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Abstract

We establish a weak form of Ennola’s conjecture. We achieve this by showing that two
main assumptions Louboutin made in his previous work hold true. These assumptions
are about Laurent polynomials over the rationals, and we prove them by using
polynomial relations reminiscent of Newton identities.
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1 Introduction

An algebraic number ¢ is called exceptional if both € and € — 1 are units. For example, let
[ > 3 be an integer, and consider a non-Galois totally real cubic number field Q(¢;), where
the minimal polynomial of ¢; is

X34+ (-1DX?>—I1X—1€Z[X]. (1)

One can easily observe that ¢; and €; — 1 are both units. i.e., €; is an exceptional unit.

By Dirichlet’s unit theorem, the unit group U; of the ring of integers of Q(¢;) has rank 2.
Hence, one can now naturally ask the following: is {€;, €, — 1} a pair of fundamental units?
Thatis, Uy = (—1, ¢, ¢, — 1)?

This is still an open problem. Ennola conjectured in [1] that {¢;, ¢, — 1} above is a pair
of fundamental units for the ring of integers O of Q(¢;). We call this Ennola’s conjecture.
He showed that his conjecture is true for 3 </ < 500 and that the unit index

ji=U;: (=Le,e —1))

of the group of units generated by —1, ¢;, and €; — 1 in the group of units U; is always
coprime to 2, 3, and 5. He also showed that {¢;, ¢, — 1} is a pair of fundamental units for
Oif(O: Zlel) <1/3in[2].

To show that Ennola’s conjecture holds true is equivalent to prove j; = 1 for V/ > 3. S.
Louboutin obtained several results on this conjecture. For example, in [3], he showed that
for [ > 3, the unit index j; is coprime to 19!, and j; = 1for3 </ <5- 107. He also proved
in [4] that if we assume ABC conjecture is true, then Ennola’s conjecture is true except for
finitely many /. i.e, j; = 1 for any sufficiently large /. Another significant result in [4] is a
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conditional proof of a weak form of Ennola’s conjecture that for any given integer N > 2,
we have gcd(j;, N!) = 1 for [ > [ effectively large enough.

Assuming Conjectures 1 and 2 below, S. Louboutin deduced a weak form of Ennola’s
conjecture. Even though Louboutin checked the validity of the conjectures by computation
for finitely many case in [4], the Conjectures 1 and 2 are still unsolved in [4].

We provide proofs of Conjectures 14 and 20 of [4] and consequently establish Theorem
1 below.

Theorem 1 (Weak form of Ennola’s conjecture, Theorem 2 and Proposition 15 of [4])
For any given prime p > 3, there are only finitely many | > 3 for which p divides the unit
index j;. Hence, for any given integer N > 2 we have gcd(j, N!) = 1 for | > Iy effectively

large enough.

To prove the above theorem, we will formulate and verify Conjectures 1 and 2, which are
aforementioned conjectures in [4]. Both conjectures are about certain Laurent polynomi-
als. Our proof of Conjecture 1 is reminiscent of Newton identities, and that of Conjecture 2
is based on the validity of Conjecture 1 combined with an argument involving elementary
manipulations of binomial coefficients.

Theorem 1 is a statement about divisors of a unit index j;. A similar work was done by
Louboutin and Lee for another family of cubic number fields. In [5], they showed that
the unit index (Uy : (—1, €4 €,,)) of the group of units generated by —1, ¢,, and €/, in the
group of units U, of the ring of integers of Q(«) is coprime to 3 for a > 1 and coprime
to6for1 < a = 2,3 (mod 4), where « is a root of X3 — 442X + 2 € Z[X], and ¢, €, are
two distinct units in the ring of integers of Q(«). Our result is similar to that of Louboutin
and Lee, and we are concerned with a family of cubic polynomials (1) with / > 3. On the
other hand, this family (1) attracts interests both of number theorists and of topologists.
For topological context, see [6].

This paper is organized as follows. In §2, we introduce Conjectures 1 and 2, which are
used in the proof of Theorem 1. In §3 and §4, we give proofs of conjectures.

