.3, we

use the fact that −k is one of −3,−4,−7,−8,−11,−19,−43,−67,−163 (cf.

[Example 11.3.1, Sil]), so k ≤ 163, instead of the fact k ≤ N(because k|N),

which is used in the proof of Theorem 1.1 or Theorem 1.2. That is why there

is a difference for exponents of N between Theorem 1.2 and Theorem 1.3.

Dirichlet class number formula and Theorem 1.3 imply the following the-

orem.

Theorem 1.5. Let d > 0 be a fundamental discriminant of a real quadratic

field Q(
√
d). Assume the same conditions as in Theorem 1.2. Then for any

such d > exp exp (4000Ng3) with (d,N) = 1, we have

h(d) log εd >
10180

2g4gN5
(log d)g−3 exp(−21

√
g log log d).

Finally, as an application, we give the following explicit lower bound for

class numbers of certain real quadratic fields.

Theorem 1.6. Let m be an integer and dm = 41992(2m)4 − 1 be a square-

free integer. Then for any dm ≥ exp exp (3× 1014), we have

h(dm) > 9× 10121 · (log dm)1−3×10−6
.

Proof. Let E : y2 = x3 − 41992x be an elliptic curve over Q of conductor

N = 32 · 41992. It is known that E has complex multiplication by Q(
√
−1)

and analytic rank g1 ≥ 3 (cf. [El]).

Let dm = 41992(2m)4 − 1 be a square-free integer and Edm : y2 = x3 −

41992(dm)2x be the quadratic twist of E. Since Edm has a rational point

(41992(2m)2dm, 41992(2m)d2
m) of infinite order (cf. Proposition 17 in [p.44,

Ko]), Edm has analytic rank gdm ≥ 1. We note that 4199dm ≡ 1 (mod 8),

so Edm has the root number 1 (cf. Theorem in [p.84, Ko]) and has even

analytic rank. Thus Edm has analytic rank gdm ≥ 2 and L
E/Q(

√
dm)

has a

zero of order g1 + gdm ≥ g = 5 at s = 1.
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It is known that the real quadratic field Q(
√
dm), so called Richaud-

Degert type (cf. [De]), has the fundamental unit εdm =
√
dm + 1 +

√
dm <

dm. Thus from Theorem 1.5, we have for any dm > exp exp (4000 · 32 · 41992 · 53),

h(dm) >
10180

2 · 520(32 · 41992)5
(log dm) exp(−21

√
5 log log dm).

We note that if dm > exp exp (4000 · 32 · 41992 · 53), then for ε > 3× 10−6,

exp(21
√

5 log log dm)) < (log dm)ε.

Thus we have for any dm ≥ exp exp (3× 1014),

h(dm) > 9× 10121 · (log dm)1−3×10−6
.

�

Remark 1.7. In [El], Elkies lists the 75 (4199 is the smallest integer.)

values of n < 2 · 105 with n ≡ 7 (mod 8) for which the elliptic curve En :

y2 = x3 − n2x has analytic rank at least 3. We can apply the proof of

Theorem 1.6 to such n.

Remark 1.8. In [La], Lapkova did a similar work on lower bound for class

numbers of certain real quadratic fields. But the constants in the lower bound

were not computed.

2. Proof of Theorem 1.3

Let E be an elliptic curve over Q of conductor N with complex multipli-

cation. Assume the same conditions as in Theorem 1.2. As [Go], let

ϕ(s) = LE(s+ 1
2)LE(s+ 1

2 , χd) =
∞∑

n=1

ann
−s

and

ϕ1(2s) = LE(s+ 1
2)LE(s+ 1

2 , λ),

where λ(n) =
∏

pr||n(−1)r. We note that ϕ(s) = L
E/Q(

√
d)

(s+ 1
2) and ϕ(s)

has a zero of order ≥ g at s = 1
2 . Let

G(s) =
ϕ(s)
ϕ1(2s)

=
∞∑

n=1

gnn
−s and G(s, x) =

∑
n<x

gnn
−s.

For A = dN
4π2 and U = (log d)8g, let

H =
(

d
ds

)g−µ
[AsΓ2(s+ 1

2)G(s, U)ϕ1(2s)]s= 1
2
.
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In [Go], Goldfeld proved that for d > exp exp(cNg3) and c sufficiently

large, either L(1, χd) > (log d)g−µ−1 1√
d

or else

|H| � gN−12+ 1
2 (log d)g−µ−1

∏
χd(p) 6=−1

p<U

(1 + p−
1
2 )−4 [p.662,Go] (1)

and that for d > exp(500g3), either L(1, χd) > (log d)g−µ−1 1√
d

or else

|H| � g4gNL(1, χd)A(log logA)g−µ+6 [(52),Go]. (2)

We see that both L(1, χd) > (log d)g−µ−1 1√
d

and (1),(2) imply Theorem

1.1. or Theorem 1.2. To prove Theorem 1.3, we need the following proposi-

tions corresponding to (1) and (2), respectively.

Proposition 2.1. Assume the same conditions as in Theorem 1.3. Then

for any such d ≥ exp exp (4000Ng3), either L(1, χd) > (log d)g−µ−1 1√
d

or

else

|H| ≥ 1.8× 10−5 · gN−4
√
d(log d)g−µ−1

∏
χd(p) 6=−1

p<U

(
1−p−

1
2

1+p−
1
2

)2

.

Proposition 2.2. Assume the same conditions as in Theorem 1.3. Then

for any such d ≥ exp exp (4000Ng3), either L(1, χd) > (log d)g−µ−1 1√
d

or

else

|H| ≤ 2× 109 · (80
e )gg2g+4.5L(1, χd)A(log logA)g−µ+6.

We will prove Proposition 2.1 in Section 3 and Proposition 2.2 in Section

4. If we assume Proposition 2.1 and 2.2, then we can prove Theorem 1.3 as

follows.

Proof of Theorem 1.3. Let P be the set of primes p < (log d)8g for which

χd(p) 6= −1. We may assume

L(1, χd) ≤ (log d)g−µ−1 1√
d

( d ≥ exp exp (4000Ng3)).
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From the inequality 2|P| ≤ 1
4 log 2(log d)g−µ−1 in the proof of [Lemma 9, Go],

we see that |P| < 1
log 2g(log log d). So we have

log
∏
p∈P

(
1+p−

1
2

1−p−
1
2

)2
=
∑
p∈P

2 log
(

1+p−
1
2

1−p−
1
2

)
≤

∑
p∈P

2
(

1+p−
1
2

1−p−
1
2
− 1
)

=
∑
p∈P

4√
p−1

≤
∫ |P|

2

4√
x−1

dx =
[
8x

1
2 + 8 log (x

1
2 − 1)

]|P|
2

≤ 16|P|
1
2

≤ 20g
1
2 (log log d)

1
2 .

From Proposition 2.1 and Proposition 2.2, we have for d ≥ exp exp (4000Ng3),

2× 109 · (80
e )gg2g+4.5L(1, χd)A(log logA)g−µ+6

≥ 1.8× 10−5 · gN−4
√
d(log d)g−µ−1 exp

(
− 20g

1
2 (log log d)

1
2
)
.

