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Abstract. Let d > 0 be a fundamental discriminant of a real quadratic field. Let

h(d) be the class number and εd the fundamental unit of the real quadratic field

Q(
√

d). In this paper, we prove that if there is an elliptic curve E over Q whose

Hasse-Weil L-function LE/Q(s) has a zero of order g at s = 1, then there is an

effectively computable constant κ > 0 satisfying

h(d) log εd > 1
κ (log d)g−3

∏
p|d, p6=d

(
1− b2√pc

p+1

)
.

1. Introduction and results

Let d be a fundamental discriminant, χd the Dirichlet character associated

to the quadratic field Q(
√

d) and L(s, χd) the Dirichlet L-function. The

Dirichlet class number formula is as follows

L(1, χd) =


2πh(d)

ω
√
|d|

if d < 0,

2h(d) log εd√
d

if d > 0,

where h(d) is the class number of Q(
√

d), ω the number of roots of unity in

Q(
√

d) (d < 0) and εd the fundamental unit of Q(
√

d) (d > 0). Siegel [Si]

proved that there is a positive constant κ(ε) such that

L(1, χd) >
1

κ(ε)
|d|−ε (ε > 0).

Thus we have

|d|
1
2
−ε ≤

 κ(ε) h(d) for d < 0,

κ(ε) h(d) log εd for d > 0.

But there is no known method to compute the constant κ(ε).
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In [Go], Goldfeld proved that if there is an elliptic curve E over Q of

conductor N whose Hasse-Weil L-function LE/Q(s) has a zero of order g at

s = 1, then there is an effectively computable constant κ > 0 satisfying

exp(−21
√

g log log |d|)(log |d|)g−µ−1 ≤

 κ h(d) for d < 0,

κ h(d) log εd for d > 0,

where µ ∈ {1, 2} satisfying χd(−N) = (−1)g−µ. In [BK] and [BK1], we

explicitly compute the constant κ for d > 0.

In [Oe], Oesterlé simplified the method of Goldfeld [Go] by using definite

binary quadratic forms and proved that there is an effectively computable

constant κ > 0 satisfying

θ(d) log d ≤ κ h(d)

for any fundamental discriminant d < 0 of imaginary quadratic fields, where

θ(d) =
∏

p∈P (d)

(
1−

b2√pc
p + 1

)
(1.0.1)

and P (d) is the set of primes p dividing d except for the largest of them.

Moreover, using an elliptic curve E over Q of conductor 5077 whose Hasse-

Weil L-function LE/Q(s) has a zero of order 3, Oesterlé proved that for any

d < 0 with (5077, d) = 1,

h(d) > 1
55(log |d|)

∏
p|d, p6=d

(
1− b2√pc

p+1

)
.

In this paper, we modify the method of Oesterlé [Oe] by using indefinite

binary quadratic forms and prove the following theorem.

Theorem 1. If there is an elliptic curve E over Q whose Hasse-Weil L-

function LE/Q(s) has a zero of order g at s = 1, then there is an effectively

computable constant κ > 0 satisfying

θ(d) (log d)g−3 ≤ κ h(d) log εd

for any fundamental discriminant d > 0 of a real quadratic field.

Theorem 1 immediately follows from Theorem 2.
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Theorem 2. Let E be an elliptic curve over Q and D(g) the set of funda-

mental discriminants d > 0 of real quadratic fields such that the base change

Hasse-Weil L-function LE/Q(
√

d)(s) has a zero of order ≥ g at s = 1. Then

there are effectively computable constants c1 and c2 > 0 such that for any

d ∈ D(g) greater than c1,

h(d) log εd ≥ c2(log d)g−3θ(d).

Since log εd � log d, it is required that LE/Q(
√

d)(s) has a zero of order

≥ 5 at s = 1 to get a non-trivial lower bound. But there is no known elliptic

curve E whose LE/Q(s) has a zero of order ≥ 4 at s = 1. Let E(Q) be the

Mordell-Weil group of an elliptic curve E over Q. Birch and Swinnerton-

Dyer conjectured that if the rank of E(Q) is equal to g, then LE/Q(s) has a

zero of order g at s = 1.

Among the known elliptic curves E whose Mordell-Weil group E(Q) has

rank 4, for example, choose the curve

E : y2 + y = x3 + x2 − 72x + 210

with the smallest prime conductor N = 501029 (cf. [Cr]). Then LE/Q(
√

d)(s)

has a zero of order ≥ 5 at s = 1 for any d such that ( d
N ) = −1 under the

assumption that the conjecture of Birch and Swinnerton-Dyer is true.

Let ∆ = n2 + r be a positive square free integer with r ∈ {±1,±4}. The

real quadratic field Q(
√

∆) is called a real quadratic field of narrow Richaud-

Degert type (cf. [De]). Let d be the fundamental discriminant of the real

quadratic field Q(
√

∆) of narrow Richaud-Degert type. Then we have

εd =

 n +
√

n2 + r if r = ±1,
n+

√
n2+r
2 if r = ±4.

Thus log εd ≤ log (2
√

d). By numerically computing the constants c1 and

c2 in Theorem 2, we can obtain the following lower bound for the class

number of the real quadratic field of narrow Richaud-Degert type under the

assumption that the conjecture of Birch and Swinnerton-Dyer is true.

Theorem 3. Let E : y2+y = x3+x2−72x+210 be an elliptic curve over Q

of conductor N = 501029. If the conjecture of Birch and Swinnerton-Dyer

is true for E, that is, the Hasse-Weil L-function LE/Q(s) associated to E
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has a zero of order 4 at s = 1, then for any fundamental discriminant d > 0

of the real quadratic field Q(
√

∆) of narrow Richaud-Degert type such that

(d, 501029) = 1, we have

h(d) ≥ 1
5200

(log d)
∏

p|d, p6=d

(
1− b2√pc

p+1

)
.

2. Real quadratic fields and binary quadratic forms

In this section, we introduce Hecke’s idea [He] which shows how a Dirichlet

series involving an indefinite quadratic form can be written as an integral of

a series involving a definite quadratic form. For more details, see Section 3,

Zeta functions of quadratic fields in [Go] and Section 3, Hecke’s Theorem in

[Za].

Let d > 0 be a fundamental discriminant of a real quadratic field. Let

ζK(s) be the Dedekind zeta function of the real quadratic field K = Q(
√

d).

Then we have

ζK(s) =
∑
A

ζ(s,A),

where A runs over the ideal class group of K and

ζ(s,A) =
∑
a∈A

1
N (a)s

with the absolute norm N from nonzero integral ideals of the ring of integers

OK of K to N∗ defined by a 7→ |OK/a|.

If b ∈ A−1, then the correspondence

a 7→ ab = (v)

is a bijection between ideals a ∈ A and principal ideals (v) with v ∈ b. Let

UK = {±εd
n |n ∈ Z} be the group of units of K. Then v1 and v2 in b define

the same principal ideal if and only if v1/v2 ∈ UK . Hence we have

ζ(s,A) =
∑′

v∈b/UK

N (b)s

|vv′|s
,

where (here and in the sequel) the prime on the summation sign indicates

that the value 0 is to be omitted and v′ is the conjugate of v in K/Q.

By the reduction of indefinite binary quadratic forms, we can choose the

basis of an ideal b

b =
[
a,
−b +

√
d

2

]
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such that b +
√

d > 2|a| > −b +
√

d > 0 and N (b) = |a| (cf. [p. 633, Go]).

Note that b corresponds to an indefinite binary quadratic form (a, b, c) =

ax2 + bxy + cy2 with d = b2 − 4ac > 0. Let

v = am +
−b +

√
d

2
n, v′ = am +

−b−
√

d

2
n

and

w =
−b +

√
d

2|a|
, w′ =

−b−
√

d

2|a|
,

where m, n are rational integers. Since∫ ∞

−∞

dφ

(v2eφ + v′2e−φ)s
=

1
|vv′|s

∫ ∞

−∞

dφ

(eφ + e−φ)s

=
1

|vv′|s
Γ(s/2)2

2Γ(s)

for nonzero real numbers v and v′, we have

ζK(s) =
∑

(a,b,c)

∑′

v∈b/UK

N (b)s

|vv′|s

=
∑

(a,b,c)

2Γ(s)
Γ(s/2)2

N (b)s

 ∑′

v∈b/UK

∫ ∞

−∞
(v2eφ + v′

2
e−φ)−sdφ


=

∑
(a,b,c)

Γ(s)
Γ(s/2)2

∫ log εd

− log εd

(∑′

v∈b

N (b)s(v2eφ + v′
2
e−φ)−s

)
dφ

=
∑

(a,b,c)

Γ(s)
Γ(s/2)2

∫ log εd

− log εd

∑′

(m,n)

(
A(φ)m2 + B(φ)mn + C(φ)n2

)−s

dφ,

where (a, b, c) runs over basis of ideals representing the ideal class group of

K and

A(φ) = |a|(eφ + e−φ), B(φ) = 2a(weφ + w′e−φ), C(φ) = |a|(w2eφ + w′2e−φ)

for a variable φ ∈ R (cf. [p. 161, Za]). Note that A(φ)m2+B(φ)mn+C(φ)n2

is a positive-definite binary quadratic form.

Let Ǎm2+B̌mn+Čn2 be the reduced form of the positive-definite binary

quadratic form Am2 + Bmn + Cn2 with real coefficients, that is, it satisfies

simultaneously

(i) |Ǎ| ≤ B̌ ≤ Č

(ii) B̌ ≥ 0 if Ǎ = |B̌| or Č
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with

B̌2 − 4ǍČ = B2 − 4AC = −4d < 0.

Note that Ǎ, B̌, Č are piecewise continuous real-valued functions of a vari-

able φ ∈ R and the integral∫ log εd

− log εd

(Ǎm2 + B̌mn + Čn2)−sdφ

is well-defined. Therefore we represent ζK(s) as an integral of a series in-

volving definite quadratic forms

ζK(s) =
∑

(a,b,c)

Γ(s)
Γ(s/2)2

∫ log εd

− log εd

∑′

(m,n)

(Ǎm2 + B̌mn + Čn2)−sdφ. (2.0.1)

Also we have,

ζK(s)
ζ(2s)

=
∑

(a,b,c)

2Γ(s)
Γ(s/2)2

·

(∫ log εd

− log εd

Ǎ−sdφ +
∫ log εd

− log εd

∑
(m,n)∈Z×N∗

(m,n)=1

(Ǎm2 + B̌mn + Čn2)−sdφ

)
.

(2.0.2)

These two identities (2.0.1) and (2.0.2) will be used in Section 4, Proof of

Proposition 4, which is stated in Section 3, Proof of Theorem 2.

3. Proof of Theorem 2

3.1. Associated L-function. Let E be an elliptic curve over Q of conduc-

tor N such that the base change Hasse-Weil L-function LE/Q(
√

d)(s) has a

zero of order ≥ g at s = 1.

We denote by Sp
2(N) the set of normalized primitive holomorphic cusp

forms for the congruence subgroup Γ0(N) of weight 2 with trivial nebenty-

pus 1N . From the Modularity Theorem, there exists f =
∑∞

n=1 anqn (q =

e2πiτ ) ∈ Sp
2(N) such that the associated L-function L(f, s) satisfies

LE/Q(s) = L(f, s) =
∞∑

n=1

an

ns

(cf. [Theorem 8.8.3, DS]). If necessary, we denote an by an(f). Thus LE/Q(s)

has an analytic continuation to an entire function satisfying the functional

equation

Λ(f, 2− s) = W (f)Λ(f, s),
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where Λ(f, s) =
(√

N
2π

)sΓ(s)L(f, s) and W (f) = ±1 is the root number.