2 Louboutin’s conjectures
Here, we introduce Louboutin’s conjectures. They are concerned with the family of fol-
lowing polynomials.

Definition 1 For d > 1, we define the polynomial

k+ 1\ (d—k— 2D\ Xkyd—2k=3l
PX,Y)=d —1)k-1 e 7Z[X Y]
axY) MX;O =1 (k )( k+1 )d—k—Zl €ZiX Y]

0<2k+3l<d
A precursor of the polynomial P;(X; Y) first appeared in [7, Lemma 8] and it was defined
in this form in [4].

Example I Forsmalld’s,Py(X, Y)sare:P1(X,Y) = =Y, Py(X, Y) = —Y24+2X,P3(X, Y) =
—Y3+3XY —3,and Pa(X, Y) = —Y* +4XY? — 2X2 — 4Y.
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Conjecture 1 (Conjecture 14 of [4]) Leta, b € Z be nonzero such thatc :=a+ b # 0.
Set

1 1
Sap(T) = Ta + Th + TP,

Then ford € {a, b, c} and P;(X, Y) as in the Definition 1, we have
P (Sap(T), Sap(1/T)) = =S, (1/T'). 2)

Moreover, if a is even and b is odd, then with

1 (_1)a+b
Ra,b(T) = ﬁ + T + Ta+b,

we have

~S,p(1/T), ifd =a

Paj(—Ryp(T), =Ry p(1/T)) = |
Ra,b(l/Tld‘); ifd € {b, c} .

3)

Conjecture 1 is used to deduce the following theorem in [4].

Theorem 2 [4, Theorem 18] Letp =5 (mod 6) be a given prime. Assume that Conjecture
1 holds true. Then p does not divide j; for | sufficiently large enough.

There is other conjecture we have to prove to establish Theorem 1. Conjecture 20 in [4]
was necessary to apply Proposition 19 of [4] in the proof of Theorem 1, which is stated
below.

Proposition 1 (Proposition 19 of [4]) Let a, b € Z not both equal to 0 be given. Let m > 3
be odd. Set G, p(T) := Fyp(Rap(T), R_gq_p(T)), where 0 # Fup(X,Y) = D, fun X"Y" €
Z[X, Y] is given as Table 1 below. We also define

s = max(a + b, —a, —b), t = max(—a — b, a, b),
M, p = max{us + vt : f,, # 0},

b—a N (=)t (a — 2b)

T—ll—m b

T—b—m + _Ta—b—b—m.
m m

Ra,h,m(T) = Ra,b(T) +

Assume that

Ga,b,m(T) = Fa,b(Ra,b,m(T): R—a,—b,m(T)) € Q[T: T_l]

is of negative degree.
Set Nypm = —deg Gopm(T) = Land By, == (Myp + Napm + 1)/2. If By pm < m, then

the unit €,), = (—1)‘”‘%7(61 — 1)% is not a m-th power in Q(ep) for I > 1, effectively large.

Table 1 Cases of (X V)

Cases Fap(X,Y)

Case 1:a > 1odd and b > 1 odd Fap(X, V) = —Pa(Y, X) — Pp(Y, X) + Pc(X, )
Case2:a> 1oddand b > 1even Fap(X Y) = —Pa(=Y, =X) = Pp(=Y, =X) 4+ Pc(—=X, =Y)
Case 3:a > 2evenand b > 1 odd Fap(X Y) = —Pa(=Y, =X) — Pp(=Y, =X) — Pc(—=X, =Y)
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Table 1 gives all cases that will be dealt with in this paper (¢ := a + b # 0):

Conjecture 2 ( Conjecture 20 of [4]) With notations as in Proposition 1, let (a, b) €
Zzo X Z>1 be such that m,), = a’ + ab + b? is odd and m,; > 5. Assume that the
pair (a, b) is not of the form (—2b, b) with b > 1 odd, (b, b) with b > 1 odd, (—b/2, b)
with b > 2 even. Then the assumptions in Proposition 1 are satisfied for m = m,; with
M,y = (a + b) max(a, b) and N p,,, = min(a, b)?. Namely, deg Gabm,,(T) < 0, and

By, < Map-
Conjectures 1 and 2 yield the following theorem in [4].

