BERTRAND’S AND RODRIGUEZ VILLEGAS’ CONJECTURE
FOR REAL QUARTIC GALOIS EXTENSIONS OF THE
RATIONALS

DOHYEONG KIM AND SEUNGHO SONG

ABSTRACT. The conjecture due to Bertrand and Rodriguez Villegas asserts
that the 1-norm of the nonzero element in an exterior power of the units of
a number field has a certain lower bound. For the exterior square case of
totally real quartic extensions of the rationals, Costa and Friedman gave a
lower bound of 0.802. We prove that the bound can be improved to 1.203

when the extension is further assumed to be Galois.

1. INTRODUCTION

While Dirichlet’s theorem determines the rank of the unit group in a given al-
gebraic number field in terms of its Archimedean places, less is known about its
geometry when viewed as a lattice in a Euclidean space via the associated logarithm
embedding. The resulting lattice and its exterior powers are conjecturally subject
to certain numerical constraints [1, 2]. We begin by introducing notation to clarify

the nature of these numerical constraints.

Definition 1.1. Let L be a number field and Ay, be the set of its Archimedean
places. Then the logarithmic embedding of the units LOG : 0% — RAL into a
Eucliedean space is defined by

1 if v is real,
(LOG(¥))y := ey log|y|, where e, :=

2 if v is complex
for v € O3 and v € Ar. Here, | - |, is the absolute value associated to v extending

the absolute value on Q.

Consider the orthonormal basis {6 },c4, of RAL given by

1 if w=wo,

0 if w#w
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for w € Ar. Let .Ag-f] be the set of subsets of Ay, having cardinality j. For each I €
A[L]], fix an ordering {vy, v, ...,v;} of elements of I. Define
ST =6 NG A NG
to get an orthonormal basis {51}16,4[“ of NRAL, Forw = Y ¢;67 € N RAL,
“ 1A
define its 1-norm as
lwlli:= " lerl-
1cAY

Our aim in this paper is to investigate the lower bound of ||w|; for nonzero
element w of A\’ LOG(Oj). For a positive integer n, let L, denote the set of
subfields of R that are Galois extension of Q of degree n. For such fields, rank(O} ) =

n — 1 by Dirichlet’s unit theorem. For 1 < j <n — 1, define a real number A, ; as

1.1 Ap = inf .
(1) s= g (i)
we A\’ LOG(OL)\{0}
This constant is directly related to the real Galois extension case of the Bertrand’s

and Rodriguez Villegas’ conjecture. The conjecture stated in [2] is as follows.

Conjecture (Bertrand-Rodriguez Villegas). There exists two absolute constants
co > 0 and ¢; > 1 such that for any number field L and any j € Z~g, the following
inequality holds

lwll > coc]

for any nonzero w € \’ LOG(0%) ¢ A/ RAL,

Only considering the number fields that are real Galois extensions of QQ, a con-
sequence of the conjecture is that

Anj = coc]

holds, where the cg, c; are the constants satisfying the conjecture. For the specific

case of n = 4,j = 2, the work of Costa and Friedman [3] implies that

2
1 5
Ay > 2\/§log ( +2\[> ~ 0.802,

as explained in §2. To the best of the author’s knowledge, this was the largest

known lower bound for Ay s.

In this paper, we give a larger lower bound for Ay o.

Theorem 1.2. Let L be a real quartic Galois extension of Q. Then

2
1 5
|wlly > 3v3log < +2\[> ~ 1.203
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for any nonzero w € \? LOG(O3). In other words,

2
1 5
Ago > 3\/§log ( +2f> ~ 1.203.

As demonstrated in [2], Bertrand—Rodriguez Villegas conjecture is equivalent to
Lehmer’s conjecture [6] when j = 1, and to Zimmert’s theorem on regulators [8]
when j = rank(O; ). Hence the case of n =4, j = 2 is neither covered by Lehmer’s
conjecture nor Zimmert’s theorem. While our result only covers this specific case,
we obtained a better lower bound, which is 1.5 times the previous known lower
bound. In fact, for L = Q(v/2,v/5) and w = + LOG(15) A LOG(1 + v2), we
have |lw|j;y = 810g(%) log(1 4 v/2) and thus

+V5
2

1
Aga < 8log( )log(1 + v/2) ~ 3.3930.

Hence our lower bound is no less than a third of an upper bound of A4 5.