3.2. Twisting by a quadratic Dirichlet character. For a Dirichlet char-

acter χd, there exists an integer Nχd
≥ 1 and f ⊗ χd ∈ Sp

2(Nχd
) such that

the p-th Fourier coefficient is given by

ap(f ⊗ χd) = ap(f)χd(p)

for almost all primes p. This condition uniquely determines Nχd
and f⊗χd.

Let

Md =

√
NNχd

|d|
. (3.2.1)

and

M = 2n2 · 3n3 ·N, (3.2.2)

where  n2 = maxχd

{
0,

ord2(Nχd
)−ord2(N)

2 − 2
}
,

n3 = maxχd

{
0,

ord3(Nχd
)−ord3(N)

2 − 1
}
.

For any conductor N ′ of an elliptic curve E′/Q, it is well known that
ord2(N ′) ≤ 8

ord3(N ′) ≤ 5

ordp(N ′) ≤ 2 for p 6= 2, 3

(cf. [p. 385 and p. 388, Sil]). Thus we have upper bounds for n2 and n3 as

follows:

n2 ≤ 8−0
2 − 2 ≤ 2,

n3 ≤ 5−0
2 − 1 ≤ 1.5.

We note that ordp(N) = ordp(Nχd
) for any prime p - d. Since 4 | d for even

d, we have

M ≥ Md.
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3.3. Symmetric square L-functions. The Hasse-Weil L-function LE/Q(s)

can be expanded as an Euler product:

LE/Q(s) =
∏
p

(1− app
−s + 1N (p)p−2s)−1

=
∏
p

(1− αpp
−s)−1(1− βpp

−s)−1,

where 
for p - N, αp + βp = ap, |αp| = |βp| =

√
p, αp = β̄p,

for p ‖ N, αp = ±1, βp = 0,

for p2 | N, αp = βp = 0.

If necessary, we denote αp and βp by αp(E) and βp(E), respectively.

The imprimitive symmetric square L-function L(Sym2
i E, s) associated to

E/Q is defined as follows: for Re(s) > 2,

L(Sym2
i E, s) =

ζN (2s− 2)
ζN (s− 1)

∞∑
n=1

a2
n

ns

=
∏
p

(1− α2
pp

−s)−1(1− αpβpp
−s)−1(1− β2

pp−s)−1.

= L(f, s
2)L(f ⊗ λ, s

2)ζN (s− 1),

where λ(n) =
∏

pr||n(−1)r, L(f ⊗ λ) =
∑∞

n=1 anλ(n)n−s and the subscript

N of ζN means that we have omitted the Euler factors at the primes dividing

N .

By [CS], there exist the symmetric square conductor B ∈ Z, the primitive

symmetric square L-function L(Sym2
pE, s) and the Euler product U(E, s) =∏

p|N Up(E, s) such that

Λ(Sym2E, s) :=
( B

2π3/2

)s
Γ(s)Γ

(s

2

)
L(Sym2

pE, s)

:=
( B

2π3/2

)s
Γ(s)Γ

(s

2

)
L(Sym2

i E, s) · U(E, s)

satisfies the functional equation

Λ(Sym2E, s) = Λ(Sym2E, 3− s). (3.3.1)

Let

Fd(s) =
(Md

4π2

)sΓ2(s)
L(Sym2

i E, 2s)
(s− 1)ζN (2s− 1)

, (3.3.2)
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F
(k)
d (s) its k-th derivative and F = {Fd | d ∈ D(g)}. We note that F is a

finite set.

3.4. The fundamental equality. As [Oe], let

Ψ(s) = L(f, s)L(f ⊗ λ, s),

G(s) =
L(f ⊗ χd, s)
L(f ⊗ λ, s)

,

Gp(s) = the Euler factor of G(s) at a prime p,

G(U, s) =
∏
p<U

Gp(s),

G(U∗, s) = G(s)−G(U, s) = G(U, s)
(( ∏

p≥U

Gp(s)
)
− 1
)

,

γ(s) = (
Md

4π2
)sΓ(s)2,

Wd = W (f)W (f ⊗ χd),

µ′ ∈ {1, 2} such that Wd = (−1)g−µ′ ,

ρ = g − µ′ − 1, (3.4.1)

J(U) =
∫ σ+i∞

σ−i∞
ds−1γ(s)Ψ(s)G(U, s)(s− 1)−ρ−2 ds

2πi
, (3.4.2)

J(U∗) =
∫ σ+i∞

σ−i∞
ds−1γ(s)Ψ(s)G(U∗, s)(s− 1)−ρ−2 ds

2πi
. (3.4.3)

Let

Λ(s) = ds−1(
Md

4π2
)sΓ(s)2L(f, s)L(f ⊗ χd, s) = ds−1γ(s)Ψ(s)G(s).

Then we have the functional equation

Λ(s) = WdΛ(2− s).

Since (−1)ρWd = −1, we have∫ 1+i∞

1−i∞
Λ(s)(s− 1)−ρ−2 ds

2πi
= Wd(−N)

∫ 1+i∞

1−i∞
Λ(2− s)(s− 1)−ρ−2 ds

2πi

= (−1)ρWd

∫ 1+i∞

1−i∞
Λ(z)(z − 1)−ρ−2 dz

2πi

= 0.
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Since Λ(s) has a zero of order ≥ g at s = 1, by the residue theorem, we have

for σ > 1,∫ σ+i∞

σ−i∞
Λ(s)(s− 1)−ρ−2 ds

2πi
=
∫ 1+i∞

1−i∞
Λ(s)(s− 1)−ρ−2 ds

2πi
= 0.

Therefore we have

J(U) = −J(U∗). (3.4.4)

3.5. To prove Theorem 2, we need the following propositions, which are

analogues of [Theorem 2, Section 3.5, Oe].

Proposition 4. Let E be an elliptic curve over Q of conductor N and D(g)

the set of fundamental discriminants d > 0 of real quadratic fields such that

the base change Hasse-Weil L-function LE/Q(
√

d)(s) has a zero of order ≥ g

at s = 1. Then there are effectively computable constants c3 and c4 > 0

depending on E and ρ such that for any d ∈ D(g) with

d ≥ c3,

we have either h(d) log εd ≥
L(Sym2

i E,2)
∏

p|N
p

p−1

2ρ+1ρ!
√

M
(log d)ρ or else, for some

positive integer U ,

|J(U∗)| ≤
c42ρM

3/2
d

π2

ρ∏
i=1

(qi + 1
qi − 1

)
· h(d) log εd

∏
p∈P (d)

(
1 +

1
p

)
,

where qi is the i-th prime splitting in Q(
√

d) (or the i-th prime), P (d) is

defined below (1.0.1), and Md, M , ρ, J(U∗) are defined by (3.2.1), (3.2.2),

(3.4.1), (3.4.3), respectively.

Proposition 5. Let E be an elliptic curve over Q of conductor N and D(g)

the set of fundamental discriminants d > 0 of real quadratic fields such that

the base change Hasse-Weil L-function LE/Q(
√

d)(s) has a zero of order ≥ g

at s = 1. Then there is an effectively computable constant c5 > 1 depending

on E and ρ such that for any d ∈ D(g) with

d ≥ max
1≤k≤ρ

{
exp

(
2ρ−1ρ!

√
N
)
, exp

(
L(Sym2

i E, 2)
)
, exp

(
2ρ
|F (k)

d (1)|
|Fd(1)|

)}
,
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we have either h(d) log εd ≥
L(Sym2

i E,2)
12

∏ρ
i=1

(qi−1)(qi+1−b2√qic)
(qi+1)(qi+1+b2√qic) · (log d)ρθ(d)

or else, for the same U in Proposition 4,

|J(U)| ≥ Fd(1)
c5ρ!

ρ∏
i=1

qi + 1− b2√qic
qi + 1 + b2√qic

· (log d)ρ
∏

p∈P (d)

p + 1− b2√pc
p

,

where qi is the i-th prime splitting in Q(
√

d) (or the i-th prime), P (d) is

defined below (1.0.1), and Fd, ρ, J(U) are defined by (3.3.2), (3.4.1), (3.4.2),

respectively.

We will prove Proposition 4 in Section 4 and Proposition 5 in Section 5.

Proof of Theorem 2. Let qi be the i-th prime. Suppose for d ∈ D(g) with

d ≥ max
Fd∈F ,
1≤k≤ρ

{
c3, exp (2ρ−1ρ!

√
N), exp (L(Sym2

i E, 2)), exp (2ρ
|F (k)

d (1)|
|Fd(1)|

)
}

,

h(d) log εd ≤
L(Sym2

i E, 2)
∏

p|N
p

p−1

2ρ+1ρ!
√

M
(log d)ρ

and

h(d) log εd ≤
L(Sym2

i E, 2)
12

ρ∏
i=1

(qi − 1)(qi + 1− b2√qic)
(qi + 1)(qi + 1 + b2√qic)

· (log d)ρθ(d).

By (3.4.4), Proposition 4 and Proposition 5, we have

c42ρM
3/2
d

π2

ρ∏
i=1

(qi + 1
qi − 1

)
· h(d) log εd

∏
p∈P (d)

(
1 +

1
p

)
≥ Fd(1)

c5ρ!

ρ∏
i=1

qi + 1− b2√qic
qi + 1 + b2√qic

· (log d)ρ
∏

p∈P (d)

p + 1− b2√pc
p

=
MdL(Sym2

i E, 2)
c52π2ρ!

∏
p|N

p

p− 1

ρ∏
i=1

qi + 1− b2√qic
qi + 1 + b2√qic

·(log d)ρ
∏

p∈P (d)

p + 1− b2√pc
p

.

Therefore we have

h(d) log εd

≥ L(Sym2
i E, 2)

c4c52ρ+1ρ!
√

Md

∏
p|N

p

p− 1

ρ∏
i=1

(qi − 1)(qi + 1− b2√qic)
(qi + 1)(qi + 1 + b2√qic)

(log d)ρθ(d)

≥ L(Sym2
i E, 2)

c4c52ρ+1ρ!2n2/23n3/2
√

N

∏
p|N

p

p− 1

ρ∏
i=1

(qi − 1)(qi + 1− b2√qic)
(qi + 1)(qi + 1 + b2√qic)

(log d)ρθ(d).
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Finally, if we take

c1 = max
Fd∈F ,
1≤k≤ρ

{
c3, exp (2ρ−1ρ!

√
N), exp (L(Sym2

i E, 2)), exp (2ρ
|F (k)

d (1)|
|Fd(1)|

)
}

and

c2 =
L(Sym2

i E, 2)
c4c52ρ+1ρ!2n2/23n3/2

√
N

∏
p|N

p

p− 1

ρ∏
i=1

(qi − 1)(qi + 1− b2√qic)
(qi + 1)(qi + 1 + b2√qic)

,

Theorem 2 follows. �

4. Proof of Proposition 4

4.1. Choice of U. First we choose an appropriate U to prove Proposition

4. Let ζ(s) be the Riemann zeta function and ζK(s) the Dedekind zeta

function of the real quadratic field K = Q(
√

d). Let

ζ̃K(s) =
ζK(s)
ζ(2s)

=
ζ(s)L(s, χd)

ζ(2s)
=

∞∑
n=1

νn

ns
.

