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Abstract. In this paper, we investigate the proportion of monogenic orders among the orders whose

indices are powers of a fixed prime in a pure cubic field. We prove that the proportion is zero for a prime

number that is not equal to 2 or 3. To do this, we first count the number of orders whose indices are
powers of a fixed prime. This is done by considering every full rank submodules of the ring of integers,

and establishing the condition to be closed under multiplication. Next, we derive the index form of

arbitrary orders based on the index form of the ring of integers. Then, we obtain an upper bound of
the number of monogenic orders with prime power indices by applying the finiteness of the number of

primitive solutions of a Thue-Mahler equation.

1. Introduction

Let K be a number field of degree d ∈ Z, and let OK be the ring of integers. The field K is
said to be monogenic if there exists an element α ∈ OK such that OK = Z[α], or equivalently
that {1, α, α2, . . . , αd−1} forms an integral basis of K. Note that all quadratic fields are monogenic,
whereas a number field of degree at least 3 is not always monogenic. In [2, 3], the authors demonstrated
that a positive proportion of cubic and quartic number fields fail to be monogenic, even if they have no
local obstructions.

Monogeniety of a given number field can be analyzed using the notion of index form. Let B =
{1, α1, . . . , αd−1} be an ordered integral basis of a given number field K. The choice of the basis B gives
isomorphisms

OK/Z ∼= Zd−1 and ∧d OK
∼= Z,

which are
∑
i ciαi 7→ (c1, . . . , cd−1) and 1∧ α1 ∧ · · · ∧ αd−1 7→ 1. The index form of K with respect to B

is the map
IBOK

: Zd−1 ∼= OK/Z → ∧dOK
∼= Z

defined by IBOK
(α) = 1 ∧ α ∧ · · · ∧ αd−1. Note that the choice of the basis B makes IBOK

: Zd−1 → Z a

homogeneous form of degree
(
d
2

)
in d− 1 variables. The number field K is monogenic if and only if there

exists some α ∈ OK/Z such that |IBOK
(α)| = 1. A detailed discussion of the index form is provided in

[4].
More generally, recall that a subring of OK containing 1 is called an order if it is a finitely generated Z-

submodule of OK of rank d. It is well known that the ring of integers is the maximal order of K. The
index of an order O is the index [OK : O] as a Z-submodule. An order O is said to be monogenic if there
exists an element α ∈ O such that O = Z[α], or equivalently that {1, α, α2, . . . , αd−1} forms a Z-basis
of O. For instance, any order of a quadratic field is monogenic, and for any given number field, there are
infinitely many monogenic orders. The definition of the index form extends to an arbitrary order. This
is discussed in §3.

In this paper, we investigate the orders of a pure cubic field – Q( 3
√
m), where m ∈ Z is a cube free

integer – such that m2 ̸≡ 1 (mod 9). Throughout this paper, a fixed prime number which is not 2 or 3
is denoted by p. We focus on orders whose indices are powers of p. We show that the proportion of
monogenic orders among the orders with p-power indices is zero. Precisely, we prove:

Theorem 1.1. Let K = Q( 3
√
m) be the pure cubic field for a cube-free integer m ∈ Z satisfying m2 ̸≡ 1

(mod 9), and let p ̸= 2, 3 be a prime number. Let AK,p,n be the number of orders of K of index pi

for some i ∈ {0, 1, 2, . . . , n}, and BK,p,n the number of monogenic orders of index pi for some i ∈
{0, 1, 2, . . . , n}. Then we have[n

3

]
≤ logpAK,p,n ≤ n and BK,p,n = O(n).

In particular,

lim
n→∞

BK,p,n
AK,p,n

= 0.

1
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To prove Theorem 1.1, we obtain a closed formula of AK,p,n and an upper bound of BK,p,n. For AK,p,n,
we obtain the exact condition for a Z-submodule of OK to be an order. We then get an upper bound
of BK,p,n by analyzing the index form of the order and the aforementioned condition we found.

To get AK,p,n, we first consider all Z-submodules of index pn whose Z-basis contains 1. These sub-
modules correspond to the matrices in the Hermite normal form. We then investigate the condition for a
matrix to ensure that the corresponding Z-submodule becomes a subring of K, meaning it is closed under
multiplication. We use this condition to evaluate AK,p,n. In [6], the authors provided an asymptotic
formula for the number of orders of the number field with respect to the index. Our formula refines the
asymptotic formula by establishing the condition of the corresponding Hermite normal form, moreover
it plays a crucial role in our discussion of BK,p,n.

