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A HOMOTOPY LIE FORMULA FOR THE P-ADIC DWORK FROBENIUS
OPERATOR

DOHYEONG KIM, JEEHOON PARK, AND JUNYEONG PARK

ABSTRACT. We give a modern deformation theoretic interpretation of Dwork’s theory of the zeta func-
tion of a smooth projective complete intersection variety X over a finite field. Using this interpretation,
we explicitly construct a dgla (differential graded Lie algebra) for X whose cohomology gives the p-
adic Dwork cohomology of X and a homotopy Lie endomorphism (so called, Loc-endomorphism) of
such dgla’s, which encodes deformation data for the p-adic Dwork Frobenius operator of X. As a
consequence, we will derive a formula for the p-adic Dwork Frobenius operator, whose characteristic

polynomial computes the zeta function of X, in terms of Loo—morphisms and the Bell polynomials.
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1. INTRODUCTION

The goal of this paper is to recapture the deformation theory of the zeta functions of an algebraic
variety, which was invented by Dwork (see [5] and [6] for example) and developed by Adolphson and
Sperber (see [1] and [2] for example), using the modern deformation theoretic view point based on the
dgla (differential graded Lie algebra). As an application, we derive an explicit algebraic formula for the p-
adic Dwork Frobenius operator whose characteristic polynomial computes the zeta function of a smooth
projective complete intersection variety, in terms of homotopy Lie morphisms (so called, L.-homotopy
morphisms) and the Bell polynomials.

We fix a rational odd prime number p and a positive integer a. Let IF; be the finite field of ¢ elements
where ¢ = p®. Let n and k be positive integers such that n > k > 1. We use & = [xg, %1, - ,Zy] as a
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homogeneous coordinate system of the projective n-space Pﬁ%q over a finite field F,. Let X = Xg be a
smooth complete intersection of dimension n — k in the projective space P]’F’q and let Gy(z), - ,Gg(z)
be the defining homogeneous polynomials in Fy[zo,- - ,z,] such that deg(G;) = d; for i = 1,--- k. It
is well known (e.g. see [2]) that the zeta function of X may be written in the form

P(T)"
(1=T)1—qT)---(1—q"*T)
where P(T) € 1 + TZ[T]. The reciprocal roots of P(T') are units at all primes except the archimedean

71)n7k—1

(1.1) Z(X/F,,T) =

prime and those primes lying over p. At any archimedean prime, they have absolute value ¢("—%)/2 by
Deligne [3]; at p-adic places, the p-adic Newton polygon lies on or above its Hodge polygon by Mazur
[10] (called the Katz conjecture). In [2], Adolphson and Sperber gave a new proof of Mazur’s result on
the Katz conjecture by computing an explicit basis for the p-adic Dwork cohomology.

1.1. The geometric idea and our motivation to use the homotopy Lie theory. In order to
explain the geometric idea behind the work of Dwork, Adolphson and Sperber and our idea how we
came up with the homotopy Lie theory of the zeta function of X, we assume in this subsection that
X is defined over the field of complex numbers C instead of Fy. In this case, the zeta function of X
has a cohomological interpretation. If we are interested in the cohomology of the smooth projective
complete intersection variety X of dimension n — k, then the primitive middle dimensional cohomology
ng?nkl (X, C) is the most interesting piece because the other degree cohomologies and non-primitive pieces
can be easily described in terms of the cohomology of the projective space P™ due to the weak Lefschetz
theorem and the Poincare duality. For the computation of Hggn’f(X ,C), the Gysin sequence and "the

Cayley trick" play important roles. There is a long exact sequence, called the Gysin sequence:
Cm HMRLPT C) — HUHRL(PR\ X, C€) BN gk (X, C) — HYTRPR,C)
where Resy is the residue map (see p. 96 of [4]). This sequence gives rise to an isomorphism

Resy : H" F=1(P"\ X,C) = H"F(X,C).

prim
The Cayley trick is about translating a computation of the cohomology of the complement of a complete
intersection into a computation of the cohomology of the complement of a hypersurface in a bigger space.
Let € = Opn(dy) ®---® Opn(di) be the locally free sheaf of Opr-modules with rank k. Let P(€) be the
projective bundle associated to € with fiber P*~! over P”. Then P(€) is the smooth projective toric
variety with Picard group isomorphic to Z? whose (toric) homogeneous coordinate ring is given by

(12) AP(E) = C[yla y Yk, L0,y " ,In]

where y1,- - -,y are new variables corresponding to Gy, - - - , G. There are two additive gradings ch and
wt, called the charge and the weight, corresponding to the Picard group Z?:

ch(y;) = —d;, fori=1,---k, ch(z;)=1, forj=0,---,n,
wi(y;)) =1, fori=1,--- k, wi(z;)=0, forj=0,---,n.
Then

k
S(y,z) =Y y;G;(z) € Ape)
j=1

defines a hypersurface Xg in P(€). The natural projection map P(€) — P™ induces a morphism
P(&) \ Xs — P™\ X which can be checked to be a homotopy equivalence. Hence there exists an
isomorphism
H" 1 (P(€)\ Xg,C) = H™F1(P™\ X, C).

The cohomology group H"™*~1(P(€) \ X, C) of a hypersurface complement in P(€) can be described
explicitly in terms of the de-Rham cohomology of P(&) with poles along Xg. Based on this, one can
further show that (see Theorem 1 in [4] or [8] and see [7] for the pioneering work of Griffiths in the case
k =1, the smooth projective hypersurface case)

(1.3) H"™W =1 (P(&)\ Xs5,C) = Ap(e)/Vs = (Ap(e)/Jac(S))

Ch:CX ’
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where Vg is the sum of the images of the endomorphisms a%i + g—i, % + aaTSj of Ap(ey (i=1,--- ,k,j =
0,---,n), Jac(S) is the Jacobian ideal of S(y,z), and

k
cx = Zdz — (7’L+ 1).
=1

Here the subindex c¢h = c¢x means the submodule in which the charge is cx. Note that Jac(S) is

the sum of the images of the endomorphisms g—;, g—fj of Apgy (i = 1,-++,k,j = 0,---,n). These
isomorphisms (1.3) lead us to consider the following Lie algebra representation. Let 21 = y1,- -+ , 2k = Yk
and zpy1 = Xo, -, Zntk+1 = Tn. Let gc be an abelian Lie algebra over C of dimension n + k + 1. Let
U1, U2, ,Untk+1 be a C-basis of gc. We associate a Lie algebra representation p on Ape) of gc as
follows:

plu;) == 4 + 85(&)’ fort=1,2,---,n+k+1.

We extend this C-linearly to get a Lie algebra representation p : gc — Endc(Ap(ey). Then the 0-th
Lie algebra homology is isomorphic to Ap(g)/Vs. Also, the (n + k + 1)-th Lie algebra cohomology is
isomorphic to Ape)/Vs. In fact, the Chevalley-Eilenberg cohomology complex is the twisted de-Rham
complex (23,41, d+dS) of the affine space A™tF=1_On the other hand, one can consider the Chevalley-
Eilenberg homology complex. More precisely, we use the cochain complex (A;, K,), which we call the
dual Chevalley-FEilenberg compler, such that H'(A3, K,) ~ H_;(gc, Ap(e)) for i € Z:

A, = Apeylmime, - an] = Cleim,nz -+ 0w,
N
K, - ; (82;&) " a‘l) a?% LA, = A
We have
I e ANy [ S My spa—
where
AT = EB Apey i M, 0<s<n+k+1

1<y <+ <is <ntk+1

Since one easily sees that H"tF=1=5(Q8 |, _,,d+dS) = H*(A$, K,) for s € Z (using the fact that gc is
abelian), i.e. their differential module structures are isomorphic, either complexes can be used to study
the primitive middle dimensional cohomology of X. In general, people preferred to use the twisted de-
Rham complex (for example, [2] and [4]), sometimes called the algebraic Dwork complex over C. But our
key observation is that the multiplication structure (the Z-graded commutative wedge product structure)
on (2%,4x_1,d+dS) is quite different from the one (the Z-graded commutative algebra structure with the
rule n;m; = —n;n;) on (A,, K,) and, moreover, this product structure on (A,, K,) induces the homotopy
Lie structure on (A,, K,) (by measuring the failure of K, being a derivation of the product successively)
which governs a deformation theory of cochain complexes and maps. This type of algebraic structures
was studied systematically in [12] under the name "the descendant functor" by the second-named author
with his collaborator. When we analyze the zeta function of X over I, this descendant homotopy Lie
structure will play a key role.