Then we have νn ≥ 0 because the Euler product of ζ̃K(s) is

ζ(s)L(s, χd)
ζ(2s)

=
∏
p

1− p−2s

(1− p−s)(1− χd(p)p−s)

=
∏

p ramifies in K

(1 + p−s)
∏

p splits in K

(
1 + p−s

1− p−s

)
.

(4.1.1)

Lemma 6. For d > 4, ∑
n<

√
d

4

νn <
1

4 log 2
L(1, χd)

√
d.

Proof. See [Lemma 4, Go]. �

We take for U the number
(√

d
4

)1/m
, where m is the smallest positive

integer such that

mρ+1 ≥ (ρ + 1)!
2ρ+1

h(d) log εd. (4.1.2)

The following lemma is an analogue of [Lemma 1, Section 3.5, Oe].

Lemma 7.

(a) For d ≥ exp (6ρρ+1), the largest prime divisor of d is greater than

U .
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(b) There are at most ρ prime numbers q < U which split in K/Q.

Proof. (a) For d ≥ exp (6ρρ+1), we have

log εd ≥ log (
√

d− 4 +
√

d

2
) > 1

3 log d > 2ρρ+1.

Let T be the number of prime divisors of d. Suppose T ≥ 2m + 1, where m

is defined in (4.1.2). Let h(+)(d) be the narrow class number of K. Then

we have

h(+)(d) =

 2h(d) if N (εd) = 1,

h(d) if N (εd) = −1,

where N is the field norm N : K → Q such that N (x +
√

dy) = x2 − dy2.

By the genus theory, 2T−1 divides h(+)(d), so we have

mρ+1 >
(ρ + 1)!

2ρ+1
h(+)(d) · ρρ+1 ≥ (ρ + 1)!

2ρ+1
ρρ+1 · 22m,

which is contradiction. Therefore we have T ≤ 2m. Since either d or d
4 is

square-free, at least one of the prime divisors of d is greater than ( d
16)1/T

and so than U .

(b) Suppose q1, q2, · · · , qρ+1 are primes less than U and split in K/Q. By

(4.1.1), we have

1 + q−s
1

1− q−s
1

· 1 + q−s
2

1− q−s
2

· · ·
1 + q−s

ρ+1

1− q−s
ρ+1

� ζK(s)
ζ(2s)

and for all pairs (l1, l2, · · · , lρ+1) ∈ Nρ+1 such that l1 + l2 + · · ·+ lρ+1 ≤ m,

we have

ql1
1 ql2

2 · · · q
lρ+1

ρ+1 < Um =

√
d

4
.

By the Dirichlet class number formula and Lemma 6, we deduce the inequal-

ity
ρ+1∑
i=0

(
ρ + 1

i

)
2i

(
m

i

)
<

1
2 log 2

h(d) log εd,

which contradicts the definition of m. Therefore there are at most ρ prime

numbers q < U which split in K/Q. �
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4.2. Some integrals. Now we introduce some integrals needed to prove

Proposition 4.

Lemma 8. Let m ≥ 1 be an integer. Let a < σ be real numbers. As a

function of x > 0,∫ σ+i∞

σ−i∞
x−s(s− a)−m ds

2πi
=

 x−a | log x|m−1

(m−1)! 0 < x < 1,

0 x > 1

is decreasing and convex if a ≥ 0.

Proof. See [Lemma 1, Section 3.3, Oe] or [p. 95, PK]. �

Lemma 9. Let µ1, · · · , µr be the positive measures on R∗
+ for which the

function t 7→ tσ is integrable.

(a) Let

µ̂j(s) =
∫ ∞

0
t−s
j µj , (1 ≤ j ≤ r, Re(s) = σ),

and

J(x) =
∫ σ+i∞

σ−i∞
µ̂1(s) · · · µ̂r(s)x−s(s− a)−m ds

2πi
.

Then J is the positive function on R∗
+. Further J is convex and decreasing

if a ≥ 0.

(b) Let µ′j (1 ≤ j ≤ r) be the positive measures on R∗
+ satisfying the same

hypotheses with µj and define J ′ analogously to J . Suppose we have∫ x

0
µj([0, t])dt ≤

∫ x

0
µ′j([0, t])dt

for all x ≥ 0 and a ≥ 0. Then 0 ≤ J ≤ J ′.

Proof. See [Lemma 2 and Lemma 3, Section 3.3, Oe]. �

The following example will be used in Section 4.3 to get the required

upper bound (4.3.9) of J(U∗) from (4.3.8).

Example 10. Let the measures ν1 =
∑∞

n=1 δn and ν ′1 = δ1 + Leb[1,∞),

where δn is the Dirac measure centered on n and Leb[1,∞) is the standard

Lebesgue measure restricted to the interval [1,∞). Let ν2 and ν ′2 be images

of ν1 and ν ′1 by applying t 7→ t2. We have

ν1([0, t]) ≤ ν ′1([0, t]) (for all t > 0)
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and

ν2([0, t]) ≤ ν ′2([0, t]) (for all t > 0).

For Re(s) = σ > 1, we have

ν̂2(s) =
∫ ∞

0
(t2)−s

∞∑
n=1

dδn(t) =
∞∑

n=1

1
n2s

= ζ(2s)

and

ν̂ ′2(s) = 1 +
∫ ∞

1
(t2)−sdt = 1 +

1
2s− 1

=
s

s− 1
2

.

Lemma 11. Let q(m,n) = am2 + bmn + cn2 be a positive definite re-

duced quadratic form with real coefficients and D = −(b2 − 4ac) > 0 be

the discriminant of q(m,n). Let S(x) be the number of {(m,n) ∈ Z × N∗ |

am2 + bmn + cn2 ≤ x}. Then

(a) S(x) < 2π√
D

x.

(b) S(x) = 0 for x <
√

D
2 .

Proof. (a) S(x) is equal to the number of solutions of

(2am + bn)2 + Dn2 ≤ 4ax,

which is equivalent to−
√

4ax−Dn2 − bn ≤ 2am ≤
√

4ax−Dn2 − bn,

0 < n ≤ λ =
√

4ax
D .

Since n 6= 0, S(x) = 0 for x < D
4a . Since a ≤

√
D
3 , for x ≥ D

4a ,

S(x) ≤
∑

1≤n≤λ

(⌊√4ax−Dn2

a

⌋
+ 1
)

≤
√

D

a

∑
1≤n≤λ

√
λ2 − n2 + λ

<

√
D

a

π

4
λ2 + λ

=
π√
D

x +

√
4a

D

√
x

≤
( π√

D
+

4a

D

)
x

<
2π√
D

x.
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(b) Since a ≤
√

D
3 and n 6= 0,

am2 + bmn + cn2 =
(2am + bn)2 + Dn2

4a
≥ 3

√
D

4
>

√
D

2
.

�

The following example will also be used in Section 4.3 to get the required

upper bound (4.3.9) of J(U∗) from (4.3.8).

Example 12. Let the measures

ν =
∞∑

(m,n)∈Z×N∗

δq(m,n) and ν ′ = πδ√D/2 +
2π√
D

Leb[
√

D/2,∞),

where δq(m,n) is the Dirac measure centered on q(m,n) and Leb[x,∞) is the

standard Lebesgue measure restricted to the interval [x,∞). From Lemma

11, we have ∫ x

0
ν([0, t])dt ≤

∫ x

0
ν ′([0, t])dt for all x ≥ 0.

For Re(s) = σ > 1, we have

ν̂(s) =
∞∑

(m,n)∈Z×N∗

q(m,n)−s

and

ν̂ ′(s) = π

(√
D

2

)−s

+
2π√
D

∫ ∞

√
D/2

t−sdt

= π

(√
D

2

)−s

+
2π√
D

1
s− 1

(√
D

2

)−s+1

= π
s

s− 1

(√
D

2

)−s

.

4.3. Upper bound of J(U∗). By (3.4.3), Lemma 8 and 9, we have

J(U∗) ≤
∫ σ+i∞

σ−i∞
ds− 1

2 γ(s +
1
2
)ϕ(s)(s− 1

2
)−4 ds

2πi
,

for all Dirichlet series ϕ which converges absolutely for Re(s) > 1 and sat-

isfies

Ψ(s +
1
2
)G(U∗, s +

1
2
) � ϕ(s). (4.3.1)

By (2.0.1) and (2.0.2), we have the following lemma.
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Lemma 13. We can take for ϕ satisfying (4.3.1), the integral of Dirichlet

series obtained by expanding

∑
(a,b,c)

2Γ(s)
Γ(s/2)2

(
ζ(2s) ·

∫ log εd

− log εd

Ǎ−sdφ +
∫ log εd

− log εd

∑
(m,n)∈Z×N∗

(Ǎm2 + B̌mn + Čn2)−sdφ

)2

and removing the terms of the form

(
2Γ(s)

Γ(s/2)2

)2

· ζ(2s)2 ·
∫ log εd

− log εd

Ǎ−s
1 dφ

∫ log εd

− log εd

Ǎ−s
2 dφ

if

min{Ǎ1(φ) | − log εd ≤ φ ≤ log εd}·min{Ǎ2(φ) | − log εd ≤ φ ≤ log εd} < 4U.

Proof. Let

˜̃
ζK(s) = ζ̃K(s)2,

˜̃
ζK,p(s) = the Euler factor of ˜̃

ζK(s) at a prime p,

˜̃
ζK(U, s) =

∏
P<U

˜̃
ζK,p(s),

and

˜̃
ζK(U∗, s) = ˜̃

ζK(s)− ˜̃
ζK(U, s).

Since

Ψ(s +
1
2
)G(s +

1
2
) � ζK(s)2,

Ψ(s +
1
2
) � ζ(2s)2,

and

G(s +
1
2
) �

(
ζK(s)
ζ(2s)

)2

= ˜̃
ζK(s),

we have

Ψ(s +
1
2
)G(U∗, s +

1
2
) � ζ(2s)2 ˜̃

ζK(U∗, s).

If

min{Ǎ1(φ) | − log εd ≤ φ ≤ log εd}·min{Ǎ2(φ) | − log εd ≤ φ ≤ log εd} < 4U,
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then

U >
1
4
· Ǎ1(φ1) · Ǎ2(φ2)

=
1
4
·
(

A1(φ1)m2
1 + B1(φ1)m1n1 + C1(φ1)n2

1

)
·
(

A2(φ2)m2
2 + B2(φ2)m2n2 + C2(φ2)n2

2

)
=

1
4
· v2

1e
φ1 + v′21e

−φ1

N (b1)
· v2

2e
φ2 + v′22e

−φ2

N (b2)

≥ |v1v
′
1|

N (b1)
· |v2v

′
2|

N (b2)
= N (a1)N (a2)

for some φ1, φ2 ∈ [− log εd, log εd], some rational integers m1, n1, m2, n2,

some v1 ∈ b1, v2 ∈ b2, and the corresponding ideals a1 ∈ [b−1
1 ], a2 ∈ [b−1

2 ].

Note that a1 and a2 are products of prime ideals of norm less than U .

Since the Euler product of ˜̃
ζK(U, s) is

˜̃
ζK(U, s) =

( ∏
p<U

(1− p−2s)
∏

N (p)<U

1
1−N (p)−s

)2

,

by (2.0.1) and (2.0.2), we have ζ(2s)2 ˜̃
ζK(U∗, s) � the integral of Dirichlet

series obtained by expanding∑
(a,b,c)

2Γ(s)
Γ(s/2)2

(
ζ(2s) ·

∫ log εd

− log εd

Ǎ−sdφ +
∫ log εd

− log εd

∑
(m,n)∈Z×N∗

(Ǎm2 + B̌mn + Čn2)−sdφ

)2

and removing the terms of the form(
2Γ(s)

Γ(s/2)2

)2

· ζ(2s)2 ·
∫ log εd

− log εd

Ǎ−s
1 dφ

∫ log εd

− log εd

Ǎ−s
2 dφ

if

min{Ǎ1(φ) | − log εd ≤ φ ≤ log εd}·min{Ǎ2(φ) | − log εd ≤ φ ≤ log εd} < 4U.