Let f(N, g, d) = exp
(
g

1
2 (log log d)

1
2

)
· (80

e )−gg2g−4.5(log log dN
4π2 )−g−5. We

claim that if N ≥ 1, g ≥ 3 and d ≥ exp exp (4000Ng3), then

f(N, g, d) ≥ exp (450).

Since log log dN
4π2 ≤ log log de = log log d+ 1, we have

log f(N, g, d)

≥
(
g

1
2 (log log d)

1
2
)
− g log 80

e + (2g − 4.5) log g − (g + 5) log (log log d+ 1),

which is an increasing function for d because its partial derivative with

respect to d is
√
g

2
√

log log d(log d)d
− g + 5

(log log d+ 1)(log d)d

>

√
g(log log d)− 2(g + 5)
2(log log d)(log d)d

> 0.

So we have

log f(N, g, d)

≥ (4000N)
1
2 g2 − g log 80

e + (2g − 4.5) log g − (g + 5) log (4000Ng3 + 1),
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which is an increasing function for g because its partial derivative with

respect to g is

2(4000N)
1
2 g − log (80

e ) + 2 log g +
2g − 4.5

g

− log (4000Ng3 + 1)− 3 · 4000Ng2(g + 5)
4000Ng3 + 1

> 2(4000N)
1
2 g − log (80

e )− 4.5
g − 3 log g − log (4000N + 1)− 3(g+5)

g

> 0.

So we have

log f(N, g, d)

≥ (4000N)
1
2 · 32 − 3 log 80

e + 1.5 log 3− 8 log (4000 · 33N + 1),

which is an increasing function for N because its derivative with respect to

N is
√

4000 · 32

2
√
N

− 8 · 4000 · 33

4000 · 33N + 1
>

√
4000 · 32

2
√
N

− 8
N
> 0.

So we have

log f(N, g, d)

≥
√

4000 · 32 − 3 log 80
e + 1.5 log 3− 8 log (4000 · 33 + 1)

> 450

and the claim is proved. Thus we have

exp
(
g

1
2 (log log d)

1
2
)
> exp (450) · (80

e )gg−2g+4.5(log log dN
4π2 )g+5.

Recall A = dN
4π2 . Then we have for d ≥ exp exp (4000Ng3),

L(1, χd) >
1.8× 10−5 · gN−4

2× 109 · (80
e )gg2g+4.5

·
√
d(log d)g−µ−1 exp

(
− 20g

1
2 (log log d)

1
2

)
A(log logA)g−µ+6

>
1.8× 10−5 · 4π2 · gN−5

2× 109 · (80
e )gg2g+4.5

·
(log d)g−µ−1 exp

(
− 20g

1
2 (log log d)

1
2

)
√
d(log log dN

4π2 )g−µ+6

>
1.8× 10−5 · 4π2 · exp(450)

2× 109 · g4gN5
·
(log d)g−3 exp

(
− 21g

1
2 (log log d)

1
2

)
√
d

>
10180

g4gN5
·
(log d)g−3 exp

(
− 21g

1
2 (log log d)

1
2

)
√
d

.

�
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3. Proof of Proposition 2.1

In this section, we will prove Proposition 2.1. Let κ = g− µ. From [(53),

Go], we define H1 and H2 by

H = H1 +H2

= 2κ
√
A(logA)κ−1G(1

2 , U)ϕ′1(1)

+
√
A

κ∑
r=2

(
κ

r

)
(logA)κ−r

(
d
ds

)r [
Γ2(s+ 1

2)G(s, U)ϕ1(2s)
]
s= 1

2
.

Since |H| ≥ |H1| − |H2|, to get an explicit lower bound for |H|, we need an

explicit upper bound for |H2| and an explicit lower bound for |H1|.

Upper Bound for |H2|. Using Leibniz’ rule and Cauchy’s Theorem (for detail,

see [p.657 and p.658, Go]) we have

|H2| = |
√
A

κ∑
r=2

(
κ

r

)
(logA)κ−r

·
( r−1∑

h=0

(
r

h

)(
d
ds

)r−h [
Γ2(s+ 1

2 )ϕ1(2s)
]
s= 1

2
·
(

d
ds

)h [
G(s, U)

]
s= 1

2
)|

≤
√
A

κ∑
r=2

(
κ

r

)
(logA)κ−r

·
( r−1∑

h=0

(
r

h

)
23(r−h)(r − h)! max

s∈C2

|Γ2(s+ 1
2 )ϕ1(2s)| · 22hh! max

s∈C1

|G(s, U)|
)

≤
√
A

κ∑
r=2

8rr!r
(
κ

r

)
(logA)κ−r max

s∈C2

|Γ2(s+ 1
2 )|max

s∈C2

|ϕ1(2s)|max
s∈C1

|G(s, U)|,

(3)

where C1 is the circle of radius 1
4 centered at s = 1

2 and C2 is the circle of

radius 1
8 centered at s = 1

2 .

By [(46), Go], we have for s = σ + it ∈ C2,

max
s∈C2

|Γ2(s+ 1
2)| ≤ max

s∈C2

{√
2π exp ( 1

12(σ+ 1
2
)
)|s+ 1

2 |
σ exp (−σ − 1

2)
}2

≤ (
√

2π(9
8)

5
8 exp ( 1

12 ·
8
7 −

7
8))2

≤ 1.6. (4)

We need the following lemma, which is an explicit version of [(49), Go].
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Lemma 3.1. For s = σ + it ∈ C,

|ϕ1(s)| ≤

 3× 1012 ·N3t6 if 1− 1
100800 log |t| ≤ σ ≤ 3

2 , |t| ≥ 2 + 1
840 ,

105 ·N3 1
|s−1| if 3

4 ≤ σ ≤ 3
2 , |t| ≤ 2 + 1

840 .

Proof. Let ψ be the primitive Grössencharakter of K = Q(
√
−k) with con-

ductor f such that LE(s) = LK(s, ψ) (cf. [Theorem 2, Go]). By [Lemma 2,

Go], we have

ϕ1(s) = LK(s+ 1, ψ2)
L(s, χk)
ζ(s)

∏
p|k

(1− p−s)−1, (5)

where χk is a real, primitive, Dirichlet character (mod k).

From [p.654, Go], we have for 0 ≤ σ ≤ 3
2 ,∣∣LK(s+ 1, ψ2)

∣∣ ≤ 10N3

4π2 |s+ 3|2. (6)

Theorem 5.3.13 in [Ja] gives that if |t| ≥ 2+ 1
840 and σ ≥ 1− 1

840·6(log |t|+11) ,

then

|ζ(s)−1| ≤ 56 · 8402(log |t|+ 11)3.

Proposition 3.1.16 in [Ja] gives that for σ > −1,

ζ(s) = 1
s−1 + 1

2 + r∗1(s),

where |r∗1(s)| ≤ | s(s+1)
8(σ+1) |. So we have if |t| ≤ 2 + 1

840 and 3
4 ≤ σ ≤ 3

2 , then

|ζ(s)| ≥ | s+1
2(s−1) | − |r

∗
1(s)|

≥ |s+ 1|
8|s− 1|(σ + 1)

(4(σ + 1)− |s||s− 1|)

≥ 1
13
.