The proof of the theorem is done separately for the case when Gal(L/Q) is Klein
four-group, and the case when Gal(L/Q) is cyclic. For the Klein four-group case,
we define a subgroup E generated by the units of the quadratic subfields of L.
Using the Galois module structure of E, we give a lower bound of ||w||; for nonzero
element w of /\2 LOG(E) and extend this result to O3 . For the cyclic group case,
we use the structure of O% given by Hasse [5] to obtain a basis of A?LOG(O%).
We then use the result of Pohst [7] to compute the lower bound.

In §2 we derive the best lower bound of A42 known so far, from the work of
Costa and Friedman [3]. In the remaining sections, we prove the main theorem to
give the better lower bound for A4 5. The case when Gal(L/Q) is isomorphic to
the Klein four-group is covered in § 3, and the case when Gal(L/Q) is isomorphic

to the cyclic group is covered in §4.

Acknowledgement. The work of S.S. was supported by College of Natural Sci-
ences Undergraduate Internship Program from Seoul National University. D.K. is
supported by the National Research Foundation of Korea (NRF)'.

2. THE LOWER BOUND DUE TO COSTA AND FRIEDMAN

In this section, we derive the largest lower bound of A4 9 known so far, to the
best of the author’s knowledge. Using Pohst’s result [7], Costa and Friedman [3]

showed that for independent elements €, ..., €; of OF, the inequality

i/2

1++5 ’
ILOG(e1) A - - - ALOG(e;) |2 > :log< +2 )
J

Lthe grants No. RS-2023-00301976 and No.2020R1C1C1A0100681913
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holds for 1 < j < n, where n = [L : Q] and +; is Hermite’s constant in dimension j.
If j = n—2 = rank(O}) — 1, every element of A" >LOG(O%) can be written
as d-LOG(e1) A--- ALOG(€,—2) where d € Z and LOG(ey), ..., LOG(e,—1) are the
basis of LOG(O3), as shown in the Lemma 28 of [2]. Therefore, for any nonzero
clement w of A" LOG(0O3), the inequality

Y 2\ J/2
n 1+
el > s > {2 log ( g )
Vi
holds. Restricting to the Galois extensions of QQ, we have
n—2

2
1
An,n72 > z IOg ks \/5
Tn—2 2

and in particular, since o = %, we obtain

2
1+/5
Ago > 2V3log ( + f) ~ 0.802.

2

3. THE KLEIN FOUR-GROUP CASE

In this section, we prove the main theorem for the case when Gal(L/Q) is iso-
morphic to the Klein four-group. Throughout this section, let L be a real Galois

extension of Q with Gal(L/Q) = Z/27Z x Z/27. Let Q(v/dy),Q(v/d2), Q(v/d3)

be three quadratic subfields of L, where dy,ds, d3 are square-free integers. Then
we can write L = Q(v/di,v/dz). For i = 1,2,3, let Gal(L/Q(\/d;)) = {1,0,}.
See Figure 1. Let u; > 1 be the fundamental unit of Q(v/d;). Without loss of
generality, let 1 < w3 < we < us. If ¢ and j are distinct integers in {1,2,3},

since \/d; ¢ Q(v/d;), o; € Gal(L/Q(v/d;)) sends /d; to its conjugate —,/d;. Thus

Lemma 3.1. wuq,us,us are multiplicatively independent. In other words, if inte-

gers my, ma, mg satisfy uy" uy?ug® =1, then my = mg = ms = 0.

Proof. Assume that
mi, mz, M3 __
Uy Uy CUs 0 =1
for some my, mo, m3 € Z. Then we have
Jl(ul)mldl(UQ)mz()'l(u?,)mS =1

and thus
(ur01(u1))™ (uzo1 (uz))™? (usor (uz))™* = 1.

By (3.1), ugoq(uz) = £1 and uzoq(ug) = £1. Therefore

ui™ = +1
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L =Q(Vdy, Vdy) {ud}

N\

Q(\/a) Q(\/@) Q(\/%) {Zda 01} {Zd7 02} {Zd7 03}

/

Q {id,01,02,03}

N\

/

FIGURE 1. Subfields of non-cyclic extension L and corresponding
Galois groups

and thus m; = 0. Similarly, ms = ms = 0. Therefore, u;, us, us are multiplicatively

independent. O

Let B = {u}"" u3y"?us"*|mi, mg, mg € Z}, then we have the following lemma.
Lemma 3.2. Ifu€ O}, thenu® € E.