�

Let u(t) be the unit step function

u(t) =

1 t ≥ 0,

0 t < 0.
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We will use the following Mellin transform (see [Table 18.1, Po]).

Γ(s) =
∫ ∞

0
e−tts−1dt for Re(s) > 0, (4.3.2)

Γ(s)Γ(b)
Γ(s + b)

=
∫ ∞

0
u(1− t)(1− t)b−1ts−1dt for Re(s) > 0 and Re(b) > 0,

(4.3.3)

− as+b

s + b
=
∫ ∞

0
u(t− a)tbts−1dt for Re(s) < −Re(b) and a > 0.

(4.3.4)

Lemma 14. Let ϕ̃(s) be the Dirichlet series obtained in Lemma 13. Then

we have

J(U∗) ≤
∫ σ+i∞

σ−i∞
ds− 1

2

(
Md

4π2

)s+ 1
2

4Γ(s+
1
2
)2Γ(s)2

1
Γ( s

2)4
ϕ̃(s)(s− 1

2
)−ρ−2 ds

2πi
,

(4.3.5)

and we can apply Lemma 9 to the right side of (4.3.5).

Proof. Recall that γ(s) =
(

Md
4π2

)s
Γ(s)2. To check the conditions of Lemma

9, it suffices to show that the term Γ(s)2/Γ( s
2)4 can be written by the form

in Lemma 9 (a). By the duplication formula of Gamma function,

Γ(s)2
1

Γ( s
2)4

=
Γ( s

2 + 1
2)2

Γ( s
2)2

22s−2

π
=

Γ( s
2 + 1

2)2

Γ( s
2 + 1)2

22s−2

π

(s
2
)2

. (4.3.6)

By (4.3.3), we have

Γ( s
2 + 1

2)Γ(1
2)

Γ( s
2 + 1)

=
∫ ∞

0
u(1− t)

1√
1− t

t
s
2
− 1

2 dt

=
∫ ∞

0
2u(1− t)

1√
1− t2

tsdt,

and so we write

Γ(s)2
1

Γ( s
2)4

=
(∫ ∞

0

2u(1− t)√
1− t2

tsdt

)2 22s−2

π2
· 1
4
(
(s− 1

2
) +

1
2
)2

.

(4.3.7)

Expanding the term ((s − 1
2) + 1

2)2 with respect to (s − 1
2), and applying

Lemma 8, the right side of (4.3.5) satisfies the conditions of Lemma 9. �
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Applying Lemma 8 and 9 to the right side of (4.3.5), we have

J(U∗)

≤ h(d)2(2 log εd)2
∫ σ+i∞

σ−i∞
ds− 1

2 γ(s +
1
2
)

4Γ(s)2

Γ(s/2)4
ζ(2s)2 · (4U)−s

· (s− 1
2
)−ρ−2 ds

2πi

+ 2 log εd

∫ σ+i∞

σ−i∞
ds− 1

2 γ(s +
1
2
)

4Γ(s)2

Γ(s/2)4
ζ(2s) ·

( ∑
(a,b,c)

∫ log εd

− log εd

α′−sdφ

)

·
( ∑

(a,b,c)

∑
(m,n)∈Z×N∗

(
min

φ
{Ǎm2 + B̌mn + Čn2}

)−s
)
· (s− 1

2
)−ρ−2 ds

2πi

+ (2 log εd)2
∫ σ+i∞

σ−i∞
ds− 1

2 γ(s +
1
2
)

4Γ(s)2

Γ(s/2)4

·
( ∑

(a,b,c)

∑
(m,n)∈Z×N∗

(
min

φ
{Ǎm2 + B̌mn + Čn2}

)−s
)2

· (s− 1
2
)−ρ−2 ds

2πi
,

(4.3.8)

where min
φ

means min
− log εd≤φ≤log εd

.

In the view of Lemma 9, Example 10 and 12, we increase the right side

of (4.3.8) by replacing

ζ(2s) by s
(
s− 1

2
)−1

,

∞∑
(m,n)∈Z×N∗

q(m, n)−s by π
s

s− 1

(√
D

2

)−s

,

with D = 4d. Therefore we obtain

J(U∗) ≤ J1 + J2 + J3, (4.3.9)

where

J1 = 4h(d)2(log εd)2
√

Md

4π2d

∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4

·
( Mdd

16π2U

)s
s2(s− 1

2
)−ρ−4 ds

2πi
, (4.3.10)
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J2 = 2πh(d) log εd

√
Md

4π2d

∫ log εd

− log εd

∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2 · 4Γ(s)2

Γ(s/2)4

·
( ∑

(a,b,c)

Ǎ(φ)−s

)
·
(Md

√
d

4π2

)s s2

s− 1
(s− 1

2
)−ρ−3 ds

2πi
dφ, (4.3.11)

and

J3 = 4π2h(d)2(log εd)2
√

Md

4π2d

∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4

·
(Md

4π2

)s( s

s− 1
)2(s− 1

2
)−ρ−2 ds

2πi
. (4.3.12)

4.4. Estimation of J1.

Lemma 15.

(a) For x > 0 and σ > 1, we have∫ σ+i∞

σ−i∞
xss4(s− 1

2
)−ρ−4 ds

2πi
≤


√

x
4·(ρ+3)!(log x + 4)ρ+3 x > 1,

0 0 < x < 1.

(b) For x > e and σ > 1, we have∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4
xss2(s− 1

2
)−ρ−4 ds

2πi
≤ 8

π
4ρ(ρ + 3)!

√
x(log x + 4)ρ+3.

Proof. (a) By Lemma 8,∫ σ+i∞

σ−i∞
xs((s− 1

2
) +

1
2
)4(s− 1

2
)−ρ−4 ds

2πi

=
∫ σ+i∞

σ−i∞
xs(s− 1

2
)−ρ +

4
2
xs(s− 1

2
)−ρ−1 +

6
22

xs(s− 1
2
)−ρ−2

+
4
23

xs(s− 1
2
)−ρ−3 +

1
24

xs(s− 1
2
)−ρ−4 ds

2πi

=


√

x
( | log x|ρ−1

(ρ−1)! + 2| log x|ρ
ρ! + 3| log x|ρ+1

2·(ρ+1)! + | log x|ρ+2

2·(ρ+2)! + | log x|ρ+3

16·(ρ+3)!

)
x > 1,

0 0 < x < 1

≤


√

x
4·(ρ+3)!(log x + 4)ρ+3 x > 1,

0 0 < x < 1.
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(b) Let I be the integral∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4
· xss2(s− 1

2
)−ρ−4 ds

2πi
.

By (4.3.2), (4.3.7) and (a),

I =
∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
e−t1t

− 1
2

1 e−t2t
− 1

2
2

2u(1− t3)√
1− t23

2u(1− t4)√
1− t24

· 1
4π2

·
∫ σ+i∞

σ−i∞

(
4t1t2t3t4x

)s
s4(s− 1

2
)−ρ−4 ds

2πi
dT

≤
∫ ∫ ∫ ∫

t1t2t3t4≥ 1
4x

e−t1t
− 1

2
1 e−t2t

− 1
2

2

2u(1− t3)√
1− t23

2u(1− t4)√
1− t24

· 1
4π2

·
√

4t1t2t3t4x

4 · (ρ + 3)!
(
log (4t1t2t3t4x) + 4

)ρ+3
dT,

where dT = dt1dt2dt3dt4. Thus we have

I ≤
∫ ∫ ∫ ∫

1
4x
≤t1t2t3t4≤ 1

4

e−t1t
− 1

2
1 e−t2t

− 1
2

2

2u(1− t3)√
1− t23

2u(1− t4)√
1− t24

· 1
4π2

·
√

4t1t2t3t4x

4 · (ρ + 3)!
(log x + 4)ρ+3dT

+
∫ ∫ ∫ ∫

t1t2t3t4≥ 1
4

e−t1t
− 1

2
1 e−t2t

− 1
2

2

2u(1− t3)√
1− t23

2u(1− t4)√
1− t24

· 1
4π2

·
√

4t1t2t3t4x

4 · (ρ + 3)!
(
4t1t2t3t4(log x + 4)

)ρ+3
dT

≤ 1
(ρ + 3)!

(
4Γ2(1)

Γ2(1
2)

Γ4(1
4)

+
4

(2ρ + 7)2
Γ(ρ + 4)2

Γ(2ρ+7
2 )2

Γ(2ρ+7
4 )4

)
·
√

x(log x + 4)ρ+3.

By (4.3.6), we have I ≤ 8
π4ρ(ρ + 3)!

√
x(log x + 4)ρ+3. �

Proposition 16.

J1 ≤
4ρ+1(ρ + 3)!

π3
· h(d)2(log εd)2

Md√
U
·
(

log
( Mdd

16π2U

)
+ 4
)ρ+3

.

Proof. From (4.3.10) and Lemma 15,

J1 = 4h(d)2(log εd)2
√

Md

4π2d

∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4

·
( Mdd

16π2U

)s
s2(s− 1

2
)−ρ−4 ds

2πi

≤ 8 · 4ρ(ρ + 3)!

π
√

4π2
√

16π2
· 4h(d)2(log εd)2

Md√
U
·
(

log
( Mdd

16π2U

)
+ 4
)ρ+3

.

�
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4.5. Estimation of J2.

Lemma 17. For x > 0 and σ > 1, we have

(a)
∫ σ+i∞

σ−i∞
xs s4

s− 1
(s− 1

2
)−ρ−3 ds

2πi
≤ 2ρ+3x,

(b)
∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4
xs s2

s− 1
(s− 1

2
)−ρ−3 ds

2πi
≤ 2ρ+3

π
x.

Proof. (a) Applying the residue theorem to the vertical strip between 3
4 and

σ and using (4.3.4), we have∫ σ+i∞

σ−i∞
xs s4

s− 1
(s− 1

2
)−ρ−3 ds

2πi

= 2ρ+3x +
∫ 3

4
+i∞

3
4
−i∞

xs s4

s− 1
(s− 1

2
)−ρ−3 ds

2πi

= 2ρ+3x−
∫ 3

4
+i∞

3
4
−i∞

(∫ ∞

0
u(t− x)t−1ts−1dt

)
xs4(s− 1

2
)−ρ−3 ds

2πi
.

Since u(t− x)ts−2 is a nonnegative function of t on R∗
+, by Lemma 9,∫ 3

4
+i∞

3
4
−i∞

(∫ ∞

0
u(t− x)t−1ts−1dt

)
x
(
(s− 1

2
) +

1
2

)4
(s− 1

2
)−ρ−3 ds

2πi
≥ 0,

and so we have ∫ σ+i∞

σ−i∞
xs s4

s− 1
(s− 1

2
)−ρ−3 ds

2πi
≤ 2ρ+3x.

(b) By (4.3.7) and (a), we have∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4
· xs s2

s− 1
(s− 1

2
)−ρ−3 ds

2πi

≤ Γ(1 +
1
2
)2

4Γ(1)2

Γ(1
2)4

· 2ρ+3x

=
2ρ+3

π
x.