1.2. The main results. Now we come back to a smooth projective complete intersection variety X
defined over F,. The previous subsection suggests to consider the dual Chevalley-Eilenberg complex

defined over IFy. Let N =n+ k41 and
A =Fylzu)pu=1,...n = Fqlz]

where we recall z; = y1,--- ,2x = yx and zx4+1 = xg, -+ , 2N = T,. We consider the Dwork potential

k
S(z) == i~ Gelz) € Fylz].
(=1
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The same procedure as the previous subsection provides us a Z-graded super-commutative algebra A
with differential Kg:

A =A* =TF,lz]ln] = Fylz1, 22, 2n][n,m2, - 0N,

(1.4) N /0S(z) 9\ o
Kg = K, ;< 5t Gzi) gy A A
We also introduce the F,-linear endomorphism of A:
N N
05(z) 0 0 0
(1.5) Qs ::Z (_) A= KS*QS:Z

Dz On;’

=1 i=1

Note that A is a also a differential of degree 1, i.e., A2 = 0. Furthermore, AQgs + QsA = 0 and
HY(A,Qs) = A/Jac(S).

Dz On;

oS (y, . . .
Note that n; - m; = —n; - 7;, which implies that n? = 0. Since ;Zg_g) a%_ is a differential operator of

order 1, the differential Qg is a derivation of the product of A. Thus (A, -, @s) is a cdga (commutative
differential graded algebra). But Kg is not a derivation of the product, because the differential operator
%a%_ has order 2. We define the /3-descendant of Kg with respect to the product - as follows:

(55 (a,b) == Kg(a-b) — Kg(a) - b— (—1)1%a - Kg(b), a,be A.

Then (A, K, £5%) becomes a shifted' dgla (differential graded Lie algebra).

Now the main question is whether one can find a p-adic lift of (A, -, Qg), which has a p-adic complete
continuous endomorphism ®g as cochain map such that the characteristic polynomial of ®g is equal to
the zeta function P(¢*T) in (1.1). More precisely, can we find a Z-graded p-adic Banach algebra A with
the differential K¢ and a filtration {F if[}iez such that there is a Fy-module isomorphism

R: (FOA/F'A, Kg) = (A, Qs)

and there is a cochain endomorphism ®g of (f[, K s) which is p-adic completely continuous and whose
characteristic polynomial is equal to P(¢¥T)? This question was essentially answered by Dwork and his
successors (notably, Adolphson and Sperber). There are two technical difficulties for achieving this. As
is well-known, the differential operators like 8%1- behave badly in characteristic p. Even in the p-adic
case, the differential operators behaves differently from the complex analytic case: the Poincare lemma
fails if one considers p-adic analytic functions on the closed unit disc. Another difficulty is the p-adic
convergence problem of the exponential function. In the complex analytic case, the radius of convergence
of the exponential function is infinity, but in the p-adic case, the radius of convergence is p_ﬁ < 1. Al
of these difficulties were resolved by Dwork by introducing an overconvergent module and the splitting
function. Here we follow the version of Adolphson and Sperber, [2]. Our academic contribution is to
change the product structure on the p-adic twisted de-Rham complex in [2] (by using the p-adic dual
Chevalley-Eilenberg complex) in order to reveal the homotopy Lie structure, which put us in a natural
framework of modern deformation theory.”

Let (, be a primitive p-th root of unity in C,, where C, is the p-adic completion of the algebraic
closure of Q,. For the p-adic overconvergent module, we fix a rational number b € Q such that

1 p
1. —<b< —
(1.6) p_1< <p_1
and choose M € N such that %, p—Afl € Z.» Then we choose 7 € C,, such that
(1.7) ™ = p.

We call it "shifted" because both K and K?S has degree 1. The (usual) dgla has the Lie bracket degree 0 and the
differential degree 1.

2There is a motto that every deformation problem in characteristic zero can be controlled by the Maurer-Cartan equation
of some homotopy Lie algebra.

3These technical conditions on b and M are used to prove the statement (b) of Theorem 1.1
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Denote Qg be the fraction field of Z, = W (IF,), the ring of Witt vectors of F,. Let k = Q4((p, 7) be the
smallest subfield of C, containing (,, 7, and Q4. Denote by Oy the ring of integers of k.

Theorem 1.1. (a) There is an L-algebra (Af(vb), 55 = E{(S , Efs, --+) and an Le,-endomorphism Q\PS =

B — —0
U5, py 3, - of (A(b),£%) such that” there is a decomposition A(b) = D _n<m<oAlb)  where A(b) is
a p-adic Banach commutative algebra over k and

s .
Ab) - = @ Ab) -miy oM, 0<s<N.

1<i1 < <is <N

(b) There exists a separated and exhaustive decreasing filtration { F*A(b) };cz consisting of O-submodules
such that (A(b), Ks) is a filtered complex, and there is a F,-module cochain isomorphism

R : (FOA(D)/FLAD), Ks) = (A,Qs).
(c) The 0-th cohomology H° (ffl(vb), Ks) where Kg = E{( % is a finite dimensional k-vector space whose
dimension is equal to the degree of P(T).
(d) There is a k-linear completely continuous operator ¢y = Wy : (A(b), Ks) — (A(b), Kg) which is
a cochain map and

(1.8) P(¢"T) = det(1 — T - Us|H°(A(b), Ks)).
We will also use the following notation
Kx =Ks, Wx=1Vg

to emphasize the dependence on the smooth projective complete intersection variety X. We fix a p-adic
absolute value | - |, and a p-adic valuation val, on C, such that val,(p) = 1 and |z|, = p~¥»@). For
U= (Upy .., U) € R™, we put |u| = ug + -+ -+ um. Let Z>o be the set of non-negative integers. For each

— 0 —

b satisfying (1.6), the p-adic Banach algebra A(b) = A(b) is given as follows:

(1.9) Z(;) =<&(2) = Z a%Eﬂ'Mb‘E‘QEQE Dy €k and ay, — 0 as |(u,v)] = oo

(ww)ezl,

Mb|v

where y% = (yy*,--- ,y.*) and 2% = (24°,--- ,z;~). Here the overconvergent factor |'is specifically

designed (in [2]) to prove the Katz conjecture: T, (sz/l(vb)) - FZ‘Z(\b_q/) where T, is given (1.11). The

p-adic Banach structure on AA(E) is given by [£(2)|p = supP ) [@u,vlp-

The L-algebra and Lo.-morphism in Theorem 1.1 are obtained by applying the descendant functor,
introduced in Definition 2.7, to the cochain endomorphism Vg of (A(Nb), K 5). Using this homotopy Lie
formalism, we now explain how to derive an L.,-homotopy formula for ¥g. Let v € Qq({,) C k be a

solution of Y7 ‘Z—: = 0 such that val,(y) = ﬁ. If we define”

Mb

N
(1.10) A= 0.9
=1

~y 0z; On;’

then (Af(\b/), 5 A) is clearly a cochain complex with super-commutative product structure. In fact, Biyi

improves the p-adic convergence of A(b):

0
yi

E)eAb+e), e>0 foré= Z MO 22y € A(D),

(wv)€zf,

4An Loo-algebra (homotopy Lie algebra) (V,£) is a Z-graded vector space V with an Leo-structure £ = £1,£02,43,---,
where ¢1 is a differential such that (V1) is a cochain complex, 2 is a graded Lie bracket which satisfies the graded Jacobi
identity up to homotopy ¢3 etc. An Loo-morphism ¢ = é1,¢2, -+ is a morphism between Loo-algebras, say (V,£) and
(V',2"), such that ¢1 is a cochain map of the underlying cochain complex, which is a Lie algebra homomorphism up to
homotopy ¢2, etc. See subsection 2.1.