To derive an upper bound of BK,p,n, we express the index form of the order in terms of the index
form of the ring of integers. Then, we reduce our problem to solving a specific Thue-Mahler equation.
Then the finiteness of the number of primitive solutions of a Thue-Mahler equation provides an upper
bound of BK,p,n.

This paper is organized as follows. In §2, we establish a closed formula for AK,p,n. In §3, we relate
the index form of the order to the index form of the ring of integers. Finally, in §4, we obtain the upper
bound of BK,p,n, and finish the proof of Theorem 1.1.

Acknowledgement. Dohyeong Kim is partially supported by the NRF grant funded by the Korean
government (MSIT) (No. 2020R1C1C1A01006819) and the Samsung Science & Technology Foundation
(No. SSTF-BA2001-01). This research was supported by 2023 Student-Directed Education Regular Pro-
gram from Seoul National University.

2. The number of orders of prime power indices

In this section, we establish a closed formula for AK,p,n. Let

Md =



a11 0 · · · 0
a21 a22 · · · 0
...

...
. . .

...
ad1 ad2 · · · add

 ∈ Matd×d(Z)

∣∣∣∣∣∣∣∣∣ aij ≥ 0, aij < ajj for i > j


be the set of matrices in Hermite normal forms. The following correspondence is well-known.

Proposition 2.1 ([5, Theorem 1]). Let A =
⊕d

i=1 Zαi be a free Z-module of rank d. The submodules
of A of rank d are in a one-to-one correspondence with elements of Md. Precisely, the correspondence

is given by M 7→
⊕d

i=1 Zvi, where

(1)


v1
v2
...
vd

 =M


α1

α2

...
αd

 .

Let Md
n be the subset of Md whose elements have determinant n. For a number field K of degree d,

fix an ordered integral basis {1, α1, . . . , αd−1}. For M ∈ Md, denote by OM the Z-submodule of OK

corresponding to M . Then OM has a preferred ordered Z-basis {v1, v2, . . . , vd} as in (1). Let

Mn,K := {M ∈ Md
n | OM is an order of K}.

By Proposition 2.1, the orders of index n are in bijection with the matrices in Mn,K .

Proposition 2.2. Let OM be a Z-submodule of OK corrseponding to M ∈ Md, and {v1, v2, . . . , vd} the
preferred ordered basis as in (1). If OM is an order, then v1 = 1.

Proof. Any order contains 1 ∈ Z. If v1 > 1, the linear combination of v1, v2, . . . , vd cannot be 1. □

In particular, for

M =


a11 0 · · · 0
a21 a22 · · · 0
...

...
. . .

...
ad1 ad2 · · · add

 ∈ Mn,K ,
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we always have a11 = 1 and ai1 = 0 for i > 1. Let ι : Md−1
n ↪→ Md

n be a map

M 7→
(
1 0
0 M

)
.

Proposition 2.2 says that Mn,K ⊂ ι(Md−1
n ). Thus, from now on, we consider elements of M ∈ Md−1

n

and investigate the condition that ι(M) ∈ Mn,K .

Theorem 2.3 ([1, Theorem 7.3.2]). Let m ∈ Z be a cube-free integer. Set m = hk2 for square-free
integers h, k ∈ Z with (h, k) = 1. Let θ = 3

√
m and K = Q(θ). Then an integral basis of K is given by{

1, θ,
θ2

k

}
if m2 ̸≡ 1 (mod 9),{

1, θ,
k2 ± k2θ + θ2

3k

}
if m ≡ ±1 (mod 9).

