TRIPLE SYMBOLS IN ARITHMETIC

DOHYEONG KIM AND MASANORI MORISHITA

ABSTRACT. Triple symbols are arithmetic analogues of the mod n triple
linking number in topology, where n > 1 is an integer. In this paper,
we introduce a cohomological formulation of a mod n triple symbol for
characters over a number field containing a primitive n-th root of unity.
Our definition is motivated by the arithmetic Chern—Simons theory and
in this respect it differs from earlier approaches to triple symbols. We
show that our symbol agrees with that of Rédei when n = 2 and of
Amano-Mizusawa—Morishita when n = 3.

1. INTRODUCTION

The purpose of this paper is to introduce triple symbols [x1, X2, X3]n co-
homologically, which takes the values in the group u, of n-th roots of unity
(n > 1), for certain mod n Kummer characters y;’s over a number field F
containing u, and to show that our construction provides a new descrip-
tion of known cases of triple symbols for FF = Q and n = 2 [11] and for
F=Q(v/-3) and n = 3 [2].

The study of triple symbols in arithmetic goes back to the work of Rédei
in 1939 [11], which intended to generalize the Legendre symbol and Gauss’
genus theory for quadratic fields. For certain prime numbers pi, ps and ps,
Rédei’s triple symbol [p1, p2, p3] € {£1} describes the decomposition law in
the dihedral extension K, ,, of degree 8, determined by p; and p». Some
variants of the Rédei symbol were also studied in [4, 5, 13] among others.
In the late 1990s, the second author interpreted the Rédei symbol as an
arithmetic analogue of the mod 2 triple linking number (Milnor invariant)
of a link [7, 14] from the viewpoint of arithmetic topology, and also gave a
description in terms of the triple Massey product of the étale cohomology of
Spec(Z) \ {p1,p2,p3} (cf. [8] and [9, Ch.9]). However, it remains a problem
to extend these constructions over a number field F' containing u.,, because
there are cohomological obstructions related to the unit group of F'. So far
only triple cubic residue symbols in F' = Q(y/—3) could be well defined [2].

In this paper, we take a different approach to the problem to construct
triple symbols over a number field F' containing p,,. We start with three mod
n Kummer characters x; : G — Z/nZ (i = 1,2,3) of the absolute Galois
group G := Gal(F/F) rather than three primes of F. Fixing a primitive
n-th root of unity ¢, we identify Z/nZ with p,, by a mod n + (. Let S; be
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primes where Y; is ramified. We assume that Sp, 5, S3 are disjoint, that all
x:'s are tame characters, and that the local “linking conditions”

locs (xi Ux;)] =0

holds for 7 # j and all non-archimedean places v of F'. Here, for a place v
of F, let loc! denote the localization map of continuous group cochains

loc! : CY(G,Z/nZ) — CY(Gy, Z/nZ),

where G, denotes the local absolute Galois group Gal(F,/F,). Now let
us take a finite set S of places of F' so that S contains S; U Sy U S3, any
place dividing n and all archimedean places of F', and let Gg be the Galois
group of the maximal extension of F' unramified outside S. Then, using the
assumptions and the vanishing of H3(Gyg,Z/nZ), we find n € C%(G,Z/nZ)
and 1, € C*(G,,Z/nZ) such that

dn=x1UxaUxs, dn,=loc(x1Ux2Ux3),

where d denotes the coboundary map. Here 7, is required to be unramified, a
condition to be introduced in the section 2. The key idea to detect the triple
symbol is to look at the difference of global cochain 1 and local unramified
cochain 7, over v € S. Thus, we set

o(x1, X2, X3) := »_ invy(lock(n) — ) € Z/nZ,
vES

where inv, is the invariant map H?(G,,Z/nZ) = Z/nZ of local class field
theory for a non-archimedean place v or a real place v with n = 2, and
loc, = 0 for other cases. Here, as we will prove in Prop. 3, among other
things, that the sum 9(x1, x2, x3) is independent of a choice of S. We then
define the triple symbol by

[X1, X2, X3]n = <D(X1,x2,xg)‘

The idea to consider d(x1, x2, X3) is motivated by the first author’s compu-
tation of arithmetic Chern-Simons invariants [3].