Thus we have the following explicit version of a statement in [p.653, Go].

|ζ(s)−1| ≤

 56 · 8402 · 63|t|3 if σ ≥ 1− 1
840·6·20 log |t| , |t| ≥ 2 + 1

840 ,

13 if 3
4 ≤ σ ≤ 3

2 , |t| ≤ 2 + 1
840 .

(7)

We note that

L(s, χk) =
∞∑

n=1

χk(n)
ns = 1

ks

k−1∑
l=1

χk(l)ζ(s, l
k ),
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where ζ(s, a) is the Hurwitz zeta function and 0 < a ≤ 1. Theorem 12.21 in

[Ap] gives that for any integer M ≥ 0 and σ > 0,

ζ(s, a) =
M∑

n=0

1
(n+a)s + (M+a)1−s

s−1 − s

∫ ∞

M

x−[x]
(x+a)s+1dx.

So we have, for σ ≥ 1
2 ,

∣∣ζ(s, a)− a−s
∣∣ ≤ M∑

n=1

1√
n

+ (M+1)1−σ√
(σ−1)2+t2

+
√

σ2+t2

σMσ . (8)

By applying (8) with M = btc to the region; 1
2 ≤ σ ≤ 2 and t ≥ 2 + 1

840 , we

have

∣∣ζ(s, a)− a−s
∣∣ ≤ 1 +

∫ btc

1

1√
x
dx+

√
t+1
t +

√
1+4t2√
t−1

≤ 5
√
t,

which gives

|L(s, χk)| ≤ k−σ
k−1∑
l=1

(
(

l
k

)−σ
+ 5

√
t)

≤ (
k−1∑
l=1

l−
1
2 ) + 5(k−1)√

k

√
t

< 7
√
kt.

By applying (8) with M = 1 to the region; 1
2 ≤ σ ≤ 2 and 0 ≤ t ≤ 2 + 1

840 ,

we have

∣∣ζ(s, a)− a−s
∣∣ ≤ 1 +

√
2

|s−1| +
√

1 + 4t2

< 16
|s−1| ,

which gives

|L(s, χk)| ≤ k−σ
k−1∑
l=1

(
(

l
k

)−σ
+ 16

|s−1|)

≤ (
k−1∑
l=1

l−
1
2 ) + 16(k−1)√

k
1

|s−1|

< 22
√

k
|s−1| .
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We note that L(s̄, χk) = L(s, χk). Then we have the following explicit

version of a statement in [p.653, Go].

|L(s, χk)| ≤

 7
√
k|t| if 1

2 ≤ σ ≤ 2, |t| ≥ 2 + 1
840 ,

22
√
k|s− 1|−1 if 1

2 ≤ σ ≤ 2, |t| ≤ 2 + 1
840 .

(9)

Since σ ≥ 1
2 and {p : p|k} is a set containing only one prime from Remark

1.4, we have |
∏

p|k(1 − p−s)−1| ≤ |(1 − 2−s)−1| ≤
√

2√
2−1

. Thus Lemma 3.1

follows from (5), (6), (7), (9) and Remark 1.4. �

From Lemma 3.1, we have

max
s∈C2

|ϕ1(2s)| ≤ max
s∈C2

(
105 N3

|2s−1|
)

≤ 4 · 105N3. (10)

Moreover,

max
s∈C1

|G(s, U)| <
∏

χd(p) 6=−1
p<U

(1− p−
1
4 )−4 (cf. [p.657, Go]). (11)

Thus from (3), (4), (10) and (11) we have

|H2| ≤ 4 · 108N3g2
√
A(logA)κ−2

∏
χd(p) 6=−1

p<U

(1− p−
1
4 )−4. (12)

Lower Bound for |H1|. We need the following lemma, which is an explicit

version of [(55), Go]. (We use
∏(1−p−

1
2

1+p−
1
2

)2

in Lemma 3.2 instead of
∏

(1 +

p−
1
2 )−4 in [(55), Go].)

Lemma 3.2. If d > exp (500g3), then either L(1, χd) > (log d)κ−1 1√
d

or

else we have

|G(1
2 , U)| ≥

∏
χd(p) 6=−1

p<U

(
1−p−

1
2

1+p−
1
2

)2

− (log d)−2g.

Proof. We denote by P (s, U) the partial Euler product of G(s) for primes

p ≤ U and write

G(s, U) = P (s, U)−R(s, U).
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From [Lemma 1, Go], we see that

|P (1
2 , U)| ≥

∏
χd(p) 6=−1

p<U

(
1−p−

1
2

1+p−
1
2

)2

.

So we only need to show that

|R(1
2 , U)| ≤ (log d)−2g.

If

NU = {n such that p | n ⇒ p < U}

then

R(s, U) =
∑

n>U, n∈NU

gnn
−s.

We write

|R(1
2 , U)| ≤

∑
U<n≤ 1

4

√
d

|gn|n−
1
2 +

∑
1
4

√
d<n, n∈NU

|gn|n−
1
2 = R1 +R2.

We may assume

L(1, χd) ≤ (log d)κ−1 1√
d

(d > exp (500g3)).

Let ζ(s)L(s,χd)
ζ(2s) =

∑∞
n=1

νn
ns . Then by [Lemma 1 and Lemma 4, Go], we

have

R1 ≤ U− 1
2 (
∑

n≤ 1
4

√
d

νn)2

≤ U− 1
2 ( 1

4 log 2)2(log d)2(κ−1)

= ( 1
4 log 2)2(log d)−2(g+µ+1).

Now we estimate R2. Let

P1(s, U) =
∏

χd(p) 6=−1
p<U

(1− p−s)−4.
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Since |P| < 1
log 2g(log log d) (cf. Proof of Theorem 1.3), we have

logP1(1
6 , U) = log

∏
p∈P

(
1

1−p−
1
6

)4

≤
∑
p∈P

4
6
√

p−1

≤
∫ |P|

2

4
6√x−1

dx

=
[

24
5 x

5
6 + 6x

2
3 + 8x

1
2 + 12x

1
3 + 24x

1
6 + 24 log (x

1
6 − 1)

]|P|
2

≤ 58|P|
5
6

≤ 80(g log log d)
5
6 .

So we have

R2 ≤ lim
N→∞

∫ 2+i∞

2−i∞
P1(1

2 + z, U)Nz−(
√

d/4)z

z(z+1) dz

= lim
N→∞

∫ − 1
3
+i∞

− 1
3
−i∞

P1(1
2 + z, U)Nz−(

√
d/4)z

z(z+1) dz

≤ lim
N→∞

∫ ∞

−∞
P1(1

6 , U)N− 1
3 +(

√
d/4)−

1
3

|(− 1
3
+it)( 2

3
+it)| dt

≤ P1(1
6 , U)(

√
d

4 )−
1
3

∫ ∞

−∞

1
2/9+t2

dt

≤ 3 6
√

2π exp (80(g log log d)
5
6 ) · 1

6√
d
.

Thus we have for d ≥ exp (500g3),∣∣R(1
2 , U)

∣∣ ≤ ( 1
4 log 2)2(log d)−2(g+µ+1) + 3 6

√
2π · exp (80(g log log d)

5
6 ) · 1

6√
d

≤ (log d)−2g.