�

From Lemma 7, we know that there are at most ρ primes q < U which

split in K/Q.

Proposition 18. Let qi be the i-th prime q which splits in K. Then for

d ≥ exp (6ρρ+1) we have

J2 ≤
2ρ

π2
h(d) log εdM

3/2
d

(
1 +

h(d)
U

) ρ∏
i=1

(qi + 1
qi − 1

) ∏
p∈P (d)

(1 +
1
p
).
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Proof. We have for σ ≥ 1,

2Γ(s)
Γ(s/2)2

∑
(a,b,c)

∫ log εd

− log εd

Ǎ−sdφ <
2Γ(s)

Γ(s/2)2
∑

(a,b,c)

∫ ∞

−∞
Ǎ−sdφ

=
∑

(a,b,c)

1
N (b)s

,

where b’s are the corresponding ideals to (a, b, c).

Therefore

2Γ(s)
Γ(s/2)2

∑
(a,b,c)

∫ log εd

− log εd

Ǎ−sdφ <
∑

(a,b,c)

1
N (b)s

� ζK(s)
ζ(2s)

,

and so by (4.1.1) and Lemma 7, for d ≥ exp (6ρρ+1) we have

2
π

∑
(a,b,c)

∫ log εd

− log εd

Ǎ−1dφ <
(
1 +

h(d)
U

) ρ∏
i=1

(1 + q−1
i

1− q−1
i

) ∏
p∈P (d)

(1 +
1
p
).

(4.5.1)

By (4.3.11), Lemma 17 and (4.5.1),

J2 = 2πh(d) log εd

√
Md

4π2d

∫ log εd

− log εd

∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2 · 4Γ(s)2

Γ(s/2)4

·
( ∑

(a,b,c)

Ǎ(φ)−s

)
·
(Md

√
d

4π2

)s s2

s− 1
(s− 1

2
)−ρ−3 ds

2πi
dφ

≤ 2ρ+3πh(d) log εd

(
Md

4π2

)3/2( 2
π

∑
(a,b,c)

∫ log εd

− log εd

Ǎ−1dφ

)

<
2ρ

π2
h(d) log εdM

3/2
d

(
1 +

h(d)
U

) ρ∏
i=1

(1 + q−1
i

1− q−1
i

) ∏
p∈P (d)

(1 +
1
p
).

�

4.6. Estimation of J3.

Lemma 19. For x > 0 and σ > 1, we have

(a)
∫ σ+i∞

σ−i∞
xs s4

(s− 1)2
(s− 1

2
)−ρ−2 ds

2πi
≤ 81

16
x

3
2 ,

(b)
∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4
xs s2

(s− 1)2
(s− 1

2
)−ρ−2 ds

2πi
≤ 4x

3
2 .

Proof. (a) For α > 0, let µ′α be the images of δ1 + Leb[1,∞) by applying

t 7→ t1/α. By the same way as in Example 10, we have

µ̂′α(s) = 1 +
∫ ∞

1
(t1/α)−sdt = 1 +

1
s/α− 1

=
s

s− α
.
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For 0 < ε < 1, we have

s4

(s− 1− ε)(s− 1 + ε)
− s4

(s− 1)2
= ε2 ·

( s

s− 1

)2
· s

s− 1− ε
· s

s− 1 + ε

= ε2 · µ̂′1(s)2 · µ̂′1+ε(s) · µ̂′1−ε(s),

and so by Lemma 9, we have the following inequality.∫ σ+i∞

σ−i∞
xs s4

(s− 1)2
(s− 1

2
)−ρ−2 ds

2πi

≤
∫ σ+i∞

σ−i∞
xs s4

(s− 1− ε)(s− 1 + ε)
(s− 1

2
)−ρ−2 ds

2πi
.

Translating the vertical line to the right such that σ > 3
2 , substituting

1
2 for ε, applying the residue theorem to the vertical strip between 1 and

σ > 3
2 , and using (4.3.4), we have∫ σ+i∞

σ−i∞
xs s4

(s− 1)2
(s− 1

2
)−ρ−2 ds

2πi

≤
∫ σ+i∞

σ−i∞
xs s4

(s− 3
2)(s− 1

2)
(s− 1

2
)−ρ−2 ds

2πi

=
(3
2
)4

x
3
2 +

∫ 1+i∞

1−i∞
xs s4

(s− 3
2)(s− 1

2)
(s− 1

2
)−ρ−2 ds

2πi

=
(3
2
)4

x
3
2 −

∫ 1+i∞

1−i∞

(∫ ∞

0
u(t− x)t−

3
2 ts−1dt

)
x

3
2 s4(s− 1

2
)−ρ−3 ds

2πi
.

Since u(t− x)ts−
5
2 is a nonnegative function of t on R∗

+, by Lemma 9,∫ 1+i∞

1−i∞

(∫ ∞

0
u(t− x)t−

3
2 ts−1dt

)
x

3
2

(
(s− 1

2
) +

1
2

)4
(s− 1

2
)−ρ−3 ds

2πi
≥ 0,

and so we have∫ σ+i∞

σ−i∞
xs s4

(s− 1)2
(s− 1

2
)−ρ−2 ds

2πi
≤
(3
2
)4

x
3
2 .

(b) By (4.3.7) and (a), we have∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4
· xs s2

(s− 1)2
(s− 1

2
)−ρ−2 ds

2πi

≤ Γ(
3
2

+
1
2
)2

4Γ(3
2)2

Γ(3
4)4

·
(3
2
)2

x
3
2

≤ 4x
3
2 .

�
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Proposition 20.

J3 ≤
1
π2

h(d)2(log εd)2
1√
d
M2

d .

Proof. By (4.3.12) and Lemma 19,

J3 = 4π2h(d)2(log εd)2
√

Md

4π2d

∫ σ+i∞

σ−i∞
Γ(s +

1
2
)2

4Γ(s)2

Γ(s/2)4

·
(Md

4π2

)s( s

s− 1
)2(s− 1

2
)−ρ−2 ds

2πi

≤ 16π2h(d)2(log εd)2
1√
d

(Md

4π2

)2
.

�

4.7. Now we can prove Proposition 4.

Proof of Proposition 4. Let

J0 =
2ρ

π2
h(d) log εdM

3/2
d

ρ∏
i=1

(qi + 1
qi − 1

) ∏
p∈P (d)

(1 +
1
p
).

Assume h(d) log εd ≤
L(Sym2

i E,2)
∏

p|N
p

p−1

2ρ+1ρ!
√

M
(log d)ρ. By (4.1.2), we have

(ρ + 1)L(Sym2
i E, 2)

∏
p|N

p
p−1

22ρ+2
√

M
(log d)ρ > (m− 1)ρ+1

and so we have

log U =
1
m

log

√
d

4
>

1
2(log d− log 16)

1 + 1
4

(
(ρ+1)L(Sym2

i E,2)
∏

p|N
p

p−1√
M

) 1
ρ+1

(log d)
ρ

ρ+1

> 2

( √
M log d

2(ρ + 1)L(Sym2
i E, 2)

∏
p|N

p
p−1

) 1
ρ+1

(4.7.1)

for sufficiently large d, which depends on N , ρ, and L(Sym2
i E, 2). By Propo-

sition 16, we have

log
(

J1

J0

)

≤ log
12
(
ρ+3
3

)
L(Sym2

i E, 2)
∏

p|N
p

p−1

π
− log M + log Md

2
+ ρ log log d

+(ρ + 3) log
(

log
( Md

16π2U

)
+ 4
)
−

( √
M log d

2(ρ + 1)L(Sym2
i E, 2)

∏
p|N

p
p−1

) 1
ρ+1

=: c6. (4.7.2)
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By Proposition 18, for d ≥ exp (6ρρ+1) we have

log
(

J2

J0
− 1
)

≤ log
L(Sym2

i E, 2)
∏

p|N
p

p−1

2ρ+1ρ!
− log M

2
+ ρ log log d

−2

( √
M log d

2(ρ + 1)L(Sym2
i E, 2)

∏
p|N

p
p−1

) 1
ρ+1

=: c7.

By Proposition 20, we have

log
(

J3

J0

)
≤ log

L(Sym2
i E, 2)

∏
p|N

p
p−1

22ρ+1ρ!
+ ρ log log d− log d

2
=: c8.

Since c6, c7, and c8 are decreasing with respect to sufficiently large d with

d ≥ exp (6ρρ+1), we can take their maximum values. Thus if we take a

constant c3 ≥ exp (6ρρ+1) satisfying (4.7.1), and a constant

c4 > (1 + ec6 + ec7 + ec8),

Proposition 4 follows from (4.3.9). �

5. Proof of Proposition 5

5.1. Lower bound of |J(U)|. Applying the residue theorem to (3.4.2), that

is,

J(U) =
∫ σ+i∞

σ−i∞
ds−1

(Md

4π2

)sΓ2(s)Ψ(s)G(U, s)(s− 1)−ρ−2 ds

2πi
,

we have

J(U) =
[
the residue of ds−1

(Md

4π2

)sΓ2(s)Ψ(s)G(U, s)(s− 1)−ρ−2 at s = 1
]

+J−1(U),

where

J−1(U) =
∫
C
ds−1

(Md

4π2

)sΓ2(s)Ψ(s)G(U, s)(s− 1)−ρ−2 ds

2πi
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with the directed path C : 1− i∞ → 1− iη′ → 1−η− iη′ → 1−η + iη′ →

1 + iη′ → 1 + i∞. η and η′ are to be determined later. Also we have

|J−1(U)| ≤ sup
s∈C

|G(U, s)| ·
5∑

r=1

Ir(s)ds, (5.1.1)

where

I1 =
∫ 1+i∞

1+iη′
, I2 =

∫ 1−iη′

1−i∞
, I3 =

∫ 1+iη′

1−η+iη′
, I4 =

∫ 1−iη′

1−η−iη′
, I5 =

∫ 1−η+iη′

1−η−iη′

of which the integrands are

|ds−1
(Md

4π2

)sΓ2(s)Ψ(s)(s− 1)−ρ−2| |ds|
2π

.

We note that Fd(s) =
(

Md
4π2

)sΓ2(s)Ψ(s)(s− 1)−1 (cf. (3.3.2)). Since Ψ(s)

has a zero at s = 1, Fd(s) is a holomorphic function. Then we have

J(U) =
∫ σ+i∞

σ−i∞
ds−1Fd(s)G(U, s)(s− 1)−ρ−1 ds

2πi
,

and

J(U)− J−1(U)

=
1
ρ!
( d

ds

)ρ[
ds−1Fd(s)G(U, s)

]
s=1

=
1
ρ!

ρ∑
i=0

{(
ρ

i

)
F

(ρ−i)
d (1) ·

i∑
j=0

(
i

j

)
(log d)i−jG(j)(U, 1)

}

=
1
ρ!

(log d)ρFd(1)G(U, 1)

·
ρ∑

i=0

{(
ρ

i

)
(log d)−(ρ−i) ·

F
(ρ−i)
d (1)
Fd(1)

·
i∑

j=0

(
i

j

)
(log d)−j G(j)(U, 1)

G(U, 1)

}
.