We briefly discuss the practical aspects about computation of 9(x1, x2, x3)
by means of evaluating the sum above. Since its number of terms is the
cardinality of S, it is desirable to work with a small S. On the other hand,
S cannot be too small otherwise the necessary cochain n will not exist.
Theoretically, it is convenient to require that S contains all S;’s, all places
dividing n, and all archimedean places, because the combination of them
will gaurantee the existence of n for any triple of x;’s. Practically, it is
computationally effecient to choose a smaller S, if possible, for the particular
triple of x;’s in consideration. For this reason, we sometimes relax the
condition on S, notably in Prop. 3 and § 3.

The Rédei’s symbol is then recovered from ours as follows. Choose y; to
be the quadratic Kummer character associated to p;. The conditions im-
posed on p1, po, ps to define Rédei’s symbol implies that our conditions on
X1, X2, X3 holds true with n = 2 and S = {p1,p2, p3,2,00}. Then we show
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[p1, P2, 3] = [X1, X2, Xx3]2. Similarly, we recover the triple cubic symbol in
[2] as a special case of our symbol. These are shown in § 3, 4. Moreover, for
these cases, we can show that 9(x1, x2, x3) gives another description of the
Massey product (x1, x2, x3) in §5.

Acknowledgement. This work was started during the second author’s stay at
Seoul National University in October of 2023. The second author is thankful
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2. TRIPLE SYMBOLS

Let n > 2 be an integer. Put

1 a b
(1) D, = 0 1 c¢]:abceZ/nZ
0 01

When n is unambiguous we simply write D = D,,. This group sits in the
short exact sequence of groups

(2) 1-Z—-D—D—1

where Z C D denotes the center and D := D/Z. Concretely speaking, Z
is the subgroup given by a = ¢ = 0. We will identify Z ~ Z/nZ via the
projection onto the b-component.

A standard argument [12, §1.5.7 Proposition 43| shows that for any profi-
nite group G acting trivially on D, taking continuous cohomology sets as-
sociated to (2) yields an exact sequence of pointed sets

(3) HY(G,D) - HY(G,D) > H*G,Z/nZ).

Lemma 1. A homomorphism ¢: G — D can be lifted to a continuous
homomorphism G — D if and only if [d¢] = 0.

Proof. Immediate from (3). O
We describe the class §p in terms of the cup product. We identify D ~
Z/nZ x Z/nZ by sending a coset containing (é (g (%) to (a,c).

Lemma 2. Suppose that ¢: G — D s given by ¢©(g9) = (x1(9), x2(g)) for
some homomorphisms x1,x2: G — Z/nZ. Then, 6p = x1 U X2.

Proof. For g € G, let ¢(g) be a lift of p(g) to D. Namely @(g) = s o ¢(g)
for some section s: D — D of the projection map in (2). Then, there is a
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l1-cochain a € C1(G,Z/nZ) such that

L xi(g) alg)
elg)=1(0 1  xa(9)
0 0 1

The class 0[] is represented by the 2-cocycle (g1, g2) — P(g1)P(g2)P(g192) L.
1

By straightforward computation, we obtain ¢(g1)@(g2)@(g192)”" = x1 U
x2(91,92) + da(gi, g2). This proves the assertion of the lemma. O

Let F' be a number field and n be an integer greater than one such that
F contains a primitive n-th root of unity. Denote by u, C F' the subset of
all n-th roots of unity. We fix a generator ¢ € u, and identify p, ~ Z/nZ
by sending ¢ to 1. Now we take G = Gal(F/F) for an algebraic closure F of
F. For any set S of places of F, let Gg be the quotient of G corresponding
to the maximal extension of F' unramified outside S. Consider characters

Xi: G —= Z/nZ

for i = 1,2,3. Since F' contains f,, X; is a Kummer character associated to
some a; € F*, namely, (Xi9) = g(/az)/ ¢/a; for g € G. Denote by S; the
set of places where y; is ramified.

Proposition 1. Let S be a finite set of places of F' such that S; C .S fori =
1,2,3 and that S contains both all places v dividing n and all archimedean
places. There is a 2-cochain n € C%(G,Z/nZ) such that

dn=x1Ux2Uxs
and that 1 is in the image of the inflation map C*(Gg,Z/nZ) — C*(G,Z/nZ).