�

By [Lemma 2, Go], we have∣∣ϕ′1(1)
∣∣ = |LK(2, ψ2)L(1, χk)

∏
p|k

(1− p−1)−1|

≥ |LK(2, ψ2)L(1, χk)|. (13)

Recall that ψ is the primitive Grössencharakter of K = Q(
√
−k) such that

LE(s) = LK(s, ψ) (cf. [Theorem 2, Go]). So, to get an explicit lower bound

for |H1|, we need the following lemma, which is an explicit version of [Lemma
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12, Go]. (We note that the inequality in [Lemma 12, Go] is in the wrong

direction.)

Lemma 3.3.

|LK(2, ψ2)L(1, χk)| ≥ 0.98(kN2)−2.

We will prove Lemma 3.3 in Section 5. If we assume Lemma 3.3, then

by Lemma 3.2 and (13) we have for d > exp (500g3), either L(1, χd) >

(log d)κ−1 1√
d

or else

|H1| ≥ 2κ 0.98
k2N4 ·

√
A(logA)κ−1

( ∏
χd(p) 6=−1

p<U

(
1−p−

1
2

1+p−
1
2

)2

− (log d)−2g

)
. (14)

Now we can prove Proposition 2.1.

Proof of Proposition 2.1. We may assume

L(1, χd) ≤ (log d)κ−1 1√
d

(d > exp (500g3)).

From (12) and (14), we have

|H| ≥ |H1| − |H2|

≥
[
2κ 0.98

k2N4 ·
√
A(logA)κ−1

∏
χd(p) 6=−1

p<U

(1−p−
1
2

1+p−
1
2

)2]

−
[
2κ 0.98

k2N4 ·
√
A(logA)κ−1(log d)−2g

+4 · 108N3g2
√
A(logA)κ−2

∏
χd(p) 6=−1

p<U

(1− p−
1
4 )−4

]

= H̃1 − H̃2.

If 1
2H̃1 ≥ H̃2, then we have

|H| ≥ H̃1

2

≥ κ 0.98
k2N4 ·

√
A(logA)κ−1

∏
χ(p) 6=−1

p<U

(
1−p−

1
2

1+p−
1
2

)2

≥ 0.98
2·1632 · gN−4

√
A(logA)κ−1

∏
χ(p) 6=−1

p<U

(
1−p−

1
2

1+p−
1
2

)2

(cf. Remark 1.4)
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as desired.

We see that

H̃2

H̃1

=
4 · 108N3g2

√
A(logA)κ−2

∏
χd(p) 6=−1

p<U

(1− p−
1
4 )−4

2κ 0.98
k2N4 ·

√
A(logA)κ−1

∏
χd(p) 6=−1

p<U

(1−p−
1
2

1+p−
1
2

)2
+

(log d)−2g∏
χd(p) 6=−1

p<U

(1−p−
1
2

1+p−
1
2

)2
≤ 4 · 108

2 · 0.98(g − 2)
· 1632 ·N7g2(log d)−1

∏
χd(p) 6=−1

p<U

(
1+p−

1
2

1−p−
1
2

)2
·
(

1

1−p−
1
4

)4

+(log d)−2g
∏

χd(p) 6=−1
p<U

(
1+p−

1
2

1−p−
1
2

)2

≤ 2 · ( 4 · 108

2 · 0.98(g − 2)
· 1632 ·N7g2(log d)−1

∏
χd(p) 6=−1

p<U

(
1+p−

1
2

1−p−
1
2

)2
·
(

1

1−p−
1
4

)4
).

Let P be the set of primes p < (log d)8g for which χd(p) 6= −1. Since

|P| < g
log 2(log log d), we have

log
∏
p∈P

(
1+p−

1
2

1−p−
1
2

)2
·
(

1

1−p−
1
4

)4

≤
∑
p∈P

(
4√
p−1 + 4

4
√

p−1

)

≤
∫ |P|

2

4√
x−1

+ 4
4√x−1

dx

=
[

16
3 x

3
4 + 16x

1
2 + 16x

1
4 + 8 log (x

1
2 − 1) + 16 log (x

1
4 − 1)

]|P|
2

≤ 6|P|
3
4

≤ 6
(

g
log 2 log log d

) 3
4
.

Thus the sufficient condition of 1
2H̃1 ≥ H̃2 is that

log log d− 6( g
log 2 log log d)

3
4 ≥ log

(
4 · 4·108

2·0.98 · 1632 ·N7 g2

g−2

)
. (15)

We write d ≥ exp exp (c1Ng3) and assume g ≥ 3. If c1 is sufficiently large,

the left hand in (15) is greater than

c1Ng
3 − 6( 1

log 2c1Ng
4)

3
4 = g3(c1N − 6

(log 2)3/4 c
3/4
1 N3/4),
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and the right hand in (15) is less than

31 + 7 logN + log g2

g−2 .

Since g ≥ 3 and N ≥ 1, a sufficient condition of 1
2H̃1 ≥ H̃2 is that

c1 ≥ 3897. For convenience, if we choose c1 = 4000, then Proposition 2.1

follows. �

4. Proof of Proposition 2.2

In this section, we will prove Proposition 2.2. From [(24), (26) and (51),

Go] and the assumption that ϕ(s) has a zero of order ≥ g at s = 1
2 , we can

write

0 = ( d
ds)

κ
[
AsΓ2(s+ 1

2)ϕ(s)
]
s= 1

2

= T1 + T2, (16)

where

T1 = δ
κ∑

r=0

(
∑

n≤A1

an

√
A/n(logA/n)κ−rIr(n/A)),

T2 = δ

κ∑
r=0

(
∑

n>A1

an

√
A/n(logA/n)κ−rIr(n/A)),

δ = 1 + (−1)κχd(−N),

A1 = A((8 + 2κ) logA)2,

and

Ir(M) =
∫ ∞

u1=0

∫ ∞

u2=M/u1

exp(−(u1 + u2))(log u1u2)rdu1du2 (M ≥ 0).

By [Lemma 10, Go], we have

|T2| ≤ 1.

Thus by (16) and [(27), (30), (31) and (39), Go], we have

|2H|

= |2H − T1 − T2|

≤ |2H − T (G(s, U))|+ |T (g(s))|+ |S1|+ |S2|+ 1, (17)

where

T (F (s)) = ( d
ds)

κ
[

δ
2πi

∫ 2+i∞

2−i∞
As+zΓ2(s+ z + 1

2)F (s+ z)ϕ1(2s+ 2z)dz
z

]
s= 1

2

,

g(s) = G(s,A0)−G(s, U),
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A0 = A(logA)−20g,

S1 = 2
κ∑

r=0

(
κ

r

)
(
∑

A0≤n≤J

bn
√
A/n(logA/n)κ−rIr(n/A)),

S2 = 2
κ∑

r=0

(
κ

r

)
(
∑

J≤n≤A1

bn
√
A/n(logA/n)κ−rIr(n/A)),

J = A((κ+ 6) log logA)2,

and
∞∑

n=1

bnn
−s = G(s,A1)ϕ1(2s)−G(s,A0)ϕ1(2s).

So, to obtain an explicit upper bound for |H|, we need explicit upper

bounds for |S1|, |S2|, |T (g(s))| and |2H − T (G(s, U))|.

Upper Bound for |S1|. From [p.649, Go], we have

|S1| ≤ 4κ+1κ!(log A
A0

)κ
√
A

∑
A0≤n≤J

|bn|√
n
. (18)

We may assume

L(1, χd) ≤ (log d)κ−1 1√
d

(d > exp exp (4000Ng3)).