Mb
5The auxiliary factor ”T is a technical condition needed to prove (b) of Theorem 1.1
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and z— preserves the (radius of) p-adic convergence of A( ). Let us consider the Dwork operator
Ty: A(b) — A(b) defined by

(1.11) Tyl > awz®| = ) gz

wezy, wezy,

Note that the image of T, belongs to A(bg) C X(\b/) (the operator T} also improves the p-adic convergence
like 6%-)' By using the relation

0
Tyozim— = qz;

T
(’)zi °ta

9z

one can easily cook up a cochain endomorphism of (A/(F), A) If we define a k-linear endomorphism Upn
on A(b) =@ _y<m<oAlb) Dby additivity and the following formula

Ty <‘f(§) : Hje{1,~.. N} Zj)
m JFEi, im .

: iy * i
[lieq, .~y 2
s i

(1.12) Upr (E(2) iy - Mi) =4

——0 — — .
for each m > 0 and £(z) € Ab) = A(b) , then Upn : (Ab),A) — (A(b),A) is a cochain map. Then

we apply the descendant functor to Upn to obtain an L..-endomorphism Q\PP" = \11'?", ;I'P" ,-+- of an

Lo-algebra (fl(b),ﬁA = 61&, EQA, -++). Explicit formulas can be given as follows: Define (A = A and

Eﬁ(-rla" . axn—laxn) - gﬁfl(xla" 3 Tp—2,Tn—1 xn)

A 11 . A
767171(:617 T ;znfl) *Tp — (71>|Zn Ut [za]+-+len 2|)$n71 : gn—l(zla e 7$n72azn)7 n Z 2.

It can be easily checked that EA = 0 for m > 3. Define qﬁ‘I’P" Up. and

(b;lyllpn (-Tla e axm) - ¢,‘I,l£n1 (-Tla oy Tm—2,Tm—1 xm) - Z ¢\Ilpn, (xBl) . ¢\Ilpn, (:CBz)a m Z 2a

T€P(m),|w|=2
m—1m,m

where P(m) is the set of partitions of {1,---,m} and we refer to Definition 2.6 for details.
The deformation theory based on the Maurer-Cartan equation attached to (A(b), -, ) naturally leads
to the following formula. Let F(z) be the Teichmiiller lifting of the polynomial F(z) € Fy[z]. In other

words, if we write F(z) = ZwezN fuwz?, then we have F(z) = Zwezg fuwz € Zy[z] where (fu)? = fu
wezy, Juw

and f, = fu(modp).

Theorem 1.2. Suppose the Teichmiiller lifting of each G;(z) is written as

362231
and define
- VA, ¢ fypi az! 'ypl (g Y z“)pﬁ[
=D D gyl 2t (w=) ), =3 3 % g
i,u £>0 i=0 p 7=0 i,u £>0 p
For any homogeneous \ € fl/(\b/) we have
Ks() =AM+ Y ,fﬁﬂ D, D) = A + 65D, ),
m>1 m:
\I]S()\) = \IIP" + Z Z \I/P" (F)’ a(bfpn (F )) Qﬁl\f}:;( aFa)‘)a
m>1j+k= m

7,k>0

where B,,(x1,--- ,2,) is the Bell polynomial defined in (3.8), and ¢y * (I, A) := ¢YP" (A) = Upn(A).
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The above homotopy Lie formula for Kg is not new but the formula for ¥g which naturally arises
paired with K g from the deformation theory based on the Loo-algebra appears to be new. A merit of this
formalism is that any smooth complete intersection X = Xg C PI}‘q can be regarded as one deformed

from the projective space Py . Hence we may prove many properties of (A(b), Ks) by checking it on the
corresponding properties on the projective space and transporting it to X via the deformation. It would
be a good project to see whether this formula for g is actually helpful for an algorithmic computation
of the zeta function.

Now we briefly explain the contents of each section. The section 2 is about a general theory of
homotopy Lie algebras and their (formal) deformation theory and the section 3 explains the consequence
of applying the general theory to a smooth projective complete intersection variety X over F,. The
subsection 2.1 is devoted to a brief explanation of the category of homotopy Lie algebras. Then we
explain the descendant functor (our key technical tool to analyze the zeta function of X)) and its explicit
relationship to the deformation theory of descendant homotopy Lie algebras in the subsection 2.2. In
the subsection 2.3, we explain how to modify the usual deformation theory so that the deformation of
the p-adic Dwork Frobenius operator makes sense later.

In the section 3, we provide detailed proofs of Theorems 1.1 and 1.2. For this, in the subsection 3.1,
we construct a dgla, (more precisely, a GBV(Gerstenhaber-Batalin-Vilkovisky) algebra) for a projective
space which serves as a base point of the deformation theory. Then, in the subsection 3.2, we study a
filtration structure on such GBV algebra to prepare for the proof of (b) of Theorem 1.1. The subsection
3.3 is devoted to the proof of (a),(b) of Theorem 1.1. The subsections 3.4 and 3.5 are devoted to the
proofs of (¢) and (d) of Theorem 1.1, respectively. In the subsection 3.6, we briefly review the Bell
polynomials and prove Theorem 1.2 by applying all the machineries developed so far.

Finally, in the section 4, we add an appendix which explains how to compute all the cohomologies of
the dgla (A, Kg, 5%) over F,.

1.3. Acknowledgement. Jeehoon Park was supported by Samsung Science & Technology Foundation
(SSTF-BA1502). Dohyeong Kim was supported by Research Resettlement Fund for the new faculty of
Seoul National University

2. FORMAL DEFORMATION THEORY OF THE COCHAIN COMPLEX WITH MULTIPLICATION

2.1. Homotopy Lie algebra and the BV algebra. Roughly speaking, a homotopy Lie algebra (Lqo-
algebra) is a "differential Lie algebra up to homotopy'. We refer to section 13.2, [9] for the precise
theoretical definition (as an algebra over a particular algebraic operad Lie) and its basic properties. Here
we only briefly review an explicit description following the appendix 5.2, [12].

Let k be a field of characteristic zero (we need this since we have to divide m! in the definition of
homotopy Lig_a\lgebras). Let Art% denote the category of Z-graded artinian local k-algebras with residue
field k£ and Art% be the category of complete Z-graded noetherian local k-algebras. For a € Ob(Art%),
m, denotes the maximal ideal of a which is a nilpotent Z-graded super-commutative and associative
k-algebra without unit. Let V = P,,
is a homogeneous element of degree i; let || be the degree of a homogeneous element of V. For each

V'’ be a Z-graded vector space over k. If x € V?, we say that x

n>1let S(V)=@,~,5"(V) be the free Z-graded super-commutative and associative algebra over k
generated by V', which is the quotient algebra of the free tensor algebra T'(V) = @, ,T™(V) by the
ideal generated by = @ y — (—1)I#IlWly @ x. Here T°(V) =k and T"(V) = V&" for n > 1.

Definition 2.1 (L.-algebra). The triple V;, = (V,£, 1) is a unital L..-algebra over k if 1, € V° and

£=1"11,05,--- be a family of k-linear maps such that

e /,, € Hom(S™(V),V)! for all n > 1.
o Un(vy, - ,op_1,1y) =0, forall vy, -+ ;0,1 €V, n>1.
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e for any a € Ob (Art%) and for alln > 1

n

1
Z (TL* k)'k'ﬂn_k-i_l (ﬂk (’Ya ' 57)573" : 57) =0,
k=1 o

whenever v € (mq ® V)°, where

gn(al ®’U1," © 5, Qp ®Un)
(— 1)l Hlaz (D4 lan (Lo toaaD g g @ 0 (

ULy ).
Definition 2.2 (Lo.-morphism). A morphism of unital L.-algebras from Vi, into V] is a family ¢ =
$1, ¢, -+ such that B

e ¢, € Hom(S"V,V')? for all n > 1.

e $1(ly) =1y and ¢p(v1, - ,Un—1,1y) =0, v1, -+ ,0p—1 € V, for all n > 2.

o for any a € Ob (Art%) and for all n > 1

1
Z m¢j1+1 (@2(7"" 57)"75"' )
1 1
= Z _76/ (gbjl(’}/?v’y)avgbjr(’yaa’y))a

g

d)n(al Q@ Vi, 0, an ®Un)
= (=1)le=llvrltHanl(lorl+tlonalg g @ by, (v1, -+ 5 vn)
If we forget the unity 1y, then we call a pair (V,£) an Ly-algebra. We can similarly define an Lo.-

morphism without the condition on 1y,. One can define the composition of L,,-morphism and it can be
checked that unital L,-algebras over k and L..-morphisms form a category.