Theorem 3 [4, Theorem 21] Letp = 1 (mod 6) be a given prime. Assume that Conjec-
tures 1 and 2 are true. Then p does not divide j; for | sufficiently large enough.

Clearly, Theorem 1 can be obtained by combining Theorem 2 with Theorem 3.

If M, and Ngb,m,, are as in the Conjecture 2, then B, , < Mg, since By, , =
(@>+ab+b>+1))2 = (mgp +1)/2 < mgy as [4, p. 15]. That is, the assumption of Prop.
1 is satisfied.

In summary, to prove Conjecture 2, we have to compute M, 5, N, by, and verify M, , =
(a + b) max(a, b), Neabm,, = min(a, b)? in each case of Table 1.

3 Proof of Conjecture 1
As an intermediate step towards the proof of Conjecture 1, we show the following propo-
sition, which is reminiscent of Newton identities.

Proposition 2 For any d > 4, we have
Py(X,Y) =YPg_1(X,Y) — XPy_»(X, Y) 4+ Py_3(X, Y). (4)

Proof To prove (4), we show that the coefficients of X’ kyd=2k=3l i the LHS and RHS of
(4) coincide. Set
d+A—-B d+A+2B
k=A d—2k—31=B M=2TA"8 y_2+2+28
3 3
Then ! = (d —2A — B)/3, k+1 = M, and d — k — 2/ = N. Now we determine the
coefficients of XA Y5 in both sides of (4). First, we assume A > 0 (if so, it is clear that

M,N > 0).
In Py(X, Y), the coefficient of Xky4—2k=3l — xAyB jg
k+1\[(d—k—2l d M\ (N d
_1 k—1 —_— —1 A-1 —. 5
(=1) ( k )( k+1 >d—k—2[ (=1) AJ\M)N ®)

InYP,;_1(X, Y), the term XXy4—2k=3l — xAyB gccurswhen A = kand B = d — 2k — 31,
where the coefficient of the monomial is

(1! k+I\[/d-1—k—2I d—1 _ (Lt M\ (N—-1\d-1
k k+1 d—1—k—-2I A M JN—-1
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In XP;_5(X, Y), the term Xkyd-2=3l — XAyB occurs when A = k + 1 and B =
d — 2 — 2k — 3[, where the coefficient of the monomial is

(_l)k_1<k+l)<d—2—k—2l) d—2
k k+1 d—2—k—2I
o A(M-1\(N-1\d-2
=D <A—1><M—1>N—1‘ 7

InP;_3(X, Y),theterm XX y4—2k=3l — xAyB gccurswhenA = kand B = d—3—2k—31,

where the coefficient of the monomial is

et (kD (A3 k-2 d-3
k k+1 d—3—k—2l

o (M-1\(N-1\d-3
=D ( A )(M—l)N—l' ®
Now we verify that
(RHS of (5)) = (that of (6)) — (that of (7)) + (that of (8)). 9)

(9) is equivalent to

(o) G =Co) (a5

AV (e T S G (i =
)=o) G0) =3 C)
(=50 Go) = %) w

So, by using (10) and (11) to simplify (9), it suffices to check whether the equality

d N-Md-1 AMd-2 M-AMd-3

N N N1 MNN-1'T M NN-1

holds. Multiplying N(N — 1) on both sides of (12), we know
N-1)d=N-M)d—-1)+Ad—-2)+ M —-A)d—-3)=Nd - N —2M + A
Since 2M + N = d + A by definition of A, B, M, and N, we are done.
Suppose A =0.Thenk =0=A,B=d -3, M =1,andN =d —2[.IfA =M =0,

then XAY® = Y4, and since Y solely comes from (6), there is nothing to show. So we

assume A = 0, and M > 0. In this case, (9) becomes

(RHS of (5)) = (that of (6)) + (that of (8)). (13)
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From (5), (6), and (8), it is easy to observe that (13) is equivalent to