Then we can choose

y = L(1, χd)2J

≤ (logA)2κ−2 J
d

≤ A0.

Recall ζ(s)L(s,χd)
ζ(2s) =

∑∞
n=1

νn
ns . By [(36), Go], we have∑

A0≤n≤J

|bn|√
n

≤
∑

k2≤ J
A0

d(k)
k

∑
A0≤m≤ J

k2

1√
m

∑
f |m

νfνm/f

≤
( ∑

k≤
√

J
A0

d(k)
k

)( ∑
y≤m≤J

1√
m

∑
f |m

νfνm/f

)
, (19)

where d(k) =
∑

f |k 1.

Lemma 4.1. (cf. [Problem 3, p.70, Ap]) For x ≥ 3,∑
n≤x

d(n)
n ≤ 1

2 log2 x+ 2C log x+ 10

where C(< 0.6) is the Euler constant.
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Proof. By Euler’s summation formula,

∑
n≤x

1
n

=
∫ x

1

dt

t
−
∫ x

1

t− [t]
t2

dt+ 1− x− [x]
x

= log x+
(
1−

∫ ∞

1

t− [t]
t2

dt
)

+
(∫ ∞

x

t− [t]
t2

dt− x− [x]
x

)
≤ log x+ C +

1
x

and

∑
n≤x

log n
n

=
∫ x

1

log t
t
dt+

∫ x

1
(t− [t])

1− log t
t2

dt− (x− [x])
log x
x

=
1
2

log2 x+A(x).

We note that

|A(x)| ≤
∫ x

1

log t+ 1
t2

dt+ (x− [x])
log x
x

≤
[
− log t+ 2

t

]x

1

+ (x− [x])
log x
x

≤ 2.

Thus

∑
n≤x

d(n)
n

=
∑
d≤x

1
d

∑
q≤x

d

1
q
≤
∑
d≤x

1
d

(
log

x

d
+ C +

d

x

)
≤

∑
d≤x

( log x+ C

d
− log d

d
+

1
x

)
≤ (log x+ C)

∑
d≤x

1
d
−
∑
d≤x

log d
d

+ 1

≤ (log x+ C)
(
log x+ C +

1
x

)
−
(1
2

log2 x+A(x)
)

+ 1

≤ 1
2

log2 x+ 2C log x+ C2 + 2−A(x) + 1

≤ 1
2

log2 x+ 2C log x+ 10.

�
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Using (19), Lemma 4.1 and [Lemma 7, Go], we have∑
A0≤n≤J

|bn|√
n

≤
(

1
2 (log

√
J

A0
)2 + 2C log

√
J

A0
+ 10

)
×1500

(
L(1, χ)2Jy−

1
2 + L(1, χd)J

1
2

)
(log y)3

≤ (log J
A0

)2
(
2 · 1500L(1, χd)J

1
2
)
(log y)3

≤
(
20g log logA+ 2 log log logA+ 2 log (κ+ 6)

)2
×(3000L(1, χd)

√
A(κ+ 6) log logA)

×
(
(2κ− 2) log logA+ 2 log log logA+ log N

4π2 + 2 log (κ+ 6)
)3

≤ (3 · 20g log logA)2

×(3000L(1, χd)
√
A(κ+ 6) log logA)

×(4 · (2κ− 2) log logA)3. (20)

Using κ ≤ g − 1, (18), (20) and the fact n! ≤ e
√
n(n

e )n, we have for d ≥
exp exp (4000Ng3),

|S1| ≤ 4κ+1κ!(20g log logA)κ
√
A

∑
A0≤n≤J

|bn|√
n

≤ 32 · 43 · 3000(20g)κ+24κ+1κ!(κ+ 6)(2κ− 2)3L(1, χd)A(log logA)κ+6

≤ 32 · 43 · 3000 · (20 · g · (20g)g) · 4g · (g − 1)! · (23g4)L(1, χd)A(log logA)κ+6

≤ 23 · 32 · 43 · 20 · 3000 · (20g)g · 4g · g! · g4L(1, χd)A(log logA)κ+6

≤ 23 · 32 · 43 · 20 · 3000 · e · ( 80
e )g · g2g+4.5L(1, χd)A(log logA)κ+6

= S∗1 . (21)

Upper Bound for |S2|. From [(32), Go], we have

|S2| ≤ 4κ+1(κ+ 1)!(log A1
A )κ exp

(
− (κ+ 6) log logA

)√
A

∑
J≤n≤A1

|bn|√
n
. (22)

(We note that the term
√
A is missed in [(32), Go].)

We may assume

L(1, χd) ≤ (log d)κ−1 1√
d

(d > exp exp (4000Ng3)).
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Then we can choose

y = L(1, χd)2A1

≤ (logA)2κ−2 A1
d

≤ A0.

From [(33), Go], we have

∑
J≤n≤A1

|bn|√
n

≤
∑

k2≤A1
A0

d(k)
k

∑
A0≤m≤A1

k2

1√
m

∑
f |m

νfνm/f

≤
( ∑

k≤
√

A1
A0

d(k)
k

)( ∑
y≤m≤A1

1√
m

∑
f |m

νfνm/f

)
. (23)

(We note that we use A1
A0

instead of A1
J in [(33), Go].)

Using (23), Lemma 4.1 and [Lemma 7, Go], we have

∑
J≤n≤A1

|bn|√
n

≤
(

1
2(log

√
A1
A0

)2 + 2C log
√

A1
A0

+ 10
)

×1500
(
L(1, χd)2A1y

− 1
2 + L(1, χd)A

1
2
1

)
(log y)3

≤ (log A1
A0

)2
(
2 · 1500L(1, χd)A

1
2
1

)
(log y)3

≤
(
(20g + 2) log logA+ log (2κ+ 8)

)2
×
(
3000L(1, χd)

√
A(2κ+ 8) logA

)
×
(
2κ log logA+ log N

4π2 + 2 log (2κ+ 8)
)3

≤
(
2 · (20g + 2) log logA

)2
×
(
3000L(1, χd)

√
A(2κ+ 8) logA

)
×
(
3 · 2κ log logA

)3
. (24)
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Using g − 2 ≤ κ ≤ g − 1, (22), (24) and the fact n! ≤ e
√
n(n

e )n, we have for

d ≥ exp exp (4000Ng3),

|S2| ≤ 4κ+1(κ+ 1)!
(
2 log logA+ 2 log (2κ+ 8)

)κ(logA)−(κ+6)
√
A

×
∑

J≤n≤A1

|bn|√
n

≤ 4κ+1(κ+ 1)!
(
2 · 2 log logA

)κ(logA)−(κ+6)
√
A

∑
J≤n≤A1

|bn|√
n

≤ 22 · 33 · 3000 · 4 · 16κ(κ+ 1)!(20g + 2)2(2κ+ 8)(2κ)3

×L(1, χd)A(logA)−(κ+6)(log logA)κ+5

≤ 33 · 3000 · 16g · g! · (202 · 27g6) · (logA)−(g+4)

×L(1, χd)A(log logA)κ+5

≤ 27 · 33 · 202 · 3000 · e · (16
e )g · gg+6.5 · (4000Ng3)−(g+4)

×L(1, χd)A(log logA)κ+5

< S∗1 . (25)

Upper Bound for |T(g(s))|. From [p.651, Go], we have

|T(g(s))| ≤ κ!ε−κ ·max
s∈C

∣∣∣∣ 1
2πi

∫ 2ε+i∞

2ε−i∞
As+zΓ2(s+ z + 1

2 )g(s+ z)ϕ1(2s+ 2z)dz
z

∣∣∣∣ ,
(26)

where C is the circle of radius ε = (log d)−1 centered at s = 1
2 .