Definition 2.3. The cohomology H of the Ly-algebra (V,£) is the cohomology of the underlying com-
plex (V,K = f1). An Lo-morphism ¢ is an Le-quasi-isomorphism if ¢; induces an isomorphism on
cohomology.

Definition 2.4. An L.-algebra (V) is called a (shifted) dgla(differential graded Lie algebra) if £, = 0
for m > 3. This means that (V,¢;) is a cochain complex (¢ has degree 1), i.e. £10¢; =0 and (V,¥{3) is
a graded Lie bracket (¢ has also degree 1), i.e.
by(xr,a0) = (=1)1#2l0y (25, 29)
0 = lo(la(z1, ), x3) + (= 1)l (21, Lo (w2, 23)) + (—1) =TVl 0y (29 05 (21, 23)),

and ¢; is a graded derivation of the Lie bracket
01 (L1, m2)) = —La(Cr (1), @2) + (= 1)1 15 (1, 01 (2)).

In fact, any Lyo-algebra can be strictified to give a dgla, i.e. any L,-algebra is L,-quasi-isomorphic
to a dgla. Now we give definitions of G-algebra, GBV algebra, and dGBV algebra, slight variations
of a dgla, which are suitable for our analysis on the p-adic Dwork complex; In Theorem 1.1, we only
mentioned L.-algebras and L.,-morphisms for simplicity, but we will discover more, i.e. a dGBV algebra
structure on the p-adic Dwork complex in addition to the L..-structure.

Definition 2.5. Let k be a field. Let (C,-) be a unital Z-graded super-commutative and associative
k-algebra. Let [o,0] : C® C — € be a bilinear map of degree 1.
(a) (C,-,[-,]) is called a G-algebra (Gerstenhaber algebra) over k if

[0’5 b] = (71)‘04‘“)' [ba a]a
[a, b, c]] = (=1 [[a, ], ] + (=1)UeFDINED[p [a, o],
[a,b-¢] = [a,b] - ¢ + (=1)Ual+V Pl (g ],
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for any homogeneous elements a,b,c € C.
(b) (C,-, K, ¢X) is called a GBV(Gerstenhaber-Batalin- Vilkovisky)-algebra® over k where

(2.1) (X(a,b) .= K(a-b) — K(a)-b— (-1)\%a- K (), abee,

if (C, K, tX) is a (shifted) dgla and (C,-,¢X) is a G-algebra,

(c) (C,-, K, tX Q), where Q : C — € is a linear map of degree 1, is called a dGBV/(differential
Gerstenhaber-Batalin- Vilkovisky) algebra if (C,-, K, ¢X(-,-)) is a GBV algebra and (C, -, Q) is a cdga(commutative
differential graded algebra), i.e.

Q*=0, Q(a-0)=Q(a) b+ (-1"a-Q®), abeeC
2.2. The descendant functor and a formal deformation theory. In this subsection, we will study
the deformations of the data (C,-, K, ¥) where

(1) (€,-) is a Z-graded super-commutative associative algebra algebra over k,
(2) (€, K) is a cochain complex over k, and
(3) ¥: € — Cis a k-linear cochain map.

The category €y, is defined such that objects are triples (C, -, K), where the pair (C, ) is a Z-graded super-
commutative associative k-algebra while the pair (€, K) is a cochain complex over k, and morphisms are
cochain maps. Two of the salient properties of the category € are that

(i) morphisms are not required to be algebra homomorphisms,

(ii) the differential and multiplication in an object have no compatibility condition.

If we denote by € the category of triples (C, -, K) satisfying (1) and (2) above with (k-linear) cochain
maps, then the given data naturally sit in the category whose objects are endomorphisms in € and
morphisms are the ones in €; commuting both endomorphisms. The deformation theory of objects in
¢, was studied in [12]. We briefly review it here.

Definition 2.6. A partition m = By U By U --- of the set [n] = {1,2,--- ,n} is a decomposition of [n]
into a pairwise disjoint non-empty subsets B;, called blocks. Blocks are ordered by the minimum element
of each block and each block is ordered by the ordering induced from the ordering of natural numbers.
The notation |7| means the number of blocks in a partition 7 and |B| means the size of the block B. If
k and k' belong to the same block in 7, then we use the notation k& ~, k’. Otherwise, we use k . k'.
Let P(n) be the set of all partitions of [n].

Definition 2.7. For a given object (C,-,K) in €, we define Des (€,-, K) = (C,£5), where £ =
0 0K .. is the family of linear maps (X : S"(A) — A, inductively defined by the formula: ¢ = K
and

K K
gn (1'1; e 7xn71;zn) = gnfl(zla -2, Tn—1 zn)
K Tp—1|(1+|z1 |+ |xn— K
_anl(l‘la"' ;xn—l)'xn_(_l)l " 1‘( ‘ 1l ‘ " 2|)xn—1'€n71($1;"' axn—ann)a TLZQ,
for any homogeneous elements x1,xs, -+ ,x, € C.

For a given morphism f : (C,-, K) — (€', K') in €, we define Des(f) = Qf = (b{, qbg, -+ as a family
of k-linear maps ¢/ : S”(€) — €’ defined inductively by the formula: gbf = f and

Sl (@1, am) =00 (@1 T2, T ) — Y & (wp,) ¢ (2m,), m =2,

TEP(m),|w|=2
m—1m,m

for any homogeneous elements z1,x2, -+ , 2z, € C. Here we use the following notation:
T = zj1®"'®$jrifB:{jla'",jr},
(bf(zB) = d)?{(zju"'azjr) lfB:{.]lvajT}

Proposition 2.8. Let £ be the category of Lo-algebras. The above assignment ®es is a functor from
€k to L.

Proof. See subsection 3.2 in [12]. O

6((‘37 -, K) is called a BV algebra, if (C, -, K, 65) is a GBV algebra
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We will call 5 and Qf a descendant Lo.-algebra and morphism respectively. In short, the functor
Des : & — £ takes
(i) an object (G, -, K) in € to a descendant Lo.-algebra (C, £% = (I X 0K ...} where (X = K and

05 0K ... measure the failure and higher failures of K being a derivation of the multiplication in €,
(ii) a morphism f in €4 to a descendant L..-morphism Qf = gb{,(bg,gbg, .-+, where (b{ = f and
(bg , ¢§ ,-+- measure the failure and higher failures of f being an algebra homomorphism.

For a € Art% denote m, its maximal ideal. In what follows we endow a ® € the natural Z-grading.
We need the following lemmas to see a precise relationship between a formal deformation theory for €
(based on the Maurer-Cartan equation) and the descendant functor Des.

Lemma 2.9. For I' € (my ® €)° and homogeneous A € a ® €, denote

LK) =Y %eff(r,.-. T), LEO) =Kx+ ) ﬁﬁff(r,m JTLN).

n>1

Then we have the following identities:
KE'—1)=L%T) e, KW\-e')=LEN - + (D)X K" —1).
Proof. See Lemma 3.1, [12]. O

Lemma 2.10. For I' € (m, ® €)° and homogeneous A € a ® C, denote

1
(n—1)!

¢£(Fa e ara )‘)

n!

SI() =S 26l 1), B =)+ Y

Then we have the following identities:
FE =1 =@ 1 fr-e) =N D),
Proof. See Lemma 3.3, [12]. O
The identities in lemma 2.9 say that if I' € (m, ® €)° satisfies the Maurer-Cartan equation:

1
K" —1)=0 < 1XT0) =) =T, . T)=0
n.
n>1

then we can equate
LE=eToKoe

so Kr := L becomes a differential on a ® C, i.e., (a ® C,-, Kr) is again an object of €, which is a
(formal) deformation of (€, -, K) by a Maurer-Cartan solution I'.