Proof. Observe that x1 U2 U x3 represents a cocycle in C3(Gg,Z/nZ). The
assertion of the proposition would follow from H?3(Gg,Z/nZ) = 0. Indeed,
this is a standard result [10] about cohomological dimension of Gg. O

For a place v of F', choose an algebraic closure F,/F, and put G, =
Gal(Fy/F,). Fix an embeeding F' — F', and regard G, as a subgroup of G.
In particular, restriction induces a map between cochains which we denote
as

loc! : CY(G,Z/nZ) — C' (G, Z/n7Z)

for each i > 0. By a local trivialization of a cocycle ¢ € C'(G,Z/nZ), we
mean a cochain '

m € O NGy, Z/nZ)
such that '

dn, = loc; (p).

When v is non-archimedean, we put G¥ := Gal(F*/F,) where ¥ C F,
is the maximal unramified subextension of F,,. We say a local trivialization
7, is unramified if 7, is in the image of the map

CYHG™,Z/nZ) — CT G, Z/nT)
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induced by inflation. If v is archimedean, by convention, a local trivialization
is unramified if it is a constant function.

On the other hand, we say a cochain n € C*"Y(G,Z/nZ) is a global
trivialization unramified outside S if dn = ¢ and 7 is in the image of the
map

C~YGs,Z/nZ) — CTYG, Z/nT)
induced by the inflation along the natural surjection G — Gg.

Proposition 2. Let v be a non-archimdean place of F. Assume that Si,
So, S3 are disjoint and that each x; is tame; the wild inertia group inside
G, is contained in the kernel of x; o loc,. Further assume that

[locy (xi U x;)] = 0

for all i # j. Then, loc3 (x1Ux2Ux3) is trivialized by an unramified
cochain.

Proof. Put ¢; = loc,ox;. We first prove the assertion when v is non-
archimedean. We do not lose generality by assuming that n is a power
of a prime ¢, because C*(—, A ® B) ~ C'(—, A) ® C'(—, B). We claim that
1 U U3 = 0 as a cochain, or all of ¢; are unramified. It would imply the
assertion of the proposition, since H3(GY,Z/nZ) = 0. To prove the claim,
let us assume that one of v); is ramified, say ;. Then, by the assumptions,
for i € {2,3}, 1; is unramified. We claim that ¢; U1 = 0 as a cochain.
For i € {1,2}, let d; be the order of v;. Then, 1, is tamely ramified so it

is of the form vy = wn/dl

tm

On the other hand, 9 = wﬁr/ % for an unramified character Yy of order n.
Then, the condition ¥ U1y = 0 is equivalent to dids | n, by local class field
theory. Since the cup product is bilinear at the level of cochains we have a
cochain-level equality 1 U 1y = %22 (Ytm U Yyr). Now dids | n implies the
aformentioned claim. From this, we conclude that ¥ Uy U3 = 0 as a
cochain.

Now consider the case when v is archimedean. The disjointness of S;’s
implies that at most one of ¥,’s is non-trivial. At least two of them are
trivial, so we again conclude ¥ U ¥ U 4¢3 = 0 as a cochain. (]

for a tamely ramified character v, of order n.

Recall that we assumed p,, C F and fixed an isomorphism pu,, ~ Z/nZ.
The local class field theory provides an isomorphism

inv,: H*(Gy,Z/nZ) = 7./nZ

for a non-archimedean place v. If v is archimedean we have H?(G,,, Z/nZ) =
0 unless v is real and n is even, in which case inv,: H%(Gy,Z/nZ) ~ 7./27.

In the next proposition, we temporarily relax the condition on S while
in Prop.1 the set S was required, among other things, to contain all places
dividing n. The advantage will be justified in Rem 2.
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Proposition 3. Let S be any set of places containing all archimedean places
and S; for all i. Suppose that x1 U x2 U x3 admits a global trivialization un-
ramified outside S, say n, and that it admits a local unramified trivialization
1y for every place v of F'. The sum

o(x1, X2, x3) = Y inv,, (locgn —n,) € Z/nZ
veS
is independent of the choices of trivializations. Also, d(x1, X2, X3) s inde-
pendent of S.