Proof. From v € OF, we have |[Np,g(u)] = 1. The unit u of L and its conju-
gate o1 (u) are units of L, so uoy(u) is a unit of L. Since uo1(u) = Ny, g a7 (u) €
Q(V/dy), it is also a unit of Q(y/d;). Hence uoi(u) = +uj™ for some m; € Z.
Similarly, uog(u) = uy™ and uoq(u) = £us™ for some mg, mg € Z. Then we have

u® = [u? - Ny jg(u)| = [u’or (u)oa(u)os(u)| = [Fuy™ ugug™| = ul™ upug'™

and therefore u? € E. O

We first compute the 1-norm of the elements of A*LOG(E). LOG(E) is gen-
erated by LOG(u;)’s. Using (3.1), we can compute LOG(u;)’s in terms of u;’s as
follows:

LOG(u1) = (log(u1), log(uy), —log(ui), —log(uy))
LOG(uz) = (log(uz), —log(us), log(us),—log(us))
LOG(u3) = (log(us), —log(us), — log(us), log(us)).

Here, the order of the basis of RAL is §°¢, 51,672,573, Then the wedge product of
these LOG(u;)’s are:

LOG(UQ) A\ LOG(Ug) = ( 0, 07 2X1, 2X1, —2X1, —2X1)
LOG(Ul) A LOG(Ug) = (—2)(27 —2X2, 2X2, —2)(27 0, O)
LOG(Ul) AN LOG(UQ) (72X3, 2X3, 0, 0, 2X3, 72X3)
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where X; = log(uz)log(us), Xo = log(u)log(us), X3 = log(u;)log(usz) and the
order of the basis of /\j RAL is 574 NGT, 672 AGT3, 6°INST3, 571 N2, ' NGT2, 57T NSS.
Note that X; > X5 > X3 > 0.

For w € \> LOG(E), w can be written as

w = ny - LOG(u2) ALOG(u3) + na - LOG(u1) ALOG(us3) + ng - LOG(u1 ) ALOG (us2)
where n;’s are integers. Its 1-norm is
Jwlly =2(ne X2 + n3Xs| + [n2 X2 — n3 Xa| + [n1 X1 + n2Xa| + [m1 X1 — na Xo|
+ [n1 Xy + n3Xs3| + [n1 X1 — n3 X))
=4(max{|naXsl, |n3 Xs|} + max{|ni X1|, |[naX2|} + max{|n1 X1], |nsXs|})
where the second equality is from the following equation.
(3.2) X +Y|+ | X -Y|=2max{|X|,|Y|} VX,Y eR.

We have
max{|n1X1|, |n2X2|} + max{|n1X1|, |713X3‘} Z 2|7L1X1|

and thus
4(max{|n2X2|, |H3X3|} + max{|n1X1|, |n2X2|} + rnax{|n1X1|, |Tl3X3‘}) > 8|’I’L1X1|

holds. Similarly, the above inequality also holds when the right hand side is 8|ns Xs|
or 8n3Xs|. Therefore

wli = 4(max{|n2 Xal, [n3 X3} + max{|ni X1, [na Xo|} + max{|ni X1}, [n3X3|})
> 8max{|n1X1|, |n2X2|, |n3X3|}

and if (n1,n9,n3) # 0, then

(3.3) lwllx > 8|X3| = 8log(uy)log(us).

For the case L = Q(v/2,V5), we have u; = 1+2‘/5, uy = 14 /2, and us =
3 4+ v/10. A simple calculation shows that Vutuguz is in OF, and it is easy to
verify that wy,us, /ujusus generate O7. Then the group /\2 LOG(07) is gen-
erated by LOG(u1) A LOG(u2), $(LOG(u1) A LOG(u2) + LOG(u1) A LOG(us))
and £ (LOG(u1) A LOG(u2) + LOG(u2) A LOG(u3)). Thus for any element w

of A>’LOG(0%), 2w € A\> LOG(E). Hence we have
1+V5
2

1
(3.4) lwl]ls = §H2w||1 > 4log < ) log(1 + V2) ~ 1.697.

For the case L = Q(v/5,V13), u; = 1+2\/g,uQ = 3+g/ﬁ,u3 = 8 4+ v/65. Simi-
larly, w1, u2, \/uiusus generate OF and therefore

1 ) 3+ V13
( +2\f> log( +2 ) & 2.300

1
(3.5) lwlly = 5 |[2w[ly = 4log
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for any nonzero element w of A> LOG(O%).