Now we deform a cochain map f : (C,-,K) — (€', K'). If we assume that K(e!' — 1) for some
I e (mg®E€)° and K'(e™ — 1) = 0 for some I € (my ® €')°, then

fF/,F ;:eiF,ofoeF:a®€—>a®€/,

then fr is clearly a cochain map from (a ® C,-, K1) to (a ® €',-, K{,). In particular, we can deform
a cochain endomorphism ¥ : (€, K) — (€, K) using a Maurer-Cartan solution. Then ¥ := Wrpp is
a cochain endomorphism of (a ® €,-, Kr). Unfortunately, this formal deformation is not suitable for
a p-adic deformation of the p-adic Banach algebra (A(Vb), .,A) € Ob(€};) which was given in (1.9) and
(1.10)." Thus, in the next subsection, we study a slightly enhanced deformation theory for €.

TWe will explain this further later in subsection 3.3.



A HOMOTOPY LIE FORMULA FOR THE P-ADIC DWORK FROBENIUS OPERATOR 11

2.3. Deformation theory for the g-power map. For a p-adic deformation of the p-adic Banach
algebra (A(b),-, A) € Ob(€;), we consider a graded k-algebra endomorphism® o : @ — a. Since o is an
algebra map, we have o(my) C m, by the nilpotency of m,, and

Ke' = K(oe') = o(Ke")

so the triple (a® €, -, K,r), where K,r = e 0 K 0e°T' is also an object of € whenever Kel' = 0. Let
¥ be a cochain endomorphism of (€, K'). Now define

lI/(,f::e_‘TFo\I/oeF:a®€—>a®€

Then
q&,ypOKp:e_"Fo\IloeFoe_FoKoeF
=e ToWoKoel
=e ToKoWoel
:e—UFOKoeaf‘oe—UFoqjoeF
= KUFO\IIU,F
shows that

\I/gyp : (a ®C,-, KF) —_— (Cl ®C,-, Kgr)

defines a morphism in €. Since Kr # K,r in general, ¥, r is not an endomorphism in general. However,

multiplication by e® has inverse e~* so via the commutative diagram

Vs
H*(a®C Kr) —— H*(a® C, K,r)

el‘l? eal"lz

G®H.(G,K) T)a@H'(@,K)

We may regard ¥, r as an endomorphism on the cohomology space. Moreover, this diagram also shows
that ¥, r on the cohomology space depends only on the ¥ on the cohomology space.

3. HoMOTOPY LIE THEORY FOR THE ZETA FUNCTION

3.1. A GBYV algebra associated to P". We are interested in a p-adic homotopy Lie algebra and the
zeta function (Theorem 1.1) of a smooth projective complete intersection variety in P™ over F, defined
by Gi(z),- -+ ,Gi(z). In order to study them, we start from P".

Recall that k = Qg4(¢p, m) is a finite extension of Q, with the uniformizer = and the p-adic Banach
algebra over k given in (1.9). Let gx be an abelian Lie algebra over k of dimension N =n + k + 1. Let

081,82, , BN be a k-basis of gx. We associate a Lie algebra representation p on Af(\b/) of gi as follows:
aMb /g
p(Bi) = — , fori=1,2,--- N.
p(Bs) 5 ( 3 Z> or i

We extend this k-linearly to get a Lie algebra representation px : gx — Endg(A(b)). Then we consider
the dual Chevalley-FEilenberg complex (A(b), A) associated to § as in the introduction. The Z-graded
super-commutative algebra A; and the differential A is given explicitly as follows:

Ab) = Ab)nl = Ab)m,m2, - nn],

Mt 5 9 —

A = — L A(b) — A(D).

v 0z 0n;
We have
—— —N A —— —N+1 A A ——1 A ——0 —
0——Ab) LAl A AL Al A Ab) = Ab) ——0
8In our application to the zeta function of X, a will be a formal power series ring with & number of variables t1, -, tx

and o will be a g-power map of those variables.
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where

Ab) = b Ab) - miyomi,, 0<s<N.
1<i1 < <is <N
Then (Af(vb), - A) is an object of €. If we apply the descendant functor to it, we obtain the following
proposition.

Proposition 3.1. (A(b) Al QA) is a GBV-algebra over k.

Proof. We need to show that (A/(\b/), A,EQA) is a dgla and (A/(\b/), -,NEQA) is a G-algebra. The fact that A
is a homogeneous differential operator of order 2 implies that Eﬁl = 0 for m > 3, which implies that
(A(b), A, ¢5) is a dgla. Tt follows that (A(D),-,¢%) is a G-algebra by a straightforward computation. O]

We can also prove a finite field version of the above proposition. Note that (A, -, Kg) given in (1.4) is
an object of C]Fqg

Proposition 3.2. (A,-, A, ¢5) is a GBV algebra.

3.2. A m-adic filtered complex. Here we like to understand a precise relationship between (Af(vb), 5 A)
and (A,-, A). For this, we define a filtration on (Af(\b/), . A) which is compatible with the differential A.
The technical conditions on b and M and the factor # is designed to accomplish this by Adolphson
and Sperber in [2] Recall that 7 is a uniformizer for Og. Following section 3, [2], define a decreasing

filtration {F‘Sﬂ(b }sez on A(b

] — 5 AL
GO PR "= @ @ A o . 0SmEN,
rt=m  1<i; <--<ip <k
k+1<j1<--<je <N

where
FSA/(F) = Z Ay v T Mbl”':c“y” Dy € T 0 for all (u,v) € Zgo
(ww)ezl,
Note that
— —0
FPAb) = FPAD) = Z QT Mb(‘”‘Jrk)x—y— u.p € T0 for all (u,v) € Z%,
(ww)ezl,

Then a simple calculation confirms that A(FS%_W) C FS%_WH, using the fact ﬁ <b< g
(here the factor # in A= ”];“ sz\il azi 6%- plays a role). Therefore the filtration (3.1) makes (Af(\b/), A)
into a m-adic filtered complex.

For each 0 < m < N, define a k-linear map R : Fofl/(\b/fm — A™™ where A was given in (1.4), by
additivity and the formula:

b(|v|+k— _

Z ay o (lul+k=r) .. TRy i My Mg Z T w2 iy - iy N Mo

(wp)ezl (ww)erf

where @y, is the reduction of a,, modulo the maximal ideal of O. Since a,,, — 0 as |(u,v)| = oo, the
— —m

image R(§) for £ € A(b)  is a finite sum. It is not difficult to see that this k-linear map is surjective

with kernel Flf/l(vb)im (using the conditions Mb_ M

< b and o—1)p’ ﬁ
isomorphism

p—il € Z), hence R induces a linear

R:FOAD)  JFLAD) | ~ AT
for each 0 < m < N. Note that this map R is not a ring homomorphism. We can choose a k-linear
section sx : A — FCA(b) such that R o s = id.

9Even though Fy is of characteristic p, a notion of dgla still makes sense.
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Proposition 3.3. The k-linear map R induces an isomorphism of cochain complexes over [Fy
R (FOA®b)/FLAD), A) ~ (A, 0),
where (A, 0) is the cochain complex A with the zero differential.

3.3. A dGBYV algebra associated to X. Here we will prove (a) and (b) of Theorem 1.1. The main

tool is to apply the deformation formalism of the subsection 2.3 to (A(b),-, A). Let X; C P” be a family
of smooth projective complete intersections parametrized by variables ¢ = ¢1,--- ,t. For i =1,--- Kk,
let G;(t,z) € F[t, z] be homogeneous polynomials of z-degree d;, i.e.

Gi(t,z) = Z Gi,y(i)iﬁ € FQ[L zl, Gi@(i) = Z gz‘@&lﬂ € Fq[i]v

3 +1
HEZZO EEZEU

where deg(G; w(z)) = d;, such that G;(z) = G;(1,z) and G;(0,z) = 0. Let Gi(t, z) be the Teichmiiller
lifting:

Gilba)= D Giawr™

n+1 k
ISVAN ISV

where §; uw € Zq is the Teichmiiller lifting of g; ww € Fq. Let S(t,2) = Zle yiGi(t,z) and let 5(;, z)
be the Teichmiiller lifting of S(t, z):

k
St2) =Y uiGiltz) = > vifiwwa ™™ € Zylt, 2] = ZLylt. 2, ),

i=1 fuw

where Zg4 is the ring of integers of Q.