In the rest of this section, let K = Q( 3
√
m) with m2 ̸≡ 1 (mod 9). Set h, k, and θ as in Theorem

2.3. Let X = θ and Y = θ2/k. For M =

(
a 0
b c

)
∈ M2

n, the module Oι(M) has {1, aX, bX + cY } as

a Z-basis. Then ι(M) belongs to Mn,K if and only if Oι(M) is closed under multiplication. This holds

if and only if (aX)2, aX(bX + cY ), and (cY )2 are contained in Oι(M), which means they are Z-linear
combinations of 1, aX, and bX + cY , or equivalently are Z-linear combinations of aX and bX + cY
in OK/Z. In OK/Z, we have X2 = kY , XY = 0, and Y 2 = hX. Thus, for M ∈ M2

n, ι(M) ∈ Mn,K if
and only if

(aX)2 = a2X2 = ka2Y

aX(bX + cY ) = abX2 = kabY

(bX + cY )2 = b2X2 + c2Y 2 = kb2Y + hc2X

(2)

are Z-linear sums of aX and bX + cY .

Proposition 2.4. Let rp be the number of roots of X3 −m = 0 in Z/pZ counted without multiplicity.
Then

rp =


0 if p ≡ 1 (mod 3) and m

p−1
3 ̸≡ 0, 1 (mod p),

1 if p ≡ 2 (mod 3) or p | m,
3 if p ≡ 1 (mod 3) and m

p−1
3 ≡ 1 (mod p).

Proof. This is a well-known result from elementary number theory, which comes from the order argument
in the cyclic group F×

p . Indeed, F×
p is a cyclic group of order p − 1, so if p ≡ 2 (mod 3) or p | m, then

rp = 1 is clear. If p ≡ 1 (mod 3), then rp = 3 if m is in the image of the map F×
p → F×

p given by x 7→ x3,

which holds if and only if m
p−1
3 ≡ 1 (mod p). Otherwise, rp = 0. □

Denote by νp (·) the p-adic valuation in Q, normalized as νp (p) = 1. Now we are ready to give a
closed formula for |Mpn,K |.

Theorem 2.5. Let m ∈ Z be a cube-free integer with m2 ̸≡ 1 (mod 9). Set m = hk2 for square free
integers h, k ∈ Z with (h, k) = 1. Let K = Q( 3

√
m), and rp as in Proposition 2.4. Then

|Mpn,K | =


p[

n
3 ]+1−1
p−1 if p | m,

p[
2n
3 ]−⌈n

3 ⌉+1−1
p−1 + p⌈n

3 ⌉−1
p−1 rp if p ∤ m.

Proof. Fix n ∈ Z≥0, and consider M ∈ M2
pn . Then M is of the form

(
pi 0
β pj

)
such that i + j = n

and β < pi. We characterize the subset ι−1(Mpn,K) ⊂ M2
pn in terms of (i, j, β). By (2), ι(M) belongs

to Mpn,K if and only if the coefficients of piX and βX + pjY in

kp2iY = kp2i−j(βX + pjY )− kpi−jβ(piX)

kpiβY = kpi−jβ(βX + pjY )− kp−jβ2(piX)

kβ2Y + hp2jX = kp−jβ2(βX + pjY ) + (hp2j−i − kp−i−jβ3)(piX)
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are integers. These coefficients are integers if and only if four numbers

kp2i−j , kpi−jβ, kp−jβ2, hp2j−i − kp−i−jβ3

have nonnegative p-adic valuations. If β = 0, it is enough to consider kp2i−j and hp2j−i. If β ̸= 0, then
νp (β) < i as β < pi. Hence νp

(
kp2i−j

)
≥ νp

(
kpi−jβ

)
≥ νp

(
kp−jβ2

)
, so it is enough to consider kp−jβ2

and hp2j−i − kp−i−jβ3. Thus M ∈ ι−1(Mpn,K) if and only if one of the following two conditions is
satisfied:

(i) β = 0, 2i− j + νp (k) ≥ 0 and 2j − i+ νp (h) ≥ 0,
(ii) β ̸= 0, νp

(
kβ2

)
− j ≥ 0 and νp

(
hp2j−i − kp−i−jβ3

)
≥ 0.

Since i+ j = n, the condition (i) is equivalent to

β = 0,
n− νp (k)

3
≤ i ≤ 2n+ νp (h)

3
.

Now we use the above characterization to count the number of triples (i, j, β) such that the corresponding
matrix is contained in ι−1(Mpn,K).
Case 1. Suppose p | m. Then we have the following observation.