Proof. For two global trivializations n and 7/, n—7' is a class in H?(G, Z/nZ).
By the global reciprocity, the sum 9(x1, x2, x3) remains the same. On the
other hand, for a place v and two unramified trivializations 7, and 7., the
difference 7, — 7, is unramified. In particular, the difference is the image
of a class of H*(GY,Z/nZ). The group H?(GY,Z/nZ) is trivial because
GY ~ 7 has cohomological dimension one. So 9(x1, X2, x3) is independent
of the choices of n and n,’s.

Now we prove the independence of S. It suffices to show that 9(x1, x2, x3)
remains the same if we replace S with a larger set S’. Suppose x1 U x2 U x3
admits a global trivialization unramified outside of S, say n. If S’ D S,
then 7 is a global trivialization unramified outside S’ because the sur-
jection G — Gg factors through G — Gg/(F). We claim that for v €
S’ — S, we have inv, (locgn — nv) = 0. Indeed, locgn is in the image of
C*(G™,Z/nZ) — G*(Gy,Z/nZ), because 7 is in the image of the inflation
map C%(Gg,Z/nZ) — C*(Gg (F),Z/nZ). Tt follows that loc?n — 1, is un-
ramified. From H?(GY,Z/nZ) = 0, we conclude inv, (10012) n—nw) =0. We
have shown that 9(x1, X2, x3) is independent of S. ([

Remark 1. Tts proof is similar to that for decomposition formula [3, §4] in
the arithmetic Dijkgraaf-Witten theory.

Remark 2. In Prop.1 we require that S contains all places dividing n in
order to ensure the existence of a global trivialization 7. However, there
might exist a global trivialization 1’ unramified outside a proper subset S’
of S. On the other hand, in Prop. 3 the condition on S is partially relaxed
in order to allow such S’. When 7’ is available, we use it instead of 1 to
obtain a shorter sum.

Recall that we have fixed a primitive n-th root of unity ¢ which maps to
1 under the isomorphism p,, ~ Z/nZ.

Definition 1. Suppose that x1, x2 and x3 satisfy the assumptions in Prop. 3.
Define

) X1s X25 X3]n == CD(X17X27X3).

Theorem 1. Suppose that S;’s are disjoint and that locil, Xi s tame for
all i and all v. If [loc? (x; Ux;)] = 0 for all non-arhimedean v and all
1<i<j<3, then (4) is defined.
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Proof. By Proposition 1, global trivialization 7 exists if .S contains both
all places dividing n and all archimedean places. On the other hand, by
Proposition 2, an unramified trivialization exists at every non-arhimedean
v. For an archimdean place v, the disjointness of S;’s imply that at least
one of x;'s is trivial at v. Tt follows that loc2(x; U x2 U x3) = 0 so it is
trivialized by an unramified cochain. The remaining independence follows
from Proposition 3. U

Corollary 1. For any permuation o on the set {1,2,3} with sign |o|, we
have

lo|

(5) [Xla X2, X3]n = [XO’(I)7 Xo(2)s XJ(3)]n

whenever the triple symbol is defined.
Proof. Since the cup product is alternating, we have

X1Ux2Uxs = o] (Xe(1) U Xe2) U Xo@)) -

The conditions in Thm. 1 are indifferent to the ordering of the characters,
so the left hand side of (5) is defined if and only if the right hand side is
defined. If 7 is a global trivialization for x1 U x2 U x3, then |o|n is one for
Xo(1) Y Xo(2) YU Xo(3)- Similarly, if 7, is a local unramified trivialization for
X1 U X2 U x3, then [o|n, is one for x,1) U Xo(2) U Xo(3)- From this, one
concludes (5). O

3. REDEI SYMBOLS

In [11], Rédei introduced a triple symbol [dy, d2, d3] for non-zero integers
d; € Z. They are defined only when certain conditions are satisfied among
d;’s. Later, variants are studied in [4] and [5].

Our aim in this section is to recall the case when d; = p; is a prime, and
show that Rédei’s symbol agrees with ours. Let pi,ps and ps be distinct
prime numbers such that p; = 1 mod4 (i = 1,2,3). When

2)-

for all 1 <1 < j < 3, Rédei defined his triple symbol
[p17p27p3] € {il}

which we reproduce here.