A proof of (a) of Theorem 1.1. We start to give a simple proof that the k-linear operator ¥p» given in
(1.12) is a cochain endomorphism of (A(b), A):

(Tpmtto A) E@)niy i)

aMb m 5§(z)
= .ggmtl § AT
P 821771 nk 777‘@

7 k=1 k
Mb o m me1
Y q a A
Y ; Ziy, HjE{l,m,N} Zj q M 52% ( ) 6{11_[ ) 7 i1 ik i
B i1, yim jefli
JFi1, 0 im
Mb m m
T q d 5
v k=1 Hje{l,m,N} <j azzk ! ( ) 6{11_[ N} / (977%( ‘t ¢
= A1, im JE{L,
JFiL, hm
My N m
™ o 0 q
B . T L | &z 2 | niy M,
Y = 0z O [Tieg, Ny 2 (2) E{H " 5| M -
JFEUL, e im Je{l,,1
JFEiL, 0 m

= (A o ‘I’fnnm) E@)Miy -+ iy )-

Hence ¥Upn : (A/(\b/), A) — (f/l(z), “ A) is indeed a morphism of the category €. Then we apply the
deformation formalism in the subsection 2.3. Let a = kl[[t1,--- , 1] € Ob(Art?) with degree |t;| = 0.

—1 - —
Since A(b) = 0, the Maurer-Cartan equation A(e') = 0 is vacuous, i.e., we can deform (A(b),-,T")

formally by any element T in (mg @ k[[2]])°. We take

o K[[tr, - ta]] —— K[t t]] t s ¢
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and
(3.2) =30 S el g L a? P € () @ K[(2]),
i,u,w £>0

and consider

efe—exp | 303 vl ol w2 | = T exp | D et a0, pa? ™

iu,w £>0 1,u,W £>0

L]l

Note that neither T'; nor et belong to Mg ® ;1((;) = (mq ® A(b))°. But the formal deformation of A by
T, (note that A is a-linear) can be computed as follows:

My N &
Ae o TioAoele = T 95@t,z) , 0\ 0
B imetofoct= Y ;( 0z +3z¢ on;’

(the equalities here are formal ones in a ® k[[z]] without considering p-adic covergence) where

b2 _ 0 (fmr), =10

by using Lemma 2.9 and the fact f,él =0, m > 3. Then the expression # . sz\; (656(25) + 6_) 0

actually makes sense as a k-linear operator of a ® f%, since

asa(i’g) G(U.@‘A/E)/))O, i=1,---,N,

by using the estimate (3.6).
To compute ¥p, , 5, (the deformation of ¥pn by o and [; = Ty4(z)), observe that

E(z,t")oT,=T,0 E(z%t) ina®k[Z]

for any power series E(z,t) so formally (note that Upn is a-linear)

ft(z)

VYon 1, = e~ o Upn o el = Upn o ﬁ = Upn oelt,
;0,0 (2
where
_ v uge) e
gz uyz T
(3.3) fen =Y Y Y
Jj=04%,u,w £>0
T¢(2)
Note that the last (formal) equality :;j(iq) = et crucially uses the fact G (¢, z) is the Teichmiiller lifting

I 10

of G;(t,z): g;{u,w = Giuww- The key point here is that the expression Wpn o et makes sense ~ as a

k-linear operator of a ® Af(\b/), since et belongs to mg ® A(g), Upn : A(g) — /flzl;), and A(Vb) C A(g). By
evaluating at t = 1, we define

Ry =FKs = Ap,

(3.4) .
Ux = Vs = Up. 7

By the formal identity in the deformation theory, we conclude that ¥ : (A/(F), LK x)— (Af(vb), LK x)
is a morphism of €. Now the part (a) follows directly by applying the descendant functor to ¥x. O

The differential K x is given as follows:

~ ~ oMb N 3(
o 2 (58 2) 2 7

v =1

101 we use Ypn , instead of ¥p,, By then we can not achieve this.
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We also define another differential operator

B B oMb N aA(g)
QX—QS—T'; 02

a — —
5+ Ab) = AD)

The following proposition holds which can be view as a slight strengthening of (a) of Theorem 1.1.

Proposition 3.4. (ffl(z), L Kx, EfX,QX) is a dGBV algebra over k.

A proof of (b) of Theorem 1.1. The part (b) follows by using the decreasing filtration and the k-linear
map R in the subsection 3.2. A same computation confirms that

(3.5) (FOA(b)/FLA®D), Ks) 2 (4, Qs),

where (A, Qg) is given in (1.5), is an isomorphism of cochain complexes over F,. O

3.4. The computation of cohomology. Here we prove (c) of Theorem 1.1. For this we will compare
our BV algebra (A(b),-, Kx) with a twisted de Rham complex, so called the p-adic Dwork complex,
(9, A, D) which appeared in section 2, [2]. We briefly review the Dwork construction closely following

section 2, [2]. The degree m-th module of Qf is given by

o= P Ab)Ade, Ao Adz,
1<iy < <im <N

for each m > 0. Here A is the wedge product on the twisted de Rham complex Qp of A(b). Note that
Q) = Ab) and Q) = @<, <y " The differential D is defined by

Mb
D(w) = WT (dw—l—dS(g)/\w) , weQP

for any m > 0.

Proposition 3.5. We have the following relationship between (Qf, D) and (A(b), Kx);
——s5—N .
(a) For each s € Z, if we define a k-linear map J : (Qf, D) — (Ab) ,Kx) by

dzil e dzis — (_1)7’1++7‘5_‘5( .. 77/;1 e 77;3 .. )

forl1 <iyp <+ <ig < N=n+k+ 1 and extending it k-linearly, then J o D = KX o J and J induces

an isomorphism

H3(Qp, D) ~ H N (Ab), Kx).
for every s € Z.
(b) The map J satisfies that J o dx = QX o J, where Jx is the wedge product with #dé’(g)

Proof. These follow from direct computations. O

A proof of (¢c) of Theorem 1.1. By Proposition 3.5,

HN(Qp, D) ~ H°(A(b), Kx).

Because the k-dimension of H™ (g, D) is shown to be the degree of P(T) in [2], we conclude that the
degree of P(T) is equal to the k-dimension of H°(A(b), Kx). O

Remark 3.6. Proposition 3.5 implies that two cochain complexes (92§, D) and (A(b), Kx) are degree-
twisted isomorphic to each other. But we emphasize that the natural product structure, the wedge

product, on Qf and the super-commutative product - on A(b) are quite different and J is not a ring

isomorphism. It is crucial for us to use the super-commutative product - on A(b) to get all the main
theorems of this article.
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(Qg, A, D) is a p-adic twisted de-Rham alge- | (A(b), -, Kx, (5X) is a p-adic GBV algebra.
bra.

(Qp, A, 0x) is not a cdga. (A(b), -, Qx) is a cdga.

(Qp, A, #d) is a cdga. (A(b), -, A) is not a cdga.

TABLE 3.1. The Dwork twisted de-Rham algebra versus the GBV algebra

3.5. A character sum and the Dwork splitting function. We will prove (d) of Theorem 1.1 this
subsection. Following [2], we consider

)=o) where 6(t) = E(yt) =Y \it' € k][]
1=0 =0

where E(t) is the Artin-Hasse exponential series
> 4p"
Z o
oo

Y/ i

N ¢ 'yp
0(t) = exp ~otP where vy := —

0=e (3 >

£=0 =0

One can easily check that

Note that
(+1
(3.6) val(vye) >

—(L+1).
If, for a € R>¢, we use the following notations

D(a)={xeCp:|z|p <a}, D@ )={zeC,:|z|, <a},

then 6(t) converges on D(pﬁ_) (since valp(A;) > pil) and E(t) converges only on D(17). Here 0(¢) is
called the Dwork splitting function because of the following lemma of Dwork.