Lemma 2.6. For M ∈ M2
pn , corresponding (i, j, β) satisfies condition (ii) if and only if it satisfy all of

β ̸= 0, i ≤ 2n+ νp (h)

3
, and νp (β) ≥

n− νp (k)

3
.

Proof. This comes from the nonarchimedean property of νp. Note that one of νp (h) and νp (k) is 1, and
the other is 0 since m is cube-free. Then

νp
(
hp2j−i

)
− νp

(
kp−i−jβ3

)
= νp (h)− νp (k) + 3j − 3νp (β) ̸≡ 0 (mod 3),

so

νp
(
hp2j−i − kp−i−jβ3

)
≥ 0 ⇐⇒ νp

(
hp2j−i

)
≥ 0 and νp

(
kp−i−jβ3

)
≥ 0.

Moreover, if νp
(
kp−i−jβ3

)
≥ 0, then νp

(
kβ2

)
≥ j follows automatically since νp (β) < i. Finally, since

i+ j = n, we have

νp
(
hp2j−i

)
≥ 0 and νp

(
kp−i−jβ3

)
≥ 0 ⇐⇒ i ≤ 2n+ νp (h)

3
and νp (β) ≥

n− νp (k)

3
.

Thus our claim is proved. □

By Lemma 2.6 and β < pi, we conclude that ι(M) ∈ Mpn,K if and only if

(3) β satisfies β = 0 or νp (β) ≥
n− νp (k)

3
and i satisfies

n− νp (k)

3
≤ i ≤ 2n+ νp (h)

3
.

Since one of νp (k) and νp (h) is 0 and the other is 1, we have

(4)

[
2n+ νp (h)

3

]
−
⌈
n− νp (k)

3

⌉
=

[n
3

]
.

Let a = ⌈(n− νp (k))/3⌉ and b = [(2n+ νp (h))/3]. For fixed i, the number of 0 ≤ β < pi satisfying (3)
is pi−a. Thus by (4), the number of the triple (i, j, β) satisfying (3) is

b∑
i=a

pi−a =
p[

n
3 ]+1 − 1

p− 1
.

Case 2. Suppose p ∤ m. Note that (i, j, β) satisfying the same condition (3) also gives rise to an order
in this case. However, we have additional possibilities in (ii) which does not satisfy (3). Indeed, even
if νp

(
hp2j−i

)
< 0 or νp

(
kp−i−jβ3

)
< 0, if

νp
(
hp2j−i

)
= νp

(
kp−i−jβ3

)
,

which is equivalent to νp (β) = j, the condition (ii) is satisfied when

(5) νp
(
h− kα3

)
= νp

(
m− (kα)3

)
≥ i− 2j,

where α = p−νp(β)β. Since νp
(
hp2j−i

)
< 0, we require j < n/3. Note that

νp
(
kβ2

)
− j = j ≥ 0
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is automatically satisfied. As α < pi−νp(β) = pi−j , the number of α satisfying (5) is pjrp by applying
Hensel’s lemma in the equation x3 −m = 0. Thus, the number of the triple (i, j, β) satisfying (i) or (ii)
is

[ 2n3 ]∑
i=⌈n

3 ⌉
pi−⌈

n
3 ⌉ +

⌈n
3 ⌉−1∑
j=0

pjrp =
p[

2n
3 ]−⌈n

3 ⌉+1 − 1

p− 1
+
p⌈

n
3 ⌉ − 1

p− 1
rp.

□

3. Index form of the order

To analyze the monogeneity of the order, we extend the notion of index form to orders. For an order O
of the number field K of degree d with a Z-basis B, let

IBO : O/Z ∼= Zd−1 → Z ∼= ∧dO

be the map given by α 7→ 1 ∧ α ∧ · · · ∧ αd−1. Then IBO is a homogeneous form of degree
(
d
2

)
in d − 1

variables. Thus O is monogenic if and only if the equation

|IBO(x1, x2, . . . , xd−1)| = 1, (x1, x2, . . . , xd−1) ∈ Zd−1

has a solution.
The index form depends on the choice of a Z-basis of O. In §2, we discussed that every order has a

preferred orderded Z-basis. The index form with respect to that basis is related to the index form of the
ring of integers.