Now consider the case where L # Q(ﬂ, \/5) and L # Q(\/g, \/ﬁ) By Lemma
3.2, for any u € O}, u? € E and thus 2LOG(u) € LOG(E). Hence if nonzero w is
in A?LOG(O3), then 4w € A* LOG(E). We have

1
(3.6) [wlls = 7 [[4wlls = 2log(us)log(uz)
by (3.3). Excluding Q(v/2,v/5) and Q(v/5,v/13), Q(v/3,/5) has the smallest pos-
sible value of log(uq)log(us), which is log (H'T‘/g) log(2 + v/3). This is from the
Lemma 3.3 below and the fact that log <1+T\/g) log(2++/3) < log(1+v/2) log(%ﬂ).

Hence from (3.6), we see that

1++5
2

wl|ly > 2log < ) log(2 + V/3) ~ 1.267.

With (3.4) and (3.5), we conclude that if Gal(L/Q) is Klein four-group,
2
1 5 1 5
lw][y > 2log ( +2\[> log(2 + V/3) > 3v/3log ( +2\[)

for any nonzero w € A* LOG(O%).

Lemma 3.3. For square-free integer m, let v,, > 1 be the fundamental unit
of Q(v/m). Then 1+T‘/5, 142, %ﬂ, 2+ /3 are the four smallest possible values

of Uy,

Proof. First, consider the case m = 2,3 (mod 4). The fundamental unit v,, is of the
form a+by/m where a, b are the smallest positive integers satisfying a? —mb? = +1.
If m > 6, then

O > V/mb2 —14+bym > vVm—1+vm > V5 +V6 > 2+ V3.

a+by/m
2

Now consider the case m = 1 (mod 4). Then vy, is of the form where a, b

are the smallest positive integers satisfying a? — mb? = +£4. If m > 17,

2 _ _
zx/mb ;—i—b\/ﬁzx/m ;1+\/ﬁ2\/ﬁ42r\/ﬁ>2+\/§.

Um

Hence v,, < 2+ +/3 only for m = 2,3,5,13. For those m, we have v5 < vy < v13 <
V3. O

4. THE CycLic GROUP CASE

In this section, we prove the main theorem for the case when Gal(L/Q) is isomor-
phic to the cyclic group. Throughout this section, let L be a real Galois extension
of Q with Gal(L/Q) = Z/47Z. Denote the Galois group as G. Let Gal(L/Q) be gen-
erated by o. Let [ be the unique quadratic subfield of L. See Figure 2. Let u; > 1
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L {1}

Q G ={l1,0,0% 0%}

FI1GURE 2. Subfields of cyclic extension L and corresponding Ga-
lois groups

be the fundamental unit of I. Then O] = {£u]" | m € Z}. First we define relative
units as in [5].

Definition 4.1. If w € O} satisfies Ny, /;(w) = %1, we say that w is a relative unit
of L.

Let E7/; be a group consisting of all relative units of L. As in [4], let EL be a
sub G-module of O} generated by elements of Of and Ef ;. Let Q = [OF : EL.

The following lemmas are from Hasse [5].

Lemma 4.2. The index Q is either 1 or 2. Furthermore, Q = 2 if and only if there
exists u, € OF such that N (u.) = Fuy.

Proof. See Satz 16, p.37 of Hasse [5]. O

Lemma 4.3. There exists an element ug of Er; such that —1,ug and its conju-

gate o(ug) generates Ey, /.
Proof. See Satz 22, p.40 of Hasse [5]. O

Define ug as in the lemma. We have
EY = {£u]"ug? o (ug)™ | (m1, ma, m3) € Z3}.

We first compute the 1-norm of the elements of A* LOG(EL). Note that since ug

is relative unit of L, 02(ug) = :l:u—lo. We can compute LOG’s as follows:

LOG(u) = (W1, =Wy, Wy, —=W7)
(4.1) LOG(ug) = (W2, W3, —=Wa, —W5)
LOG(J(U(])) = (W37 _W27 _W37 WQ)

where Wi = log(w;), Wa = log(|ug|), W3 = log(|o(ug)|). Here, the order of the basis
of RAL is 5, 67, 5“’2,5"3. Note that Wy, Wa, W3 are nonzero since u;, ug, o(ug) are
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not +1. Then the wedge product of these terms are:
LOG(u;) ANLOG(ug) =( Y, Y4, Y5, Y5, —Ya, Y3)
LOG(u) ANLOG(o(ug)) =(=Ys, Y5,Ys, Vi, —Y3,—Y3)
LOG(up) ALOG(o(up)) =(-Y1,-Y1,Y1,-Y1, 0, 0)

where Y| = W22 + W32, Yo = 2WiWs,Y; = 2W W3, Y, = WiWs 4+ W1 W3, Y5 =
WiWy — Wi Ws. Here the order of the basis of AZRAL is 64 A 67,677 A 677, 51 A
FEA LN LA LN Ll LN LA
For any nonzero element w € A\> LOG(EL), it can be written as
w =ny - LOG(w;) A LOG(ug) 4+ ne - LOG(u;) A LOG(0(uo))
+ n3 - LOG(ug) ALOG(o(ug))

where ny, n2,n3 are integers. Then |Jw||; = f(n1, n2,n3) where the map f : Z> — R

is given as
f(n1,m2,n3) =[n1Yy —naYs — na3Y1| + |-n1 Yy +n2Ys — nzYi|
+ [n1Ys +n2Yy +naYi| + [n1Ys + naYy — n3Yi|
+ [=n1Y2 — na¥3| + [n1 Y3 — naYal.
Applying (3.2), above equation becomes
f(n1,ng,n3) =2max{|n1Yy — naYs|, |[nsY1|} + 2 max{|n1Ys + n2Yy|, |n3Y1|}
+ |—n1Ys — noYs| + [n1Ys — naYal.
In particular, we have
(4.2) fn1,n2,m3) > dlngYs| = dlna| (W5 + W)
and
f(n1,n2,n3) >2In1Ys — naYs| + 2|n1Ys + noYy|
+ |—n1Ys — noYs| + [n1Ys — naYal.
If (n1,m2) # (0,0), then by Lemma 4.4 below,
f(n1,n2,n3) > 2[Ya| + 2[Y5| + [Ya| + [Y3]
= 2\Wy Wa + Wy Wa]| + 2| Wi Wa — Wi Ws| + 2|Wy Wa| + 2|W, W]
and applying (3.2) once more, we have
(4.3) f(n1,n9,ng) > 2W1 (2 max{|Wa|, |W3|} + |[Wa| + |W3])

Using these results, we prove the Theorem 1.2 for each case Q =1 and Q = 2.

Lemma 4.4. Let X,Y € R. For any (m,n) € Z*\{(0,0)}, the following inequality

ImX +nY |+ [nX —mY| > |X|+ Y]
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holds.

Proof. The inequality is trivial if X = 0 or Y = 0. Assume that they are both
nonzero. We may further assume that they are positive and X > Y. Let Z :=
Y/X < 1. Since

ImX +nY |+ |[nX —mY| = |X|(|lm+nZ|+ |n —mZ|),
we only need to show the inequality
lm+nZl+n—mZ|>1+Z.

Without loss of generality, assume m > 0. If m = 0, [nZ| + |n| > 1 + Z for any

nonzero integer n. If m > 2,
lm+nZ|+|n—mZ| > |m+nZ|+|Z(n —mZ)]

>|(m+nZ)—Z(n—m2)|
= [m(1+ 22)|
>m
>2
>1+Z

Now consider the case m = 1. The case n = 0 is trivial. If n < —1, then

N+nZ|+n—Z|>n—-2>1+7Z

and if n > 1,
N4+nZ+n—Z>214+nZ>1+Z.

4.1. The Case Q=1. Since O} = ET, for any nonzero w € /\2 LOG(0O3), its
norm is of the form ||w||; = f(n1,ne,ns) where (ny,n2,n3) # (0,0,0). If ng # 0,
then (4.2) gives
[wll > 4(W5 + W3)
and if ng = 0, then (n1,n2) # (0,0), so (4.3) gives
lwlly > 2W1(2max{|[Wa|, [W3|} + [Wa| + [W3]).
Therefore we have

(4.4) lwlly = min{4(W3 + W), 2W1 (2 max{|Wal, [Ws|} + [Wa| + [Wa])}

for any nonzero w € A LOG(O3).
We use the following theorem from Pohst [7] to give a lower bound for (4.4).
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Theorem 4.5. Let L be totally real number field and v € OF with u # £1. Then

145\
2

ILOG (u)||3 > [L : Q]log <
holds.