By the same argument in the proof of [Lemma 7, Go], we have for x < d

and 1010 < y < min(1
4

√
d, x/10),∑

y≤n≤x

n−
1
2

∑
m|n

νmνn/m ≤ 1500(L(1, χd)2dy−
1
2 + L(1, χd)x

2
5d

1
10 )(log y)3

instead of for x < d and 10 < y < min(1
4

√
d, x/10),∑

y≤n≤x

n−
1
2

∑
m|n

νmνn/m � (L(1, χd)2dy−
1
2 + L(1, χd)x

2
5d

1
10 )(log y)3

in [Lemma 8, Go].

We may assume

L(1, χd) ≤ (log d)κ−1 1√
d

(d > exp exp (4000Ng3)).
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Then by [(40), Go], we have

max
s∈C,

Re(z)=2ε

|g(s+ z)| ≤
∑

U≤n≤A0

n−
1
2

∑
f |n

νfνn/f

≤ 1500
(
L(1, χd)2dU−

1
2 + L(1, χd)A

2
5
0 d

1
10
)
(logU)3

≤ 1500L(1, χd)
√
A

×
(
(log d)κ−1 2π√

NU
+ (logA)−8g

(
4π2

N

) 1
10
)
(logU)3. (27)

(We use dU− 1
2 instead of A0u

− 1
2 in [(40), Go], so that it is a direct conse-

quence of [Lemma 8, Go].)

By [(41), Go], we have

max
s∈C,

Re(z)=2ε

|ϕ1(2s+ 2z)| ≤ ζ2(1− 2ε+ 4ε) < 1
2ε
−2. (28)

To estimate integral of Gamma function, using [(4.6), Go1],

max
s∈C

∣∣∣∣ 1
2πi

∫ 2ε+i∞

2ε−i∞
As+zΓ2(s+ z + 1

2)dz
z

∣∣∣∣
≤ A

1
2
+3ε max

s∈C

∣∣∣∣∫ ∞

0

∫ ∞

0

(
1

2πi

∫ 2ε+i∞

2ε−i∞
(u1u2)z dz

z

)
e−u1−u2(u1u2)s+ 1

2
du1du2
u1u2

∣∣∣∣
≤ A

1
2
+3ε

∫ ∫
u1u2>1

e−u1−u2(u1u2)1+ε du1du2
u1u2

< A
1
2
+3ε. (29)
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Since A ≤ d2, we have A3ε ≤ d 6 logd e ≤ e6. Thus by (26), (27), (28) and

(29), we have for d ≥ exp exp (4000Ng3),

|T(g(s))| ≤ κ!ε−κ · max
s∈C,

Re(z)=2ε

|g(s+ z)ϕ1(2s+ 2z)|

×max
s∈C

∣∣∣∣ 1
2πi

∫ 2ε+i∞

2ε−i∞
As+zΓ2(s+ z + 1

2)dz
z

∣∣∣∣
≤ 1

2 · 1500κ!ε−κ−2 · L(1, χd)A1+3ε

×
(
(log d)κ−1 2π√

NU
+ (logA)−8g

(
4π2

N

) 1
10

)
(logU)3

≤ 1
2 · 1500 · e6 · κ! · L(1, χd)A · (log d)κ+2

×
(
(log d)κ−1−4g 2π√

N
+ (logA)−8g

(
4π2

N

) 1
10

)
(8g log log d)3

≤ 1
2 · 8

3 · 1500 · e6 · g! · g3 · L(1, χd)A · (log d)g+1

×
(
2 · (log d)−3g−2 2π√

N

)
· (log log d)3

≤ 83 · 1500 · 2π√
N
· e7−g · gg+3.5 · (4000Ng3)−2g−1

×L(1, χd)A(log logA)3

< S∗1 . (30)

Upper Bound for |2H −T
(
G(s, U)

)
|. We note that κ is determined so that

δ = 1 + (−1)κχd(−N) = 2. Then from [(45), Go], we have

T(G(s, U)) = 2 · κ!
2πi

[ ∫
C

(s− 1
2)−κ−1

5∑
r=1

Ir(s)ds
]

+ 2H, (31)

where C is the circle of radius 1
2ε centered at s = 1

2 and

I1 =
∫ 1

8
+i∞

1
8
+iM

, I2 =
∫ 1

8
−iM

1
8
−i∞

, I3 =
∫ 1

8
+iM

−ε+iM
, I4 =

∫ −ε−iM

1
8
−iM

, I5 =
∫ −ε+iM

−ε−iM

of which the integrands are 1
2πiA

s+zΓ2(s+ z + 1
2)G(s+ z, U)ϕ1(2s+ 2z)dz

z

and M is a large number to be determined later.

By [(46), Go], for σ > 0,

|Γ(s)| ≤
√

2π exp ( 1
12σ )|s|σ−

1
2

 exp (−σ) if |σt | ≥
π
2

exp (−π
2 |t|) if |σt | ≤

π
2 .

(32)



24 DONGHO BYEON AND JIGU KIM

From [(47), Go], we have for Re(s+ z) ≥ 0,

|G(s+ z, U)| ≤ (log d)32g. (33)

To estimate |ϕ1(2s + 2z)|, we will use Lemma 3.1. Put M = logA and

ε = (4 · 105 log logA)−1. Then we have

1− 1
100800 log |Im(2s+2z)| ≤ Re(2s+ 2z) for z ∈ Ij (j = 1, 2, 3, 4, 5).

To estimate I1, I2, I3 and I4, we will use the fact that for y > 1000,

3 · (2y)2 · (3y)6 · y−1 · e−3y ≤ 10−830 · e−y. (34)

Firstly, we consider the integral I1. For z = 1
8 + iy, M ≤ y < ∞, we

write

σ = Re(s+ z + 1
2) = 9

8 + Re( ε
2e

iθ), t = Im(s+ z + 1
2) = y + Im( ε

2e
iθ).