Let

H =
ρ∑

i=0

{(
ρ

i

)
(log d)−(ρ−i) ·

F
(ρ−i)
d (1)
Fd(1)

·
i∑

j=0

(
i

j

)
(log d)−j G(j)(U, 1)

G(U, 1)

}
,

H(ρ) = 1−
ρ∑

j=1

(
ρ

j

)
(log d)−j · |G

(j)(U, 1)
G(U, 1)

|,

and for 0 ≤ i ≤ ρ− 1

H(i) =
(

ρ

i

)
(log d)−(ρ−i) · |

F
(ρ−i)
d (1)
Fd(1)

| ·
i∑

j=0

(
i

j

)
(log d)−j · |G

(j)(U, 1)
G(U, 1)

|.
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Then we have

|H| ≥ H(ρ) −
ρ−1∑
i=0

H(i).

Let

H−1 =

∣∣∣∣∣ J−1(U)
1
ρ!(log d)ρFd(1)G(U, 1)

∣∣∣∣∣ .
Then we have

|J(U)| ≥ |J(U)− J−1(U)| − |J−1(U)|

≥ 1
ρ!

(log d)ρ|Fd(1)G(U, 1)| · (H(ρ) −
ρ−1∑
i=0

H(i) −H−1). (5.1.2)

5.2. Estimation of H(ρ) and
∑ρ−1

i=0 H(i). By Lemma 7, we have

G(U, s) =
∏

p∈P (d)
p<U

Gp(s)
∏

q∈{q1,··· ,qρ}
q<U

Gq(s)

=
∏

p∈P (d)
p<U

(1 + αpp
−s)(1 + βpp

−s)
∏

q∈{q1,··· ,qρ}
q<U

(1 + αqq
−s)(1 + βqq

−s)
(1− αqq−s)(1− βqq−s)

.

Therefore we have

G(U, s)
G(U, 1)

=
∏

p∈P (d)
p<U

(1 + αpp
−s)(1 + βpp

−s)
(1 + αpp−1)(1 + βpp−1)

·
∏

q∈{q1,··· ,qρ}
q<U

(1 + αqq
−s)(1 + βqq

−s)
(1 + αqq−1)(1 + βqq−1)

(1− αqq
−1)(1− βqq

−1)
(1− αqq−s)(1− βqq−s)

.

For k ≥ 1, we have

G
(k)
p (U, s)

Gp(U, s)
= (− log p)k αpp

−s + βpp
−s +

∑k
i=0

(
k
i

)
αpβpp

−2s

(1 + αpp−s)(1 + βpp−s)

= (− log p)k 1N (p) · 2kp1−2s + (αp + βp)p−s

1 + (αp + βp)p−s + 1N (p) · p1−2s

and

G
(k)
p (U, 1)

Gp(U, 1)
= (− log p)k 1N (p) · 2k + αp + βp

p + αp + βp + 1N (p)
. (5.2.1)

Lemma 21.
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(a) For −2 ≤ t ≤ 2, k ≥ 1 and any prime p, we have

(log p)k · |
2k + t

√
p

p + 1 + t
√

p
| ≤ (2k)k.

(b) For t ∈ {−1, 0, 1}, k ≥ 1 and any prime p, we have

(log p)k · | t

p + t
| ≤ (2k)k.

Proof. (a) We note that 2k+t
√

p
p+1+t

√
p = 1 + 2k−p−1

p+1+t
√

p attains its maximum value

and minimum value at t = ±2. For any k ≥ 1 and any prime p,

2k + 2
√

p

(
√

p + 1)2
≤ 2k

√
p
.

For any k ≥ 2 and any prime p,

2
√

p− 2k

(
√

p− 1)2
≤ 2k

√
p

and for k ≥ 2 and any prime p ≥ 11,

2k − 2
√

p

(
√

p− 1)2
≤ 2k

√
p
.

Let l(x) = (log x)k · 2k
√

x
. Since l(1)(x) = (2 log x)k−1

x
√

x
(2k − log x), we have for

any x > 1,

l(x) ≤ l(e2k) =
(4k

e

)k
< (2k)k.

If k = 1 and t = −2, we have for any prime p

log p ·
|2− 2

√
p|

p + 1− 2
√

p
= log p · 2

√
p− 1

≤ 2.

Therefore it suffices to show that for k ≥ 2 and p ∈ {2, 3, 5, 7},

(log p)k ·
2k − 2

√
p

(
√

p− 1)2
≤ (2k)k. (5.2.2)

For k ≥ 5 and p ∈ {2, 3, 5, 7},

(log p)k ·
2k − 2

√
p

(
√

p− 1)2
≤ (log 7)k · 2k

(
√

2− 1)2
≤ (2k)k.

By simple calculation, (5.2.2) holds for k ∈ {2, 3, 4} and p ∈ {2, 3, 5, 7}.

(b) Let l(x) = 2(log x)k · 1
x . Since l(1)(x) = 2(log x)k−1

x2 (k− log x), we have for

any x > 1,

l(x) ≤ l(ek) = 2
(k

e

)k
< (2k)k.
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Therefore we have for t ∈ {−1, 0, 1} and any prime p,

(log p)k · | t

p + t
| ≤ l(p) < (2k)k.

�

Proposition 22. Recall that T is the number of prime divisors of d. Let

V = max Fd∈F
1≤k≤ρ

{
|F (k)

d (1)|
|Fd(1)|

}
. Then we have

(a) H(ρ) ≥ 2− exp
(

2(T+2ρ)
log d

)
.

(b)
∑ρ−1

i=0 H(i) ≤ ρV
log d · exp

(
4(T+2ρ)

log d

)
.

Proof. (a) By (5.2.1) and Lemma 21, for j ≥ 1,

(log d)−j · |G
(j)(U, 1)
G(U, 1)

|

≤ (log d)−j
j∑

k=1

(
T − 1 + 2ρ

k

)(
j − 1
k − 1

)
|G

(j1)
p1 (U, 1) · · ·G(jk)

pk (U, 1)
Gp1(U, 1) · · ·Gpk

(U, 1)
|

≤ (log d)−j
j∑

k=1

(T − 1 + 2ρ)k

(
j − 1
k − 1

)
(2j)j

≤
(2(T + 2ρ)j

log d

)j
.

Thus we have

H(ρ) ≥ 1−
ρ∑

j=1

(
ρ

j

)(2(T + 2ρ)j
log d

)j

≥ 2−
(
1 +

2(T + 2ρ)ρ
log d

)ρ

≥ 2− exp
(2(T + 2ρ)

log d

)
.

(b) For 0 ≤ i ≤ ρ− 1, we have

i∑
j=0

(
i

j

)
(log d)−j · |G

(j)(U, 1)
G(U, 1)

| ≤ 1 +
i∑

j=1

(
i

j

)(2(T + 2ρ)j
log d

)j

≤
(
1 +

2(T + 2ρ)i
log d

)i
.

Thus

ρ−1∑
i=0

H(i) ≤
ρ−1∑
i=0

{(
ρ

i

)
(log d)−(ρ−i) · |

F
(ρ−i)
d (1)
Fd(1)

| ·
(
1 +

2(T + 2ρ)i
log d

)i
}
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≤ V

(log d)ρ

ρ−1∑
i=0

{(
ρ

i

)
·
(

log d + 2(T + 2ρ)(ρ− 1)
)i
}

≤ ρV

(log d)ρ
·
(

log d + 2(T + 2ρ)ρ
)ρ−1

≤ ρV

log d
·
(
1 +

2(T + 2ρ)ρ
log d

)ρ−1

≤ ρV

log d
· exp

(4(T + 2ρ)
log d

)
.

�

5.3. Estimation of H−1.

Lemma 23. For 1
2 ≤ σ = Re(s) ≤ 5

2 , we have∣∣∣∣∣L(Sym2
pE, s)

ζ(s− 1)

∣∣∣∣∣ ≤ 7B2

4π3/2
|s(s + 1)| ,

where B is the symmetric conductor of E.

Proof. We have the following functional equation.

(s− 1)π−s/2Γ
(s + 2

2

)
ζ(s) = −sπ(s−1)/2Γ

(3− s

2

)
ζ(1− s). (5.3.1)

By (3.3.1), (5.3.1) and the duplication formula for the Gamma function, we

have(
B
π

)sΓ( s
2

)2
(s− 2)

L(Sym2
pE, s)

ζ(s− 1)
=
√

π
(

B
π

)3−sΓ
(

3−s
2

)2
−(s− 1)

L(Sym2
pE, 3− s)

ζ(2− s)
. (5.3.2)

By the Euler product of L(Sym2
pE, s)/ζ(s− 1), we have∣∣∣∣∣L(Sym2

pE, 5
2 − it)

ζ(3
2 − it)

∣∣∣∣∣ ≤ ζ(3
2)2 < 7.

By (5.3.2), we have∣∣∣∣∣L(Sym2
pE, 1

2 + it)

ζ(−1
2 + it)

∣∣∣∣∣ =
B2

π3/2

∣∣∣∣∣Γ(5
4 − i t

2)2

Γ(1
4 + i t

2)2

∣∣∣∣∣ ·
∣∣∣∣∣−3

2 + it
1
2 − it

∣∣∣∣∣ ·
∣∣∣∣∣L(Sym2

pE, 5
2 − it)

ζ(3
2 − it)

∣∣∣∣∣
<

7B2

4π3/2

∣∣∣∣12 + it

∣∣∣∣ · ∣∣∣∣32 + it

∣∣∣∣ .
Hence, the function

L(Sym2
pE, s)

ζ(s− 1)
s−1(s + 1)−1
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is bounded by
7B2

4π3/2

on the lines σ = 1
2 and σ = 5

2 . By Lindelöf theorem (cf. [p. 15, HR]), this

implies that ∣∣∣∣∣L(Sym2
pE, s)

ζ(s− 1)

∣∣∣∣∣ ≤ 7B2

4π3/2
|s(s + 1)| (1

2 ≤ σ ≤ 5
2).

�

Let E′ be a quadratic twist of E by a square free integer D such that the

conductor N ′ of E′ satisfies ordp(N ′) ≤ ordp(N ′′) for all primes p and all

quadratic twists E′′ of E with conductor N ′′. Then we have

L(Sym2
pE, s) = L(Sym2

pE
′, s)

and the symmetric square conductor B′ of E′ is equal to B.

Let
S1 = {p, prime : p | D, p - N ′},

S2 = {p, prime : p | D, p ||N ′}.
Then we see that for odd prime p, if p ∈ S1 or p ∈ S2, then ordp(N) = 2

and if p2 | N ′, then ordp(N) = ordp(N ′). Also we can write

N = MD2
1D

2
22

λE ,

N ′ = MD22λE′ ,

where M is odd, D1 is the product of the odd primes in S1, D2 is the product

of the odd primes in S2, and λE = ord2(N) ≥ λE′ = ord2(N ′). From the

definition of the imprimitive symmetric square L-functions,

L(Sym2
i E, s) = L(Sym2

i E
′, s)

×
∏
p∈S1

(1− α2
p(E

′)p−s)(1− p1−s)(1− β2
p(E′)p−s)

×
∏
p∈S2

(1− p−s). (5.3.3)

Let B = B′ =
∏

p pδp . Then we have
for p - N ′, δp = 0, Up(E′, s) = 1,

for p ‖ N ′, δp = 1, Up(E′, s) = 1,

for p2 | N ′, δp ≥ 1, there are three possibilities for

Up(E′, s) : 1, (1± p1−s)−1

(5.3.4)
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(cf. [CS], [Del] and [Wa]).

Lemma 24. For 3
4 ≤ σ = Re(s) ≤ 5

4 ,

|Ψ(s)| ≤ 7
4π3/2

B2R(N)|2s(2s + 1)|

where B is the symmetric conductor of E, N is the conductor of E and

R(N) =
∏
p‖N

√
p

√
p− 1

∏
p2|N

(√p + 1
√

p

)2
√

p + 1
√

p− 1
.