Lemma 3.1. Let K be a number field of degree d, and let IBOK
be the index form of OK with respect to the

integral basis B = {1, α1, . . . , αd−1}. Let O = OM ⊂ OK be an order of K corresponding to M ∈ Mn,K ,
and BM a preferred ordered Z-basis of O with respect to M . Then the index form of O with respect to
BM is

IBM

O (x1, x2, . . . , xd−1) =
1

n
IBOK

((x1, x2, . . . , xd−1)M).

Proof. We have a commutative diagram

O/Z ∧dO

OK/Z ∧dOK

I
BM
O

ϕ ψ

IBOK

where ϕ, ψ are induced from the inclusion. For (x1, x2, . . . , xd−1) ∈ O/Z, we have

ϕ(x1, x2, . . . , xd−1) = (x1, x2, . . . , xd−1)M.

Since ψ is the multiplication-by-n map, our claim is proved. □

For a pure cubic field K = Q( 3
√
m) with m = hk2 and m2 ̸≡ 1 (mod 9), the index form of OK is

IBOK
(x, y) = kx3 − hy3

with respect to the integral basis B =
{
1, θ, θ

2

k

}
. By Lemma 3.1, for M =

(
pi 0
β pj

)
∈ ι−1(Mpn,K), OM

is monogenic if and only if

(6) |k(pix+ βy)3 − h(pjy)3| = pi+j .

has an integer solution (x, y) ∈ Z2.

4. The upper bound of the number of monogenic orders

Let

Mmono
pn,K := {M ∈ Mpn,K |OM is monogenic}.

In §3, we stated that for M =

(
pi 0
β pj

)
∈ ι−1(Mpn,K), ι(M) ∈ Mmono

pn,K if and only if (6) has the integer

solution (x, y) ∈ Z2. To bound |Mmono
pn,K |, we use the finiteness result of the Thue Mahler equation.
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Theorem 4.1 (Mahler, [7]). Let F (U, V ) ∈ Z[U, V ] be a separable binary form of degF ≥ 3, and
let {p1, p2, . . . , ps} be prime numbers of Z. Fix c ∈ Z such that (c, p1p2 · · · ps) = 1. Consider the equation

(7) F (U, V ) = cpz11 p
z2
2 · · · pzss

with unknowns (U, V, z1, z2, . . . , zs) ∈ Zs+2. This equation has finite number of primitive solutions, where
a solution (U, V,N) is called primitive if (U, V ) = 1.

The equation (7) is called the Thue-Mahler equation. Theorem 4.1 says that there are only finitely
many triples of (U, V,N) ∈ Z3 which satisfies

(8) F (U, V ) = kU3 − hV 3 = ±pN

and (U, V ) = 1.

Lemma 4.2. The primitive solutions of (8) have the form of (paU ′, pbV ′, N), where (p, U ′V ′) = 1, and
their (a, b,N) fall into the following four cases:

(i) (0, 0, 0),
(ii) (a, 0, νp (h)) for a > 0,
(iii) (0, b, νp (k)) for b > 0,
(iv) (0, 0, N) for N > 0 if p ∤ m.

Proof. Substituting U = paU ′ and V = pbV ′ in (8), we have

kp3aU ′3 − hp3bV ′3 = ±pN .
The primitivity implies that at least one of a, b must be zero. If a = b = 0 and p | m, then

N = min{νp (h) , νp (k)} = 0

by the nonarchimedean property. If a > 0, then νp
(
kp3aU ′3) ≥ 3a > 1 ≥ νp

(
hp3bV ′3), so

N = min{νp
(
kp3aU ′3) , νp (hp3bV ′3)} = νp (h) .

Finally, the case when b > 0 is similar to the case a > 0. □

Let g be the number of primitive solutions of (8). If

(pa1U1, p
b1V1, N1), (p

a2U2, p
b2V2, N2), . . . , (p

agUg, p
bgVg, Ng)

are primitive solutions of (8), then every solution of (8) has the form of

(pat+eUt, p
bt+eVt, Nt + 3e)

for some t ∈ {1, 2, . . . , g} and e ∈ Z≥0. Thus for M =

(
pi 0
β pj

)
∈ ι−1(Mpn,K), ι(M) ∈ Mmono

pn,K if and

only if there exist t ∈ {1, 2, . . . , g} and e ∈ Z≥0 such that

pix+ βy = pat+eUt

pjy = pbt+eVt

n = Nt + 3e

has an integer solution (x, y) ∈ Z2. Since the equation is linear, this holds if and only if

y = pbt+e−jVt

x = pat+e−iUt − pbt+e−j−iβVt
(9)

are integers, and n = Nt + 3e for some t ∈ {1, 2, . . . , g} and e ∈ Z≥0.