Definition 2. Let py,ps be distinct prime numbers such that p; = py =
1 (mod4). A Rédei extension associated to p; and ps is a Galois extension
K/Q such that
(1) K/Q is unramified outside p1, p2 and oo,
(2) the Galois group Gal(K/Q) is isomophic to D in (1), the dihedral
group of order 8, and
(3) the ramification indices of p; and p are exactly 2.



8 D.K. AND M.M.

Proposition 4 (Rédei and Amano). Suppose that (%) = 1. Then, a Rédei

extension exists and is unique. It is given by

(6) Ky, ps = Q(v/Py, VDo \/B)
where 3 = x + y,/p satisfies the following conditions:
(1) 2|y and z —y =1 mod 4,
(2) 2% — p1y? — p2z® — 0 for some 2 € Z, and
(3) x,y,z are relatively prime.

Proof. See Theorem 1.2 and Theorem 2.1 of [1]. O
If p3 is a prime not dividing p;po and satisfies (%) = (%ﬁ) =1, then p3

is totally decomposed in Q(,/p,,/P,). Thus, the degree of r in K, ;,, say

f(Kp1 po,p3), is either one or two. Rédei’s triple symbol is defined as

1 if f(Kp17p27p3) =1,

-1 if f(KprQ?PS) =2

We want to recover the Rédei symbol [p1, p2, p3] from Definition 1.

(7) [p1, P2, p3] = {

Theorem 2. Let p1,po and ps be prime numbers such that p; = 1 mod4
(i = 1,2,3) and that (%) =1(1<i<j<3) Denote by x; : G —
J

7./27. the character defined by (—1)Xi(9) = 9(\/pi)/\/Pi for g € G. Then,
[X1, X2, x3]2 is defined and satisfies

[X17X27 X3]2 = [pl)pZapfﬂ]'

Proof. We first note that [x1, x2, x3]2 is defined by Theorem 1. So it remains
to compare it to Rédei’s symbol. Let K, ,, be the unique Rédei extension
given by (6) in Proposition 4. It gives a homomorphism G — D,. This
lifts the homomorphism G — Z/27Z x 7Z/27 given by x1 X x2. By Lemma
1, this gives a trivialzation ¢ € C'(G,Z/27Z) for x1 U x2 unramified outside
{p1,p2,00}. Put
n=eUXxs

then 7 is a trivialization of x;Ux2Uyx3 unramified outside S = {p1, pa2, p3, 00}.

Table 1 shows the upshot of local computations that are needed to de-
termine [x1, x2, x3]2- In view of Remark. 2, we note that there are no con-
tributions from the place 2, becauce n is unramified at 2. The first row
indicates that K, ,, is ramified at p; and ps and possibly at co. The sec-
ond row indicates that ys3 is ramified exactly at ps and trivial at either
p1 or pg. The third row indicates that the local unramified trivializations
are taken to be zero whenever locg(xl U x2 U x3) is identically zero as a
cochain. The fourth row indicates that the constraints in the first three
columns forces inv,(loc2(n) —n,) to be zero except for v = p3. So we obtain
[le X2, X3]2 = (71)771

To finish the proof, it suffices to express m in terms of the decomposition of
p3 in K, 5, and compare the result to the definition (7) of [p1, p2,p3]. Since



v Pp1 or p2 P3 00
loc2 (n) ramified | unramified | possibly ramified
loct ox3 0 ramified 0
Ua 0 0 0
inv, (locg (n) — 171,) 0 m 0

TABLE 1. local terms in the case F' = Q and n = 2

n = €U x3 and 7,, = 0, we need to evaluate invpg,((locll73 €)U (locllJ3 ox3))-
Put ¢3 = 10(:1173 €. Then 93 is a character of G); whose order is at most
two. Moreover, it is trivial if and only if ps splits completely in K, ,.
Since loczl,3 oxs is the Kummer character associated to p3, the local class

field theory implies inv,, (13 U (10(:11,3 ox3)) = ¥3(ps3). So we conclude m = 0
if p3 splits completely in K, ,,, and m = 1 if p3 has degree two in K, p,,
as desired. O

Cor.1 yields the following reciprocity law of Rédei cohomologically.
Corollary 2. For a permulation o on {1,2,3}, we have

[Pl » D2, p3] = [po(l) y Po(2)s p0(3)] :

4. TRIPLE CUBIC RESIDUE SYMBOLS IN THE EISENSTEIN FIELD

In this section, let F' = Q((3) where (3 is a fixed primitive third root of
unity. We recall the cubic triple symbol introduced in [2].