Proof. Bemerkung in p.102 of Pohst [7] states that the Lemma in p.98 applies
for M of the eqaution (10) in p.97. Then the inequality (11) of the Lemma gives
the required result. O

Then from the above theorem and (4.1),

2
1 1
(4.5) W2+ Wi = 5||L0G(u0)||§ > 2log ( +2\/5> .

Under this constraint and the fact that W5, W3 are nonzero, an elementary consid-

eration yields

14+5
2max{|Wal|, |[Ws|} + [Wa| + |Ws| > 3v2log ( f) .

2

Since u; is a fundamental unit of quadratic field, by Lemma 3.3,

1++5
2

(4.6) W1 = log(u;) > log (

holds, and with previous inequality,

115\’
5 .

2W1 (2 max{|Wal, [W3|} + [Wa| + [W3|) > 6v/21og (

With (4.5), the inequality (4.4) becomes

2 2 2
145 145 143
(4.7) |[w|: > min 810g< +2 > 76\/§log< +2f> :810g< +2\f>

for any nonzero w € A\ LOG(0O7). Thus Theorem 1.2 holds for the case @ = 1.

4.2. The Case Q=2. We use the following lemma from Hasse [5].

Lemma 4.6. If Q = 2, there exists a unique unit u, > 0 of L that satisfy
(4.8) Npj(us) = uso®(u) = 2wy, ueo(uy) = Fug.

Proof. See Satz 28, p.45 of Hasse [5]. O

Define u, as in the lemma. Then

2 .
(4.9) ui _ W0 () - Uso (U ) 4 UIUQY
U(U*U(u*)) O'(Uo)
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and therefore o(ug) = Fujugu; 2. The proof of Lemma 4.2 shows that when Q = 2,

every unit u € O} can be written uniquely as the form £ul°u;" uj? o (ug)"™® where ng

is 0 or 1 and nj,n9,n3 are integers. Thus O} is generated by —1,u;, ug, Us.
Hence A\>LOG(0%) is generated by LOG(u;) A LOG(ug), LOG(u;) A LOG(u.)
and LOG(up) A LOG(us4). From (4.9), we also have

(4.10) LOG(ux) = %(LOG(ul) + LOG(up) — LOG(o(uo)))
and thus

LOG(u;) ALOG(ux) = %(LOG(ul) ALOG(ug) — LOG(w;) ALOG(o(up))),
LOG(ug) ALOG(us) = —%(LOG(ul) A LOG(ug) + LOG(ug) A LOG(o(up))).-

Hence for any w € \* LOG(O%),
2w = nq - LOG(u;) A LOG(ug) + ne - LOG(u;) A LOG(o(ug))
+ n3 - LOG(ug) A LOG(o(ug))
where n1,n9,n3 are integers and ny + no + ng is even and thus
(4.11) s = & F(m1,ma, ms).

We now proceed to give a lower bound for f(ny,nq,n3) where ny + ns + ng is
even and (n1,ng,n3) # (0,0,0). If (n1,ng) = 0, then |n3| > 2, so (4.2) gives

fni, g, ng) > 8(W3 + W5).
Since (4.5) still holds in the @ = 2 case, we have

Hﬁf

(4.12) f(n1,n2,n3) > 8log ( 5

Note that (4.6) also still holds.
Now consider the case (n1,n2) # (0,0). Since LOG(u;), LOG(ug), LOG(o(ug))
are perpendicular as seen in (4.1), we have
1
ILOG(u.) 3 = (ILOG(u)5 + LOG (u)[I3 + [LOG(o (uo))][3)
=W§+ Wi+ Wi

from (4.10). Then Theorem 4.5 gives

1 ﬁz
W+W+W2m%+2>.
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Under the constraint of above inequality, (4.5), (4.6), and the fact that Wy, Wa, W3

are nonzero, an elementary consideration yields
2
145
2W1 (2 max{|Wal, |[W3|} + |[Wa| + |W3]|) > 6v/31og T\[ .
With (4.3), we have

1++5 ’
f(n1,m2,n3) > 6v31log % :

2 2
any (n1,ng,ng) # (0,0,0) with ny 4+ ng + ng even. Therefore, with (4.11),

2
1+V5
2

2 2
Since 8log (1"”/5) > 6v/3log (14.\/5) , by (4.12), the above inequality holds for

Jw[|y > 3v/3log

for any nonzero w € A\* LOG(0O3). This concludes the proof of Theorem 1.2.
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