Lemma 4.3. Let (paU, pbV,N) be a primitive solution of the equation (8). Let n > N be an integer,
and assume 3|n − N . Let e > 0 be the integer such that n = N + 3e. There are at most 2 elements
in Mpn,K such that the corresponding numbers

y = pb+e−jV

x = pa+e−iU − pb+e−j−iβV
(10)

are integers.

Proof. In (10), x and y are integers if and only if

(A) b+ e− j ≥ 0, and

(B) νp
(
pa+e−iU − pb+e−j−iβV

)
≥ 0.
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We analyze the condition in two cases, p | m and p ∤ m, appeared in the proof of Theorem 2.5, which are
further divided into subcases desired in Lemma 4.2. Throughout the proof, let α = p−νp(β)β.
Case 1. Suppose p | m. Recall that

ι−1(Mpn,K) =

{(
pi 0
β pj

)
∈ M2

pn

∣∣∣∣ (i, j, β) satisfies (3)} .
Subcase 1-(i): If (a, b,N) = (0, 0, 0), we have e = n/3. Then the conditions (A) and (B) become

(11) j ≤ n

3
and νp

(
p

n
3 −iU − p−

2n
3 βV

)
≥ 0.

The first condition and (3) imply that the only possible i, j is

i =
2n

3
, j =

n

3
.

Note that this implies that β = 0 is impossible. Then the second condition is

νp (β) =
n

3
and νp (U − αV ) ≥ n

3
.

Since α < pi−n/3 = pn/3, at most one α satisfies the condition.
Subcase 1-(ii): If (a, b,N) = (a, 0, νp (h)) for a > 0, we have e = (n−νp (h))/3. Then (A), which is j ≤ e,
and (3) imply that the only possible i, j is

i =
2n+ νp (h)

3
, j =

n− νp (h)

3
.

If β ̸= 0, then (B) is

νp
(
pa+e−iU − p−iβV

)
≥ 0 ⇐⇒ a = νp (β)− e and νp (U − αV ) ≥ i− νp (β) ,

since νp (β) < i. As a determines νp (β), and α < pi−νp(β), there is at most one α satisfying the condition.
As β = 0 is possible, there are at most two triples of (i, j, β) which satisfy the condition.
Subcase 1-(iii): If (a, b,N) = (0, b, νp (k)) for b > 0, we have e = (n − νp (k))/3. First suppose β = 0.
Then (B) gives i ≤ e, thus the only possible (i, j, β) is(

n− νp (k)

3
,
2n+ νp (k)

3
, 0

)
by (3). Now suppose β ̸= 0. Since i > (n− νp (k))/3 = e by (3), the condition (B) is

νp
(
pe−iU − pb+e−j−iβV

)
≥ 0 ⇐⇒ b = j − νp (β) and νp (U − αV ) ≥ i− e.

Substituting b = j − νp (β) in (A), we have νp (β) ≤ e, so νp (β) = e by (3). Then i and j is determined

by b, and since α < pi−νp(β) = pi−e, there is at most one α satisfying the condition. Thus for this
subcase, there are at most two triples of (i, j, β) which satisfy the condition.
Case 2. Suppose p ∤ m. Recall that

(12) ι−1 (Mpn,K) =

{(
pi 0
β pj

)
∈ M2

pn

∣∣∣∣ (i, j, β) satisfies (3) or j < n

3
, νp (β) = j and α satisfies (5)

}
.

Subcase 2-(i): If (a, b,N) = (0, 0, 0), then we have e = n/3 and the conditions (A) and (B) are same
with (11). If j = n/3, the same discussion with the subcase 1-(i) gives that there is at most one β such
that (2n/3, n/3, β) satisfies the condition. If j < n/3, we have νp (β) = j by (12), and

νp

(
p

n
3 −iU − p−

2n
3 βV

)
≥ 0 ⇐⇒ n

3
− i = −2n

3
+ νp (β) and νp (U − αV ) ≥ i− n

3
.