Let p1,p2 and p3 be distinct maximal ideals of Z[(3] such that Np; = 1
mod 9 (i = 1,2,3). Note that Np; = 1 mod 9 if and only if there is a prime
element 7; € Z[(3] such that p; = (;), 7 = 1 mod (3y/=3). In the following,
we fix such prime elements 7;’s and ({)3 denotes the cubic residue symbol

in F. When
2,
T35/ 3

for all 1 <1¢ < j < 3, the triple cubic residue symbol
[p1, P2, P33 € p3

is defined as follows.

Definition 3. Let py, p2 be distinct maximal ideals of Z[(3] such that Np; =
Npy = 1 (mod 9). A Rédei type extension K of F' = Q((3) associated to
p1,p2 is a Galois extension such that

(1) it is unramified outside p; and po,

(2) its Galois group Gal(K/F') is isomophic to D3, and

(3) its ramification indices in F}, p, of p; and py are exactly 3.
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Theorem 3 (Amano, Mizusawa and Morishita). Notations being as in Def-
inition 3, a Rédei type extension of ' assocciated to p1,ps is unique if it
exists. Let p1 = (m1),p2 = (m2) with 71 = 73 = 1 mod (3y/—3). Suppose that
(% = 1. Then, a Rédei extension exists if my and ma are rational primes.

It is given by the following form

(8) Foypy = F(/71, /72, V0)
where 6 is an element of F (3 ) which is given explicitly.

Proof. See Theorem 4.1, Corollary 5.9, Theorem 5.7 and Theorem 5.11 of
2] O

Let F}, p, be the Rédei type extension given by (8) in Proposition 5. Let
p3 = (m3) be a maximal ideal of Z[(3] such that it is prime to pips and
Nps = 1 mod 9, equivalently, 73 = 1 (mod (3v/—3)). We assume that

<ﬂ)3 = <ﬂ) = 1. Let B3 be a place of Fy, p, lying over p3. Since B3

T3 3
is unramified in Fy, ,,/F, the Artin symbol <Fplq;%§/F> € Gal(Fp, p,/F) is
defined. Since p3 is totally decomposed in F(/71, ¢/m2) by the assumption,

<F"$32/F> is independent of a choice of B3 over ps and so we denote it by

<F"%;/F> Then, by Theorem 6.3 of [2], the triple cubic residue symbol is

given by
(9) [p1, P2, P3ls = ((F'“;;/F) %) /V0.

For our purpose, we adopt the right hand side of (9) as definition of [p1, p2, p3]s.

Theorem 4. Let p; = (m1),p2 = (m2) and p3 = (73) be distinct maximal
ideals of Z[(3] such that Np; = 1 mod9 (i = 1,2,3) and that (%)3 =1
(1 <4< j <3). Denote by x; : G — Z/3Z the character defined by
Cgci(g) = g(¥/mi)/Ymi for g € G. Then, [x1,x2, X33 is defined and satisfies

[X1, X2, X3]s = [p1, b2, P35 "

Proof. Let L := F (w1, /m2) and let p4 is a place of L lying below 3 and

let ¥q © Gal((Fp, ps)ps/Ly,) — Z/3Z be the Kummer character associated

to a € pr,, namely, §3“(9) = g(Va)/V/a for g € Gal((Fy, p,)yps/Lyy,). Let
3

invy, + H*(Gal((Fyy p,)ps/ Ly, ), Z/3Z) — Z/3Z be the invariant map of local

class field theory given under the identification Z/3Z ~ us by 1+ (. By

the known relation between the norm residue symbol and the cup product
(Theorem 8.12 of [6]), we have

(10) (Bl ) o= ¢ malorie)

P3
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Note that p4 is degree one prime unramified over ps so (F,ghpz)p,3 ~ F,.
From this we have

ianls (7/}9 U ¢7T3) = ians (71}9 U 77[)7r3) .