Proof. By (5.3.3), we have

Ψ(s) = L(f, s)L(f ⊗ λ, s)

=
L(Sym2

i E, 2s)
ζN (2s− 1)

=
L(Sym2

i E
′, 2s)

ζ(2s− 1)
×
∏
p|N

(1− p1−2s)−1

×
∏
p∈S1

(1− α2
p(E

′)p−2s)(1− p1−2s)(1− β2
p(E′)p−2s)×

∏
p∈S2

(1− p−2s)

=
L(Sym2

pE
′, 2s)

ζ(2s− 1)
×
∏
p|N

(1− p1−2s)−1 ×
∏

p2|N ′

Up(E′, 2s)−1

×
∏
p∈S1

(1− α2
p(E

′)p−2s)(1− p1−2s)(1− β2
p(E′)p−2s)×

∏
p∈S2

(1− p−2s).

By (5.3.4), we have for 2σ ≥ 3/2,∣∣∣∣∣∣
∏
p|N

(1− p1−2s)−1

∣∣∣∣∣∣×
∣∣∣∣∣∣
∏

p2|N ′

Up(E′, 2s)−1

∣∣∣∣∣∣
×

∣∣∣∣∣∣
∏
p∈S1

{
(1− α2

p(E
′)p−2s)(1− p1−2s)(1− β2

p(E′)p−2s)
}∣∣∣∣∣∣×

∣∣∣∣∣∣
∏
p∈S2

(1− p−2s)

∣∣∣∣∣∣
≤

∏
p|N

1
1− |p1−2s|

∏
p2|N

(1 + |p1−2s|)3

≤
∏
p‖N

1
1− |p1−2s|

∏
p2|N

(1 + |p1−2s|)2 1 + |p1−2s|
1− |p1−2s|

≤
∏
p‖N

√
p

√
p− 1

∏
p2|N

(√p + 1
√

p

)2
√

p + 1
√

p− 1
.

Thus Lemma 24 follows from Lemma 23. �
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Lemma 25.

sups∈C |G(U, s)|
|G(U, 1)|

≤ 108 · 2T+3ρ

θ(d)
·

∏
q∈{q1,··· ,qρ}

(q + 1)(q + b2√qc+ 1)
(q − 1)(q − b2√qc+ 1)

.

Proof. For 0 ≤ ε ≤ 1
4 and s = 1− ε + it, let

Dp(ε) =
1 + αp+βp

p1−ε+it + 1
p1−2ε+i2t

1 + αp+βp

p + 1
p

=
p + (αp + βp)pε−it + p2ε−i2t

p + (αp + βp) + 1
,

and

Dq(ε) =
q + (αq + βq)qε−it + q2ε−i2t

q + (αq + βq) + 1
· q − (αq + βq) + 1
q − (αq + βq)qε−it + q2ε−i2t

.

Since −2
√

p ≤ αp + βp ≤ 2
√

p and αp + βp ∈ Z for all primes p, we have

sups∈C |G(U, s)|
|G(U, 1)|

=
∏

p∈P (d)
p<U

|Dp(ε)| ·
∏

q∈{q1,··· ,qρ}
q<U

|Dq(ε)|

≤
∏

p∈P (d)

(
√

p + 4
√

p)2

p− b2√pc+ 1
·

∏
q∈{q1,··· ,qρ}

(√
q + 4

√
q

√
q − 4

√
q

)2 q + b2√qc+ 1
q − b2√qc+ 1

.

Since (
√

p + 4
√

p)2 < 2(p + 1) for p ≥ 29, we have∏
p∈P (d)

(
√

p + 4
√

p)2 ≤
∏

2≤n<29
prime n

(
√

n + 4
√

n)2

2(n + 1)
· 2T−1

∏
p∈P (d)

(p + 1)

≤ 1.2 · 2T
∏

p∈P (d)

(p + 1).

Since
(

x+1
x−1

)2
< 8(x4+1)

x4−1
for x ≥ 2, we have

∏
q∈{q1,··· ,qρ}

(
4
√

q + 1
4
√

q − 1

)2

≤
∏

2≤n<16
prime n

(n− 1)( 4
√

n + 1)2

8(n + 1)( 4
√

n− 1)2
· 8ρ

∏
q∈{q1,··· ,qρ}

q + 1
q − 1

≤ 90 · 8ρ
∏

q∈{q1,··· ,qρ}

q + 1
q − 1

.

Therefore

sups∈C |G(U, s)|
|G(U, 1)|

≤ 108 · 2T+3ρ

θ(d)
·

∏
q∈{q1,··· ,qρ}

(q + 1)(q + b2√qc+ 1)
(q − 1)(q − b2√qc+ 1)

.

�
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Proposition 26. We put η = 1
4 and η′ = 1

4(Mdd)
1

4(ρ+2) into (5.1.1). Then

we have

H−1 ≤
0.08 · 4ρ+2 ·M

3
4
d R(N)B2

1
ρ!d

1
4 (log d)ρFd(1)

·108·2
T+3ρ

θ(d)
·

∏
q∈{q1,··· ,qρ}

(q + 1)(q + b2√qc+ 1)
(q − 1)(q − b2√qc+ 1)

,

where

R(N) =
∏
p‖N

√
p

√
p− 1

∏
p2|N

(√p + 1
√

p

)2
√

p + 1
√

p− 1
.

Proof. We note that for σ > 0,

|Γ(s)| ≤
√

2π exp ( 1
12σ )|s|σ−

1
2

 exp (−σ) if |σt | ≥
π
2 ,

exp (−π
2 |t|) if |σt | ≤

π
2

(cf. [(46), Go]) and the upper bound of |Ψ(s)| is given in Lemma 24.

Firstly, we consider the integral I1. For s = 1 + iy, η′ ≤ y < ∞,

I1 =
∫ 1+i∞

1+iη′

∣∣∣∣ds−1
(Md

4π2

)s
Γ2(s)Ψ(s)(s− 1)−ρ−2

∣∣∣∣ |ds|
2π

≤ 7MdR(N)B2

4π2 · 4π3/2

∫ ∞

2
π

e1/6|1 + iy|e−πy · |(2 + i2y)(3 + i2y)| · η′−ρ−2dy

≤ 0.007 ·
( 1

η′

)ρ+2
·MdR(N)B2.

Similarly we have

I2 ≤ 0.007 ·
( 1

η′

)ρ+2
·MdR(N)B2.

Secondly, we consider the integral I3. For s = x + iη′, 3
4 ≤ x < 1,

I3 =
∫ 1+iη′

3
4
+iη′

∣∣∣∣ds−1
(Md

4π2

)sΓ2(s)Ψ(s)(s− 1)−ρ−2

∣∣∣∣ |ds|
2π

≤ 7MdR(N)B2

4π2 · 4π3/2

∫ 1

3
4

e2/9|x + iη′|e−πη′ · |(2x + i2η′)(2x + 1 + i2η′)|

·η′−ρ−2dx

≤ 7MdR(N)B2

4π2 · 4π3/2

∫ 1

3
4

η′−ρ−2dx

≤ 0.002 ·
( 1

η′

)ρ+2
·MdR(N)B2.

Similarly we have

I4 ≤ 0.002 ·
( 1

η′

)ρ+2
·MdR(N)B2.
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Finally, we estimate the integral I5. For s = 3
4 + iy, −η′ ≤ y ≤ η′,

I5 =
∫ 3

4
+iη′

3
4
−iη′

∣∣∣∣ds−1
(Md

4π2

)sΓ2(s)Ψ(s)(s− 1)−ρ−2

∣∣∣∣ |ds|
2π

= 2d−
1
4
(Md

4π2

) 3
4

{∫ 3
2π

0

∣∣Γ2(s)Ψ(s)
∣∣

|s− 1|ρ+2

|dy|
2π

+
∫ η′

3
2π

∣∣Γ2(s)Ψ(s)
∣∣

|s− 1|ρ+2

|dy|
2π

}
=: 2d−

1
4 {I5,1 + I5,2}.

Further we have

I5,1 ≤
(Md

4π2

) 3
4
7R(N)B2

4π3/2

∫ 3
2π

0
e2/9|34 + iy|1/2e−2·7/8 · |(3

2 + i2y)(5
2 + i2y)|

·4ρ+2dy

≤ 0.022 · 4ρ+2 ·M
3
4
d R(N)B2.

and

I5,2 ≤
(Md

4π2

) 3
4
7R(N)B2

4π3/2

∫ η′

3
2π

e2/9|34 + iy|1/2e−πy · |(3
2 + i2y)(5

2 + i2y)|

·|14 + iy|−ρ−2dy

≤
(Md

4π2

) 3
4
7R(N)B2

4π3/2

∫ ∞

3
2π

e2/9(3
4)1/2e−πy · 3

2 ·
5
2 · 4

ρ+2dy

≤ 0.006 · 4ρ+2 ·M
3
4
d R(N)B2.

Therefore we have

I5 ≤ 0.056 · 4ρ+2 ·M
3
4
d R(N)B2d−

1
4

By (5.1.1), we have

|J−1(U)| ≤
{

0.018 ·
( 1
η′
)ρ+2 + 0.056 · 4ρ+2 ·M− 1

4
d d−

1
4

}
·MdR(N)B2

· sup
s∈C

|G(U, s)|

≤ 0.08 · 4ρ+2 · d−
1
4 ·M

3
4
d R(N)B2 · sup

s∈C
|G(U, s)|.

By Lemma 25, we have

H−1 =

∣∣∣∣∣ J−1(U)
1
ρ!(log d)ρFd(1)G(U, 1)

∣∣∣∣∣
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≤
0.08 · 4ρ+2 ·M

3
4
d R(N)B2

1
ρ!d

1
4 (log d)ρFd(1)

· 108 · 2T+3ρ

θ(d)

·
∏

q∈{q1,··· ,qρ}

(q + 1)(q + b2√qc+ 1)
(q − 1)(q − b2√qc+ 1)

.

�

5.4. Now we can prove Proposition 5.

Proof of Proposition 5. Suppose that for d ∈ D(g) with

d ≥ max
1≤k≤ρ

{
exp

(
2ρ−1ρ!

√
N
)
, exp

(
L(Sym2

i E, 2)
)
, exp

(
2ρ
|F (k)

d (1)|
|Fd(1)|

)}
,

h(d) log εd ≤
L(Sym2

i E, 2)
12

(log d)ρθ(d)
ρ∏

i=1

(qi − 1)(qi + 1− b2√qic)
(qi + 1)(qi + 1 + b2√qic)

.

Since log εd > log
(√

d
4

)
≥ log d

3 and 2T−2 | h(d), where T is the number of

prime divisors of d, we have

2T log d

≤ 12h(d) log εd

≤ L(Sym2
i E, 2)(log d)ρθ(d)

ρ∏
i=1

(qi − 1)(qi + 1− b2√qic)
(qi + 1)(qi + 1 + b2√qic)

. (5.4.1)

Since d > exp (2ρ−1ρ!
√

N) > exp (2ρ), we have

ρ <
log log d

log 2
. (5.4.2)

Since d > exp
(
L(Sym2

i E, 2)
)
, by (5.4.1) and (5.4.2), we have

T ≤ log L(Sym2
i E, 2)

log 2
+

ρ− 1
log 2

log log d

≤
( log log d

log 2
)2

.