By applying (32), (33), (34) and Lemma 3.1 to the integral I1, we have

max
s∈C

|I1| ≤ max
s∈C,

Re(z)= 1
8

|As+zG(s+ z, U)|

·max
s∈C

∣∣∣∣∣
∫ 1

8
+i∞

1
8
+iM

1
2πiΓ

2(s+ z + 1
2)ϕ1(2s+ 2z)dz

z

∣∣∣∣∣
≤ 3× 1012 ·N3(log d)32gA

5
8
+ ε

2

·max
s∈C

∫ 1
8
+i∞

1
8
+iM

exp ( 1
6σ )|s+ z + 1

2 |
2σ−1 exp (−πt)(2t)6|dz

z |

≤ 3× 1012 ·N3(log d)32gA
5
8
+ ε

2

·
∫ ∞

M
3(2y)2 exp (−3y)(3y)6y−1dy

≤ 10−800 ·N3(log d)32gA
5
8
+ ε

2

∫ ∞

M
e−ydy

≤ 10−800 ·N3(log d)32gA
5
8
+ ε

2 e−M . (35)

Similarly

max
s∈C

|I2| ≤ 10−800 ·N3(log d)32gA
5
8
+ ε

2 e−M . (36)

Secondly, we consider the integral I3. For z = x+ iM, −ε ≤ x < 1
8 , we

write

σ = Re(s+ z + 1
2) = x+ 1 + Re( ε

2e
iθ), t = Im(s+ z + 1

2) = M + Im( ε
2e

iθ).
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By applying (32), (33), (34) and Lemma 3.1 to the integral I3, we have

max
s∈C

|I3| ≤ max
s∈C,

−ε≤Re(z)≤ 1
8

|As+zG(s+ z, U)|

·max
s∈C

∣∣∣∣∣
∫ 1

8
+iM

−ε+iM

1
2πiΓ

2(s+ z + 1
2)ϕ1(2s+ 2z)dz

z

∣∣∣∣∣
≤ 3× 1012 ·N3(log d)32gA

5
8
+ ε

2

·max
s∈C

∫ 1
8
+iM

−ε+iM
exp ( 1

6σ )|s+ z + 1
2 |

2σ−1 exp (−πt)(2t)6|dz
z |

≤ 3× 1012 ·N3(log d)32gA
5
8
+ ε

2

·
∫ 1

8

−ε
3(2M)2 exp (−3M)(3M)6M−1dx

≤ 10−800 ·N3(log d)32gA
5
8
+ ε

2 e−M . (37)

Similarly

max
s∈C

|I4| ≤ 10−800 ·N3(log d)32gA
5
8
+ ε

2 e−M . (38)

Finally, we will estimate the integral I5. For z = −ε+ iy, −M ≤ y ≤M ,

we write

σ = Re(s+ z + 1
2) = 1− ε+ Re( ε

2e
iθ), t = Im(s+ z + 1

2) = y + Im( ε
2e

iθ).

By applying (33) to the integral I5, we have

max
s∈C

|I5| ≤ max
s∈C,

Re(z)=−ε

|As+zG(s+ z, U)|

·max
s∈C

∣∣∣∣∫ −ε+iM

−ε−iM

1
2πiΓ

2(s+ z + 1
2)ϕ1(2s+ 2z)dz

z

∣∣∣∣
≤ (log d)32gA

1
2
(1−ε)

·max
s∈C

∫ −ε+iM

−ε−iM

1
2π |Γ

2(s+ z + 1
2)| · |ϕ1(2s+ 2z)| · |dz

z |. (39)
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To apply (32) and Lemma 3.1 to the integral I5, we consider the following

four integrals. Let y1, y2 and y3 as follows.

max
s∈C

∫ M

0

1
2π |Γ

2(s+ z + 1
2)| · |ϕ1(2s+ 2z)| · dy√

ε2+y2

≤ max
s∈C

(∫ 1
2π

(4−(6+π)ε)

0
∗+

∫ 1
2π

(4+(π−2)ε)

1
2π

(4−(6+π)ε)
∗+

∫ 2+ 1
900

1
2π

(4+(π−2)ε)
∗+

∫ M

2+ 1
900

∗
)

= max
s∈C

∫ y1

0
∗+ max

s∈C

(∫ y2

y1

∗+
∫ y3

y2

∗
)

+ max
s∈C

∫ M

y3

∗, (40)

where ∗ = 1
2π |Γ

2(s+ z + 1
2)| · |ϕ1(2s+ 2z)| · dy√

ε2+y2
.

We note that for 0 ≤ y ≤ y1,

σ

t
≥

1− 3ε
2

y1 + ε
2

=
π

2
.

Thus, by applying (32) and Lemma 3.1 to the first interval, we have

max
s∈C

∫ y1

0
∗ ≤ 105 ·N3 max

s∈C

∫ y1

0
exp ( 1

6σ )|s+ z + 1
2 |

2σ−1 exp (−2σ)

× 1
|2s+2z−1|

dy√
ε2+y2

≤ 105 ·N3

∫ 2
π

0
(y + 1) · ε−2dy

< 105 ·N3ε−2. (41)

We need the following observation to apply (32) to the second and third

intervals. For y1 ≤ y ≤ y2, we have

max
{

exp (−σ), exp (−π
2 |t|)

}
≤ max

{
exp

(
− (1− 3ε

2 )
)
, exp

(
− π

2 (y1 − ε
2)
)
}

= exp (−1 + 3+π
2 ε).

For y2 ≤ y ≤ y3, we have

σ

t
≤

1− ε
2

y2 − ε
2

=
π

2

and

exp (−π
2 |t|)

≤ exp (−π
2 (y2 − ε

2))

< exp (−1 + 3+π
2 ε).
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Thus, by applying (32) and Lemma 3.1 to the second and third interval, we

have

max
s∈C

∫ y3

y1

∗ ≤ 105 ·N3 max
s∈C

∫ y3

y1

exp ( 1
6σ )|s+ z + 1

2 |
2σ−1

× exp
(
− 2 + (3 + π)ε

)
1

|2s+2z−1|
dy√
ε2+y2

≤ 105 ·N3

∫ y3

1
π

(y + 1) · π · πdy

< 5× 106 ·N3. (42)

To estimate the fourth integral, we will use the fact that for y ≥ y3,

(y + 1) · (3y)6 · y−1 · e−3y ≤ 2000 · e−y.

Thus, by applying (32) and Lemma 3.1 to the fourth interval, we have

max
s∈C

∫ M

y3

∗ ≤ 3 · 1012 ·N3

×max
s∈C

∫ M

y3

exp ( 1
6σ )|s+ z + 1

2 |
2σ−1 exp (−πt)(2t)6 dy

y

≤ 3 · 1012 ·N3

∫ M

y3

(y + 1) exp (−3y)(3y)6y−1dy

≤ 3 · 1012 ·N3

∫ M

y3

2000e−ydy

< 9× 1014 ·N3. (43)

From (39), (40), (41), (42) and (43), we have

|I5| ≤ 2 ·
(
N3(log d)32gA

1
2
(1−ε)

(
105 · ε−2 + 5× 106 + 9× 1014

))
< N3(log d)32gA

1
2
(1−ε) · 2 ·

(
105 · ε−2 + 1015

)
(44)
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Finally, by (31), (35), (36), (37), (38) and (44), we have

|2H −T(G(s, U))|

=

∣∣∣∣∣2 · κ!
2πi

∫
C

(s− 1
2)−κ−1

5∑
r=1

Ir(s)ds

∣∣∣∣∣
≤ 2κ+1κ!ε−κ

5∑
r=1

max
s∈C

|Ir(s)|

< 2κ+1κ!ε−κN3(log d)32g
√
A

·
(
4× 10−800 ·A

1
8
+ ε

2 e−M + 2× 105 ·A−
ε
2 ε−2 + 2× 1015 ·A−

ε
2
)

< 2κ+1κ!ε−κN3(log d)32g
√
A · 3 ·

(
2× 105 ·A−

ε
2 ε−2

)
. (45)

For d ≥ exp exp (4000Ng3), we see that

2κ+1κ!ε−κN3(log d)32g · 3 ·
(
2× 105 ·A−

ε
2 ε−2

)
< 1,

so by (45), we have

|2H −T(G(s, U))| <
√
A < S∗1 , (46)

as desired (cf. [p.656, Go]).