We proceed to compare (9) with ours. The argument is similar to that for the
Rédei case. The local computation for [x1, X2, x3|3 is given in Table 2. Here
the extension Fy, ,, gives rise to € € C?(G,Z/37Z) such that e is unramified
outside {p1,p2} and that d(e U x3) = x1 U x2 U x3. Since there are no real
places, we take S = {p1,p2,p3}. Since n = €U x3 is unramified at /-3,
there are no contributions at v/—3, in view of Remark 2.

v p1 or po p3
loc? (n8loP) ramified | unramified
X3 0 ramified
M 0 0
loc, (€U x3) — 1y 0 Yy U Py

TABLE 2. local terms in the case F' = Q((3)

Then, except for the term at ps, where we have invy, (9 Ur,), the local
terms vanish. In view of (10), we conclude that [p1, pa, p3l3 " = [X1, X2, X33

Corollary 3. For a permulation o on {1,2,3} with signe |o|, we have

[pla P2, P3] = [pa(l)a po(2) ) p0(3)] ‘Ul'

Proof. It is a consequence of our comparison and Cor. 1. [l

5. COMPARISON TO THE TRIPLE MASSEY PRODUCTS

In this section, we show that our symbols [x1, X2, x3]n are expressed in
terms of the Massey products of the characters x1, x2, x3 in the cases dis-
cussed in the sections 4 and 5. We keep the same notations as in the previous
sections.

Let x1,x2 and x3 be the characters G = Gal(F/F) — Z/nZ in the
sections 3 and 4. Namely, when F = Q and n = 2, they are the Kummer
characters associated to distinct prime numbers p1, ps and ps satisfying the

conditions p; = 1 mod 4 (i = 1,2,3) and (57) —1(1<i<j<3),
which are (—1)X9) = g(/p;)//pi (i = 1,2,3). When when F = Q((3)
and n = 3, they are the Kummer characters associated to distinct maximal
ideals p1 = (m1),p2 = (m2) and p3 = (73) satisfying the conditions Np; = 1
mod 9 (¢ = 1,2,3) and (%)3 =1 (1 <i<j <3), which are defined by

Y = g(ym) )y (i =1,2,3).
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As we see in the sections 3 and 4, we have
loci(xiUxj) =0 (i # j)

for any place of F'. By the global reciprocity,
Ploc: : H*(G,Z/nZ) — P H*(G., Z/n1),
v v

where v runs over all places of F', is injective and hence
XiUx; =0 (i#))
in H2(G,Z/nZ). So there are cia,co3 € CY(G,Z/nZ) such that
X1 Uxe3 =dciz, x2Ux3 = dxa2s.

The Massey product (x1, x2,X3) of X1, x2, X3 is then defined by

(X1, X2, x3) = [c12U x3 + X1 U ca3],
which is independent of choices of c12 and co3.

Theorem 5. Let v denote p3 (resp. p3) for the case that n = 2, F = Q

(resp. n = 3,F = Q((3)), and set (x1,X2,Xx3)v := invy(locs({x1, X2, x3)))
for simplicity. Then we have

9(x1, x25 X3) = (X1, X2, X3)-
Consequently, we have

b1, 2 pa] = (~1)0NNDm, [y, ] = ¢ (K1,

Proof. Since locl(x1) = 0 by the assumptions, we have

locs (12 U X3 + X1 U ca3) = locy (12 U x3).

Observing that c12 can be taken to be the cochain € in the proofs of Theorem
3 and Theorem 4, we obtain the first assertion. The second assertions follow
from Theorem 2 and Theorem 3. O

Remark 3. In [2] and [8], the Rédei symbol and the triple cubic residue
symbol were expressed by the Massey products, in a group-theoretic manner,
using a (link group like) presentation of the maximal pro-¢ quotient of Gg
and the transgression map, where ¢ = 2 and S = {p1, p2, p3, 00} for the case
of the Rédei symbol or [ = 3 and S = {p1,p2,ps3,po} for the case of the
triple cubic residue symbol, where pg is a maximal ideal of Z[(3] such that
Npg =4 or 7 mod 9. Theorem 6 gives a different cohomological approach
to the Massey product expression of the triple symbols.
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