By Proposition 22, we have

H(ρ) ≥ 2− exp
(2(T + 2ρ)

log d

)
.

and
ρ−1∑
i=0

H(i) ≤
ρV

log d
· exp

(4(T + 2ρ)
log d

)
.
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By Proposition 26 and (5.4.1), we have

H−1 ≤
0.08 · 4ρ+2 ·M

3
4
d R(N)B2

1
ρ!d

1
4 (log d)ρFd(1)

· 108 · 23ρ

θ(d)
·

ρ∏
i=1

(qi + 1)(qi + b2√qic+ 1)
(qi − 1)(qi − b2

√
qic+ 1)

·L(Sym2
i E, 2)(log d)ρ−1θ(d)

ρ∏
i=1

(qi − 1)(qi + 1− b2√qic)
(qi + 1)(qi + 1 + b2√qic)

≤
280π2 · 25ρ ·R(N)B2

∏
p|N (p−1

p )
4
√

Md

1

d
1
4 (log d)

.

Thus we have

H(ρ) −
ρ−1∑
i=0

H(i) −H−1

≥ 2− exp
(2(T + 2ρ)

log d

)
− ρV

log d
· exp

(4(T + 2ρ)
log d

)
−

280π · 25ρ ·B2R(N)
∏

p|N (p−1
p )

4
√

Md

1

d
1
4 (log d)

≥ 2− exp
(

2
log d

( log log d

log 2
+ 1
)2
)

− ρV

log d
· exp

(
4

log d

( log log d

log 2
+ 1
)2
)

−
280π · 25ρ ·B2R(N)

∏
p|N (p−1

p )
4
√

Md

1

d
1
4 (log d)

. (5.4.3)

Since d > max{exp (2ρ−1ρ!
√

N), exp (L(Sym2
i E, 2)), exp (2ρV )}, by (5.4.3),

we can take c5 > 1 such that

H(ρ) −
ρ−1∑
i=0

H(i) −H−1 >
1
c5

.

For d > max{exp (2ρ−1ρ!
√

N), exp (L(Sym2
i E, 2)), exp (2ρV )}, by (5.1.2), we

have

|J(U)| ≥ 1
c5ρ!

(log d)ρFd(1)G(U, 1)

≥ Fd(1)
c5ρ!

·
ρ∏

i=1

qi + 1− b2√qic
qi + 1 + b2√qic

· (log d)ρ
∏

p∈P (d)

p + 1− b2√pc
p

as desired. �



40 DONGHO BYEON AND JIGU KIM

6. Proof of Theorem 3

Consider the elliptic curve E : y2+y = x3+x2−72x+210 which has prime

conductor N = 501029. We remind that the Mordell-Weil group E(Q) has

rank 4. Suppose that the conjecture of Birch and Swinnerton-Dyer is true

for E, that is, the Hasse-Weil L-function LE/Q(s) associated to E has a zero

of order 4 at s = 1. Then the root number of E is equal to 1.

Let ∆ be a square free integer such that ∆ = n2+r with r ∈ {±1,±4} and

d be the fundamental discriminant of the real quadratic Q(
√

∆) of narrow

Richaud-Degert type. If a prime p splits in Q(
√

d), then we have

h(d) ≥ 1
log p

log

√
d− 2
2

(6.0.1)

(cf. [p. 86, Mo]). Thus if χd(−N) = χd(N) = 1, we have

h(d) ≥ 1
3 log N

log d ≥ 1
40

log d.

Now we assume χd(−N) = χd(N) = −1 and E(d) be the quadratic twist

of E. Then the root number of E(d) is equal to −1. Thus LE/Q(
√

d)(s) has

a zero of order ≥ 4 + 1 at s = 1. Since log εd ≤ log (2
√

d), by Theorem 1.2,

we have for d > c1,

h(d) ≥ c′2(log d)θ(d) ≥ c′2(log d)
∏

p|d, p6=d

(
1− b2√pc

p+1

)
, (6.0.2)

where c′2 = 2c2
log c1

log c1+log 4 .

Proof of Theorem 3. Here we calculate the constants c1 and c2. Let E(D) be

the quadratic twist of E by a square free integer D and NE(D) the conductor

of E(D). Then we have

E : y2 = x3 + x2 − 72x + 841
4 , N = 501029

E(2) : y2 = x3 + 2x2 − 22 · 72x + 23 · 841
4 , NE(2) = 26 · 501029

E(3) : y2 = x3 + 3x2 − 32 · 72x + 33 · 841
4 , NE(3) = 24 · 32 · 501029

E(6) : y2 = x3 + 6x2 − 62 · 72x + 63 · 841
4 , NE(6) = 26 · 32 · 501029

E(−1) : y2 = x3 − x2 − 72x− 841
4 , NE(−1) = 24 · 501029

E(−2) : y2 = x3 − 2x2 − 22 · 72x− 23 · 841
4 , NE(−2) = 26 · 501029

E(−3) : y2 = x3 − 3x2 − 32 · 72x− 33 · 841
4 , NE(−3) = 32 · 501029

E(−6) : y2 = x3 − 6x2 − 62 · 72x− 63 · 841
4 , NE(−6) = 24 · 32 · 501029
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Since any quadratic twits of E is a quadratic twist of one of the above

elliptic curves by an integer coprime to 6, we have n2 = 0, n3 = 0 and

M = Md ∈ {501029, 5010293/2}. Since (d, 501029) = 1, we have M = Md =

N = 501029 and

Fd(s) = L(Sym2
i E, 2s)(

N

4π2
)sΓ(s)2

1
(s− 1)ζ(2s− 1)

1
1−N−2s+1

.

Let c(E) be the Manin’s constant of E, vol(E) the volume of a minimal

period lattice Λ with E ' C/Λ and deg(E) the modular degree of E. These

invariants can be calculated by Sage and we have

L(Sym2
i E, 2) =

2πc(E)2vol(E) deg(E)
N

= 4.12289...

(cf. [p. 490, Wa]). The Laurent expansion of the Riemann zeta function

can be written in the form,

ζ(s) =
1

s− 1
+

∞∑
n=0

(−1)n

n!
γn(s− 1)n

where γn are the so-called Stieltjes constants. Then we have

(s− 1)ζ(2s− 1) =
1
2

+
∞∑

n=0

(−2)nγn

n!
(s− 1)n+1.

It is well known that Γ(1)(1) = −γ0 and Γ(2)(1) = γ2
0 + π2

6 . Thus we have

∣∣∣∣∣F
(1)
d (1)
Fd(1)

∣∣∣∣∣ =

∣∣∣∣∣2L(1)(Sym2
i E, 2)

L(Sym2
i E, 2)

+ log (
N

4π2
) + 2

Γ(1)(1)
Γ(1)

− 2γ0 −
2 log N

N − 1

∣∣∣∣∣
< 2

|L(1)(Sym2
i E, 2)|

L(Sym2
i E, 2)

+ 7.3

and∣∣∣∣∣F
(2)
d (1)
Fd(1)

∣∣∣∣∣ =

∣∣∣∣∣4L(2)(Sym2
i E, 2)

L(Sym2
i E, 2)

+
(

log (
N

4π2
)
)2

+ 2
Γ(1)Γ(2)(1) + Γ(1)(1)2

Γ(1)2

+8(γ2
0 + γ1) +

8(log N)2 + 4(N − 1)(log N)2

(N − 1)2

+4
L(1)(Sym2

i E, 2)
L(Sym2

i E, 2)

(
log (

N

4π2
) + 2

Γ(1)(1)
Γ(1)

− 2γ0 −
2 log N

N − 1

)
+2 log (

N

4π2
)
(
2
Γ(1)(1)
Γ(1)

− 2γ0 −
2 log N

N − 1

)
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+4
Γ(1)(1)
Γ(1)

(
− 2γ0 −

2 log N

N − 1

)
+ 8γ0

log N

N − 1

∣∣∣∣∣
< 4

|L(2)(Sym2
i E, 2)|

L(Sym2
i E, 2)

+ 7.3 · 4 |L
(1)(Sym2

i E, 2)|
L(Sym2

i E, 2)
+ 55.1.

By numerical computations with Magma, we have the following rough upper

bounds

|L(1)(Sym2
i E, 2)| ≤ 20

and

|L(2)(Sym2
i E, 2)| ≤ 1000.

We substitute N for both M and Md in (4.7.2) in the proof of Proposition

4. Since

∂

∂X

(2ρ + 3) log X −

( √
N

2(ρ + 1)L(Sym2
i E, 2)

∏
p|N

p
p−1

) 1
ρ+1

X
1

ρ+1


=

1
X

(2ρ + 3)− 1
ρ + 1

( √
N

2(ρ + 1)L(Sym2
i E, 2)

∏
p|N

p
p−1

) 1
ρ+1

X
1

ρ+1


and

X = log d ≥ 5180 ≥
2(ρ + 1)ρ+2(2ρ + 3)ρ+1L(Sym2

i E, 2)
∏

p|N
p

p−1√
N

,

its primitive function of X = log d attains the maximum value at log d =

5180. Also, d ≥ exp (5180) satisfies (4.7.1). Note that exp (2ρ−1ρ!
√

N) =

2831.3.... So we have

c1 = max
{

exp (5180), exp (2ρ−1ρ!
√

N), exp
(
4
(2|L(1)(Sym2

i E, 2)|
4.1

+ 7.3
))

,

exp
(
4
(4|L(2)(Sym2

i E, 2)|
4.1

+
29.2|L(1)(Sym2

i E, 2)|
4.1

+ 55.1
))}

= exp(5180).

Further, we can take

c6

≤ log
12
(
ρ+3
3

)
L(Sym2

i E, 2)
∏

p|N
p

p−1

π
√

N
√

Md

+ (2ρ + 3) log log d

−

( √
N log d

2(ρ + 1)L(Sym2
i E, 2)

∏
p|N

p
p−1

) 1
ρ+1
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≤ log
12
(
ρ+3
3

)
L(Sym2

i E, 2)
∏

p|N
p

p−1

πN
+ (2ρ + 3) log (5180)

−

( √
N(5180)

2(ρ + 1)L(Sym2
i E, 2)

∏
p|N

p
p−1

) 1
ρ+1

= log (0.336...).

Similarly, we can calculate c7 and c8 and so we can take

c4 = 1 + ec6 + ec7 + ec8 < 1.34.

Since ρV
log d < 1

2 , from (5.4.3) we have

c5 < 2.82.

Thus we have

2n2/2 · 3n3/2 · c4 · c5 < 3.78.

By (6.0.1), we may assume that for 1 ≤ i ≤ ρ,

qi > exp
(2ρ+1ρ!

√
N
∏

p|N
p−1

p

3L(Sym2
i E, 2)

)
> e890,

and so we can take

c2 =
1

3.78
L(Sym2

i , 2)
2ρ+1ρ!

√
N

∏
p|N

p

p− 1

ρ∏
i=1

(qi − 1)(qi + 1− b
√

2qic)
(qi + 1)(qi + 1 + b

√
2qic)

>
1

10390
.

Thus we have c′2 = 1
5200 . Finally, we note that (6.0.2) holds for d ≤

exp (5180), because h(d) ≥ 1 and θ(d) ≤ 1. �
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Nombres, 15 (2003) 673-682.

[DS] F. Diamond and J. Shurman, A First Course in Modular Forms, Springer, New

York, 2005.

[Go] D. Goldfeld, The class number of quadratic fields and the conjectures of Birch and

Swinnerton-Dyer, Ann. Sc. Norm. Super. Pisa (4) 3 (1976) 623-663.
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