Also, note that

(13) νp
(
kU3 − hV 3

)
= νp

(
(kU)3 −mV 3

)
= νp

(
k3(U3 − (αV )3) + ((kα)3 −m)V 3

)
.

As (U, V, 0) is a primitive solution of (8), the left part of (13) is 0, while the right part is positive
since νp (U − αV ) ≥ i− n/3, i > 2n/3, and α satisfies (5). Thus this is impossible, and there is at most
one triple of (i, j, β) satisfying the condition in this subcase.
Subcase 2-(ii): If (a, b,N) = (a, 0, 0) for a > 0, we have e = n/3, and the condition (A) is j ≤ n/3.
Suppose j = n/3. Then (B) is

νp

(
pa−

n
3 U − p−

2n
3 βV

)
≥ 0.

If β ̸= 0, this gives

νp (β) = a+
n

3
and νp (U − αV ) ≥ n

3
− a.
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Since α < pi−νp(β) = pn/3−a, there is at most one α satisfying the condition. As β = 0 is also possible,
there are at most two possible cases when j = n/3. Now suppose j < n/3. Then νp (β) = j < n/3 by
(12), so we have

νp

(
pa+

n
3 −iU − p−

2n
3 βV

)
≥ 0 ⇐⇒ a = νp (β) + i− n and νp (U − αV ) ≥ 2n

3
− j.

However, the first part gives a = j+ i−n = 0, and this contradicts our assumption of the subcase. Thus,
there are at most two triples of (i, j, β) satisfying the condition in this subcase.
Subcase 2-(iii): If (a, b,N) = (0, b, 0) for b > 0, we have e = n/3. If i = n/3, the only possible β is 0 by
(3). If i > n/3, the conditions (A) and (B) are

j ≤ b+
n

3
, νp (β) = j − b and νp (U − αV ) ≥ i− n

3
.

The first and the second part with (12) and the fact that b > 0 gives νp (β) = n/3. Then b determines j,

and as α < pi−νp(β) = pi−n/3, there is at most one α satisfying the condition. Thus, there are at most
two triples of (i, j, β) satisfying the condition in this subcase.
Subcase 2-(iv): If (a, b,N) = (0, 0, N) for N > 0, the conditions (A) and (B) are

j ≤ e and νp
(
pe−iU − pe−nβV

)
≥ 0.

Note that e = (n−N)/3 < n/3. The first part and (12) then implies that νp (β) = j < n/3. In (13), the
left part is N , and the condition gives νp (U − αV ) ≥ n−j−e ≥ n−2e > N . Hence νp

(
(kα)3 −m

)
= N ,

and since α satisfies (5), we get νp (β) = j = e. Indeed, (5) implies

N = νp
(
(kα)3 −m

)
≥ i− 2j = n− 3j,

so j ≥ (n−N)/3 = e. With (A), we can conclude that j = e. Then since α < pi−νp(β) = pi−e, there is
at most one α satisfying the condition.

In sum, considering all the cases, there are at most two elements of Mpn,K whose corresponding x, y
in (10) are integers. □

By Lemma 4.3, we are ready to obtain the upper bound of the number of elements in Mmono
pn,K .

Combining with Theorem 2.5, we complete the proof of Theorem 1.1.

Theorem 4.4. For a sufficiently large integer n and a prime number p ̸= 2, 3, |Mmono
pn,K | is bounded above

by 2g, where g is the number of primitive solutions of the Thue-Mahler equation

F (U, V ) = kU3 − hV 3 = ±pN .

Proof. Let n be sufficiently large so that n > Nt for all 1 ≤ t ≤ g. For each t, the number of elements
in Mpn,K such that the corresponding triples (i, j, β) making the solution x, y of (9) be integers is at
most 2 by Lemma 4.3. Thus there are at most 2g elements of Mpn,K which is contained in Mmono

pn,K . □

Proof of Theorem 1.1. Since AK,p,n =
∑n
k=0 |Mpk,K |, Theorem 2.5 implies that

p[
n
3 ] ≤ AK,p,n ≤ pn.

Moreover, Theorem 4.4 implies that BK,p,n = O(n) since BK,p,n =
∑n
k=0 |Mmono

pk,K |. □
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