Lemma 3.7. If we define a function ¢, : F; — C by the formula

1

o(x) = 0(Z) - 0(F)---0(F" )
for z € IF; and the Teichmiiller representative & € Z, of x, then 1), is an additive character of F,.
Let us write Go(z) = ), vzt 9o, 1zt € Fylz] for each £ = 1,--- k. Then its Teichmiiller lift G(z)

can be written as ZU6Zn+1 Guex¥ € Zg[z] and

Zyz Guz)= > Buz®= Z > G yeat

MeZN (=1 Eezrwﬂ

Let 7 € Gal(k/Qp) be an automorphism of k which lifts the Frobenius automorphism z +— z? of F,
such that 7(¢,) = (p and 7(7) = 7. Then 7(@) = a? for @ which is the Teichmiiller lifting of a. Moreover,
we define

0o ook
=Y ST E) =D vy Y, TGl = > v (Guea?”
m=0 m=0 £=1 EEZZJSI m,l,u

Following [2] again, we use the following notation:

a—1
) = HH@((gwgﬂ)pJ), Eg(g) He(sﬂéﬂ)
j=0 w w
so that Eg(z) = Ez(2)/Eg(29) where 29 = (2%,---,2%). Then it is a straightforward computation that

95(z) _ 1 0Es(2)
Ozi  Eg(z) 0= '

i=1,-- , N=n+k+1.
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As an operator, we have the following identity:

<8azi +5§S)> (f)ZEg(g)—l.aii (Eg(g).f)’ i=1,-- N=n+k+1,

for f € Af(\/b) Now we define a k-linear operator Wy : Af(\/b) — A(b) by
Uy = Ty0 Eg(2)

where ¥ x means the multiplication by E5(z) followed by Tj. Since b < %, Es(z) € A(s) and ¥y is

a well-defined endomorphism of A(b):

-a(3) )

q

Then Wy is a completely continuous k-linear operator on A(N); see [2].
—m

Definition 3.8. We define a completely continuous k-linear endomorphism ¥ x on A/(F) = D,,<o A)
by additivity and the following formula

U)o i) =4

Uy <§(§) Tlieq, 3y ZJ’)

j#ila”‘ yim

Ty M
[lieq vy %
JFiL 0 im
— —0
for each m > 0 and £(z) € Ab) = A(D) .

Lemma 3.9. The map Uy is equal to ¥ x and so the k-linear map ¥ : (A(b), Kx) — (A(b), Kx) is a
cochain map.

Proof. This follows from (3.9) and a straightforward computation. O
A proof of (d) of Theorem 1.1. First note that

e't = H 9(%@@@2&&&) = ES(LE) (2), 7t = ES(L‘?&) (2):

4,U,Ww

where T'; is given in (3.2). Similarly, we have that

eFE = Eé(g,g) (g)v

where T'; is given in (3.3). Because

~ P e e N (0S(tz) 9\ o
Ap,i=eTtoloelt = By (2) 7 0 Ao By, ,)(2) = - Z( 9= 0m ) om

Vo of, = e T o Ypn ol = Eg(iqﬁ) (2) "o WUpn o Eg(m (2) = ¥pn 0 B, ,)(2),

we see that the operator ayyr+1 on H"T*+1(Q# D), in Corollary 6.5, [2], corresponds exactly (by
(3.9) and Lemma 3.9) to the operator ¥x on H°(A(b), Kx) under the isomorphism H"*++1(Q# D) ~
HO(A(b), Kx) in Proposition 3.5. Then the part (d) of Theorem 1.1

(3.7) P(¢"T) = det(1 — T - Wx | HO(A(b), K's))

follows from Corollary 6.5, [2]. O
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3.6. The Bell polynomials and a deformation formula for the Dwork operator Ux. The goal
here is to prove Theorem 1.2. The partial Bell polynomials By (%1, ,Zn—k+1) are defined by the

power series expansion

exp (uzzz:—v = Y Buk(@1,  Tnkt1) —u —1+Z (Z By (1, ,:cnk+1)>
el !

n,k>0 n>1 k=1
which gives the following formula:
n! 1\ 4 Tp—k+1 In—iet1
O B (i
on i) = 3 i (B ()

where the sum runs over all sequences 41, - -+ ,i,—x4+1 of non-negative integers such that
i1+ Fin-rt1=%k d1+2ia+--+n—k+1ippt1=n

and the (complete) Bell polynomials By, (x1,- - ,2y) are defined by the power series expansion

(3.8) exp Zziﬁ :1+ZBn(:c1,~~~ ’z")ﬁ
i>1 n>1
in other words,

n

Bn(xla"' ;xn):ZBn,k(xla"' ;xn—k-i-l); BO:1
k=1

There are recurrence relations

n

n

Bpii(z1,- Zpg1) = (i)Bn—i(:Cla S Tp—i) Tl
i=0

where By = 1, and

—k+
n—1
Bnk(xla"' Tp— k+1 § i—1 Zq n i,k—l(xla"' ;xn—i—i-k)

where By =1, Bpo =0 for n > 1, and By = 0 for k¥ > 1. For example, Bi(z1) = x1, Ba(z1,22) =

2 _ .3
a1 + T2, Bs(x1,22,23) = a7 + 3x122 + 23, -

A proof of Theorem 1.2. Recall that

I
>
—

_ _ My N &
Kx =Kgs: S .Z<8§(g)+60>60
(3.9) =1 R Zi Zi | On;

Uy =Vg:=Vp, ,a, = Upn 0 By, (2).

By Lemma 2.9, we have

W =AW+ ﬁzﬁ(f,--- TN, A€ Ab).

where we recall that

J4
Doy == D0 el ' (o :=Z”i )

iu £>0 =0

Since Eé = 0 for m > 3, the first part of Theorem 1.2 follows. Moreover, one can check that

- T N § z —_—
65 (T,0) = (— : Z ag;_) a‘?ﬁ) (A), A€ AD).
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By Lemma 2.10, we have
Ux(N\) = e~ o WUpn 0 elt

= Upn (ES@ (2)- A)

1 n
= ipp"(/\)JFZméf’gP"(Fv"' TN | e N e Ab),

where we recall that

a—1 0/~ J u Pj+£
VT (Giw)” (yizt)
r=>> s
=0 d,u £>0 p

We want to expand this as
Ux(A) = Wo(I') + Wy (D) + Wo(I') + W3(1) + - -,
where W, (cI') = ¢"U,(T") for ¢ € k. By the definition of the Bell polynomials, we have

pn 1 1 . )
e<l> ° (F):exp Zﬁ(bgpn(ra"' ,F) :1+ZEBH( ‘1IIp (F)a a¢7\lzlp (Fa 51—‘))

n>1 n>1

This expansion has an advantage that

B, (617" (¢- 1), 68" (¢ T, eoT)) = ¢ By (677" (D), 637" (I, 1))

for ¢ € k. Therefore we get the expansion of desired form:

1 n n n
m21j+k:m3' ’
J,k=>0

4. APPENDIX

In this section, we give a computation of the cohomology of H™ (A, Kg) for all m € Z, where (A, -, Kg)
is a BV algebra over F,. This will be done by comparing (A, -, Kg) with the algebraic Dwork complex
(algebraic twisted de-Rham complex) over F, in [1]."" For a given cochain complex (€, K), we will use
two notations interchangeably:

H'(C,K)=Hy(€), icZ.

By additive quantum number we mean a rule of assigning an integer to each monomial in the BV
algebra A = Ag over F,; such that the number is additive when two monomials are multiplied. We are
going to introduce three additive quantum number; ghost number, charge and weight.

We assign gh(z,) = 0 and gh(n,) = —1. We have the ghost number decomposition of A;

A=A
i€Z
In fact, the ghost number is the cohomology grading and A is super-commutative with respect to the
ghost numbers; zy = (fl)gh(x)gh(y)yx where z,y are homogeneous polynomials in A. Sometimes we
abbreviate |z| = gh(z). For each z, assign a non-zero integer ch(z,) called charge of z,, as follows:

ch(z;) = ch(y;) = —d;, fori=1,--- k, ch(z;)=chlan_k—1)=1, fori=k+1,---,N.
Also assign ch(n,) := —ch(z,). Define the background charge cx by
k
cx = fz ch(z,) = Zdi —(n+1)
i=1

m

11 The cohomology H™ (A(b), Kg) for all m € Z can be also computed by using the 7-adic filtration structure in the
subsection 3.2 and the appendix of [2], which summarizes basics results on lifting cohomology from characteristic p to
characteristic zero.
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Note that cx = 0 means that X is Calabi-Yau. Associated with ch(z,)u=1,...,5n we define the Euler
vector

zN: h(z,)z 0 +Z ch(n,)n 0
e 1)
— 8 8
For any monomial M € A we have E p(M) = ch(M)M. Hence we have the charge decomposition of A,
A= @
AEZ
where A, is the C-subspace of A generated by the monomials of charge \. We also introduce the

notion of weight such that wi(y,) = 1 for all £ = 1,--- |k and wi(z;) = 0 for ¢ = 0,1,--- ,n. Define
wi(n,) =1 — wt(z,) for all p=1,---, N. Associated with the weight we define the Euler vector

N b N o k 0 N 0
Bt = Z wi(z,) 27— + Z W (N )7 — = Zye— + Z e,
p=1 Tt O =7 v S, O

For any monomial M € A we have E, (M) = wt(M)M. Hence we have the weight decomposition of A;
A= D Aw
w>0
where A, is the C-subspace of A generated by the monomials of weight w. Note that A = A[n], where
NuMy = —MwMp, and

gh(zu) + gh(n,) = =1, ch(zy) + ch(n,) =0,  wi(z,) + wi(n,) = 1.