Now we can prove Proposition 2.2.

Proof of Proposition 2.2. We may assume

L(1, χd) ≤ (log d)κ−1 1√
d

(d > exp exp (4000Ng3)).

From (17), (21), (25), (30) and (46), we have for d ≥ exp exp (4000Ng3),

|2H|

≤ |2H −T(G(s, U))|+ |T (g(s))|+ |S1|+ |S2|+ 1

≤ 5S∗1

< 4× 109 · (80
e )gg2g+4.5L(1, χ)A(log logA)κ+6

and Proposition 2.2 immediately follows. �
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5. Proof of Lemma 3.3

In this section, we will prove Lemma 3.3.

Proof of Lemma 3.3. Let ψ′ be a primitive Grössencharakter with conductor

f′ of K = Q(
√
−k) which induces ψ2. Then ψ′((α)) = α2 for α ≡ 1 mod f′.

Since LE(s) = LK(s, ψ), LK(s, ψ′) is entire and has real coefficients.

We define (cf. [p.661, Go])

F (s) = ζ(s)L(s, χk)LK(s+ 1, ψ′) =
∞∑

n=1

cnn
−s,

where

c1 = 1, cn ≥ 0 (for n > 1).

Since the Dirichlet series expansion of F (s) is majorised by that of ζ(s)4,

we have

cn ≤
∑

lm=n

d(l)d(m) ≤
∑

lm=n

4
√
n ≤ 8n (for n ≥ 1) (47)

where d(k) =
∑

f |k 1 ≤ 2
√
k.

For fixed x > 0, we see that

1
2πi

∫ 2+i∞

2−i∞
Γ(s+ 1)F (s)xsds

= 1
2πi

∫ 2+i∞

2−i∞

∫ ∞

0
e−uus(

∞∑
n=1

cn
ns )xsduds

= 1
2πi

∞∑
n=1

cn

∫ ∞

0

∫ 2+i∞

2−i∞
(ux

n )sds · e−udu

=
∞∑

n=1

cn

en/x

≥ e−1/x,

so we have

e−1/x ≤ 1
2πi

∫ 2+i∞

2−i∞
Γ(s+ 1)F (s)xsds

= Γ(2)L(1, χk)LK(2, ψ′)x+ 1
2πi

∫ − 1
2+i∞

− 1
2−i∞

Γ(s+ 1)F (s)xsds. (48)
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The last integral in (48) can be estimated by using the following functional

equations;

ζ(s) = πs− 1
2

Γ( 1
2
− s

2
)

Γ( s
2
) ζ(1− s),

L(s, χk) = ( k
π )

1
2
−s Γ(1− s

2
)

Γ( 1
2
+ s

2
)
L(1− s, χk),

LK(s+ 1, ψ′) = w(
√

kN(f′)
2π )1−2s Γ(2−s)

Γ(s+1)LK(2− s, ψ′)

for some w ∈ C, |w| = 1.

Let y = 16π4x
k2N(f′) . Then by the duplication formula of Gamma function,

1
2πi

∫ − 1
2
+i∞

− 1
2
−i∞

Γ(s+ 1)F (s)xsds

= w
k
√

N(f′)

4π2
1

2πi

∫ − 1
2
+i∞

− 1
2
−i∞

Γ(1−s)
Γ(s) Γ(2− s)F (1− s)ysds. (49)

Using (47) and the following properties of Bessel function J0(2
√
t) =

∑∞
n=0(−1)n tn

(n!)2 ;

0 ≤ J0(2
√
t) ≤ exp (−t) for t ≥ 0,∫ ∞

0

J0(2
√
t)t−sdt = Γ(1−s)

Γ(s) ,

we have

1
2πi

∫ − 1
2+i∞

− 1
2−i∞

Γ(1−s)
Γ(s) Γ(2− s)F (1− s)ysds

= 1
2πi

∫ 3
2+i∞

3
2−i∞

Γ(s)
Γ(1−s)Γ(s+ 1)F (s)y1−sds

= 1
2πi

∞∑
n=1

∫ 3
2+i∞

3
2−i∞

∫ ∞

0

∫ ∞

0

J0(2
√
t)ts−1 · use−u · cn

ns
· y1−sdu dt ds

=
∞∑

n=1

cn

∫ ∞

0

∫ ∞

0

1
2πi

∫ 3
2+i∞

3
2−i∞

( ut
ny

)s
ds · J0(2

√
t)e−ut−1y du dt

=
∞∑

n=1

cn

∫ ∫
ut=ny

J0(2
√
t)e−ut−1y du dt

≤
∞∑

n=1

cn
n

∫ ∫
ut=ny

exp (−t) exp (−u)ny
t
du dt

≤ 8
∞∑

n=1

∫ ∞

0

exp (−t− ny
t )ny

t dt. (50)
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Dividing integration with respect to t into two intervals (0,
√
ny) and (

√
ny,∞), we

have

8
∞∑

n=1

∫ ∞

0

exp (−t− ny
t )ny

t dt

= 8
∞∑

n=1

(∫ √
ny

0

exp (−t− ny
t )ny

t dt+
∫ ∞

√
ny

exp (−t− ny
t )ny

t dt
)

≤ 8
∞∑

n=1

(∫ √
ny

0

exp (−ny
t )ny

t dt+
∫ ∞

√
ny

exp (−t)ny
t dt

)
= 16

∞∑
n=1

∫ ∞

√
ny

exp (−t)ny
t dt

≤ 16
∞∑

n=1

∫ ∞

√
ny

√
ny exp (−t)dt

= 16
∞∑

n=1

√
ny exp (−√ny). (51)

Now let x = k4N(f′)2 so that y = 16π4x
k2N(f′) = 16π4k2N(f′). Then by (49), (50) and

(51), we have ∣∣∣∣∣ 1
2πi

∫ − 1
2+i∞

− 1
2−i∞

Γ(s+ 1)F (s)xsds

∣∣∣∣∣
≤

k
√
N(f′)

4π2
· 16

∞∑
n=1

√
ny exp (−√ny)

≤
k
√
N(f′)

4π2
· 16 · 5!

∞∑
n=1

√
ny

(
√
ny)5

≤
k
√
N(f′)

4π2
· 1
(4π2k

√
N(f′) )4

· 16 · 5!
∞∑

n=1

1
n2

< (4π2)−5 · 16 · 5! · π
2

6
< 4 · 10−5. (52)

Since x = k4N(f′)2 ≥ 34, (48) and (52) give

|LK(2, ψ′)L(1, χk)| ≥ e−1/x − 4 · 10−5

x
≥ e−1/81 − 4 · 10−5

k4N(f′)2
≥ 0.98
k4N(f′)2

.

From [(4) and Theorem 2, Go], we have

kN(f′) ≤ kN(f) = N

and by [(59), Go], we have

|LK(2, ψ2)L(1, χk)| ≥ N−2|LK(2, ψ′)L(1, χk)| ≥ 0.98
k2N4

.

�
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