We then have decomposition
J
D DDAy

—N<j<0AEZw>0
where u € fli_’(w) if and only if £ p(u) = X - u, Eyy(u) = w-u, and gh(u) = j. Note that S(z) € 687(1),
and Qg preserves ch and wt though A decreases wt by 1. Also note that K preserves the charge grading.
Hence we have the following proposition.
Proposition 4.1. For each charge A € Z and weight w € Z we have a cochain subcomplex (A, K) and
(‘A)\.,(w)a Q) :

It follows that the cohomology H = Hk(A) of the cochain complex (A, K) = (A, Kg) has a charge
decomposition

H = &xezH), Hy = Hg(A)).
Associated with F ., we define
R:= Z ch(zu)zum, € 60_(1)
"

Note that, for any f € @,

0 0
K o 0
orf =43 (R, f) = g ch(z (Zﬂazu n#anu> f

“w
Hence for any f € C\ we have dgf = Af. Note also that QR = 0, while

k
KR = —cx, cx = the background charge = Z di — (n+1).

=1

Proposition 4.2. The cohomology H = Hy(A) is concentrated on charge cx, i.e. H = H,, .

Proof. From
K(f R =t5(R,f)+KR-f+Kf R

=6pf—cxf+Kf-R

:()\—Cx)f-i-Kf-R(iffe.A)\)
we see that any f € €y NKer K belongs to Im K unless A = cx, since (A —cx)f = K(f - R). O
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There also exists the algebraic Dwork complex over IF,. Consider the de Rham complex Q]}q [2]/F,

and define the boundary map ds on Qf |, x by O0s(w) = dS A w where S(z) = 25:1 ye - Go(z). Let
Dg = d+09s. In [1], Adolphson and Sperber introduced the bigrading (deg;, deg,) on QF 21/, as follows;

degl(zi) :degl(dz’b> = 17 7’:05 ) 1 degQ(xl) :degQ(d‘rl) :05 ’L:Ov y 1y s
degl(y’b) :degl(dyl) = 7d’bv i = 17 akv deg?(yl) :degQ(dyl> = 17 i = 15 7k
Then (05 oly.z)/Fy ,0s) is a bigraded cochain complex of bidegree (0,1). For (u,v) € Z?, let us denote by

Q;’q([z 1)] /v, the submodule of homogeneous elements of bidegree (u,v) in Q3 Fo [yl Py

Lemma 4.3. We have the following relationship between (QFq []/F, ,Dg) and (A, Kg)

(a) For each m € Z, if we define a F,-linear map J : (Qﬂ[zl/Fq’ Dg) — (A™™ N,KS) by sending
dzi, -+ -dz;, to (=1)atFim=m . g oopt o) for 1 <idyp < -+ <ip < N=n+k+1 and extending
it Fg-linearly, then J o Dg = Kgo J and J induces an isomorphism

m—(n+k+1 °
HDS(Q]F [y, ]/]P‘q) ZHKS( e )(A )-

for every m € Z.
m, (u,v)

(b) The map J induces a F,-linear map from €' Ry l2] /R, 1O AS o (w) where c = u+cx and w+m—N =
v —k.
(¢) The map J satisfies that Jods = QgsoJ and Jod = Ao J.
Proposition 4.4. Assume that n > k > 1.2 Then we have the following description of the total
cohomology of (A, Kg);
Hg (A)=0, for m#k—-n—-1,-1,0,
Hil(A)~ HY (A), and Hi " "(A) ~F,.
Proof. We consider the increasing weight filtration F? .A defined by
F’l]UtA - @ AS,(w)-
0<w<j

This follows from a spectral sequence associated to the filtered cochain complex (F 1.1)tA’K s) and
Theorem 1.6 in [1]. We shift the degree of (A, K) = (A, Kg) to consider € = A[-N]| with N =n+k+1
so that € = AN for each i € Z. ' Then we have a cochain complex (C, K);

K K K

0 o ¢t ent+2 0

We define a filtered complex as follows;
C=F¢OF'CO.---D>F"!CDF"C ={0}
where the decreasing filtration is given by the weights
Fe= P €y izl
k<n—1—i
The associated graded complex to a filtered complex (FPC, K = Kg) is the complex
Fre

Gre =(paGrre, Grre =,

p=0
where the differential is the obvious one induced from K. We observe that this differential dj is, in fact,
induced from Q = Qg, because we have that K = A+ Q, A : FPC — FPTIC and Q : FPC — FPC. This
will imply that EP"? = ngq (Grre).
The filtration FPC on € induces a filtration FPH - (C) on the cohomology Hx (C) by
IRA

FPHj(€) = TRy

12[f n = k, then the same results holds except dimp, H;(é (A) = dimg, H%S (A) + 1; see (1.12), [1].

13The reason for ghost number shifting is to get a spectral sequence in the first quadrant
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where Z9 = ker(K : €9 — €9%1) and BY = K(€%7!). The associated graded cohomology is

FPH](€)
Hy (€)= PH PHY(C) =
GrHi (€)= @ GrPHEL(C), GrPHL(€) FoFTHT ()

p,q

Then the general theory of filtered complexes implies that there is a spectral sequence {E,,d,} (r > 0)

with

gpo— P pra _ greagere), B9 — GroETY(E)

0 Fr+1Eptq’ L ’ o0 K '
Note that
E,= @ EPY, d.: EPY— EPFTHL A2 =0,
p,q20
In [12], it was shown that the classical to quantum spectral sequence {E,.} satisfies
EPY ~ GrpHngq((?),

(4.1)

~

E? S ERY = GrPHYT(C).
In particular, {E,.} degenerates at F5. Then we have
HY.(€) = HY N(A), GrPHRM(C) = GrPHYL "N (A), p,q>0.

Note that Proposition 3.5 implies that HS(G) o~ Hgs (le.‘q[g]/ﬂ?q) for p > 0 and Proposition 4.2 says
that Hf (A) = Hj_(As.cx) for ¢ <0. Now it is easy to see that Theorem 1.6 in [1] implies the desired
result combined with Proposition 4.2, (4.1), and Proposition 3.5. The (1.10) and (1.11) of Theorem 1.6,
[1] can be interpreted as follows; unless p divides dy - - - d, n+k is odd, and v = ”*’2”1 orv = ”*’2”1 -1,
then

diqu Hé; (‘Acx,(v)) = diqu Hg?s (‘Acx,(v));
p divides dy -+ - d, n+ k is odd, and v = 2HEEL op y = 2EEEL 7 then

1 ifp=nthsl g

diqu Hé; (‘Acx,(v)) = diqu Hgs (‘Acx,(v)) +
1 ify =2

Since for each m € Z

dimg, Hp (A) = Z dimp, Hg), (Acx,(v)),
v=0

(which is actually a finite sum) the desired result dimp, H;(; (A) = dimg, H} (A) follows. In fact,
the map from H%S(ACX,(U)) to Hé;(ACX7(U+1)) is given by [f] — [R - f] where f € A%S and R =
> Maw)aun, € €y ' (compare this map with the map 6 of Theorem 4.4 of [1]). The cohomology
Hf(;"_l(fl) is generated by

[J(dyr A+ Adyg NdG1 A - A dGy)]

where J is the map in Proposition 3.5. (I
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