N\d (N-1\d—1 (N-1\d-3
()= (o )i ()it =
M)NT\ m JN=1 T \m-1)N -1

Since 2M + N = d, the RHS of (14) is

1 N-1\N-M N-1
N—l((d_l)(M—l) o T )<M—1>)

=) () =) = 9

and the proof is complete. O
Now we are ready to prove Conjecture 1 by using Proposition 2. First, a corollary:

Corollary 1 Ford > 1, we have

P 1+1+XYX+Y+1 =—(x?+v?+
A\x "y Xy )~

Xde>'

Proof We proceed by induction on d. From the expression of P1(X, Y), P»(X, Y), and
P3(X, Y) in Example 1, it is easy to observe that the result holds for d = 1, 2, 3. Suppose
d > 4. By Proposition 2 and the inductive hypothesis,

11 1
Pil=+=+XVX+Y+—
d<X+Y+ + +XY)

1 1 1 1
X4Y+— P+ =+XV,X+Y +—
< + +XY>d1<X+Y+ + +XY>

11 1 1 1
(= +=4+XY )Py =+ =+ XX+ Y + —
<X+Y+ >d2<X+Y+ + +Xy>

1 1 1
Py sl —+—+XY, X+Y+ —
+ Py 3 (XT+_)’+_ + 4_)(Y)

1 d—1 | vd—1
TN

1
d—2 d—2
+ + XY) (X +Y + W)

<X+Y+

(x
i

+

d— 3
X + Y Xd—3yd—3>

== (e )

Conjecture 1 naturally follows from Corollary 1.

Proof of Conjecture 1 First, we verify (2). Put X = T%, Y = T? in Corollary 1. Then

1 1 1
Sa’b(T)Z)—('F?-FXY;S%b(l/T) X+Y+ﬁ
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Table2 G,,(7)in each case

Cases Gap(T)

Case | Gap(T) =T~ 4 T=b" —T=¢" 4 p7-0b
Case 2 Gap(T) = =T~ 4 T~V 4 7=¢" 4 o700
Case 3 Gop(N =T=0 470 _7-¢

From Corollary 1,

—S,p(1/ T4y = — <T“'d + 7hll 4 > =— (Xd +Y+

Xdyd )

—p(Lilixyxive L)op (S, p(T), Sup(1/T))
= Iq X Y » XY = d|\Pa,b b Oa,b .

T(atb)d]

The proof of (3) directly follows from the same method, by replacing X - —X,Y — Y,
and XY — —XY. |

4 Proof of Conjecture 2
We need the following lemma to prove Conjecture 2:

Lemma 1 Define, following [4, Conjecture 12],
Gﬂ,b(T) = Fa,b(Ra,h(T)l Ra,b(l/T))

with F,,(X,Y) as in Table 1. Then G,,(T)’s for each case in Table 1 are given as the
Table 2:

Proof This is a direct consequence of [4, Proposition 15] and [4, Conjecture 14] which
has just been proved in §3. O

Before we give a proof of the cases in Table 1, we set

_ _1\a+b(, _
Ea,b(T)zb u+( 1)4T°(a — 2b)

2 = +bT*TP,

For notational convenience, we let m,,;, = m from now on. Then

1
Ru,b,m(T) = Ra,b(T) + WEa,b(T);
1 1 1

1
R_gpm(T) =R_gqp(T) + Wf—a,—b(T) = Rap (;) - WEa,b (;)

4.1 Case1:a> 1oddand b > 1 odd
In §4.1, we show M, ,, = (a + b) max(a, b), N, },,, = min(a, b)? from direct computation.
By Table 1, F, ,(X, Y) = —P,(Y, X) — Py(Y, X) + P.(X, Y) for Case 1, and we get

Ga,b,m(T) = Ql,a,b,m(T) + Q2,a,b,m(T) + QS,a,h,m(T)f
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1 1
= —Pa | Ry T —WEab

T
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1

),R (T)+WEM(T>) (15)

1 1 1 1
QZ,a,b,m(T) = _Pb Ra,b T - Wga,b ? JRa,b(T) + Wga,b(T) ’ (16)
1 1 1 1
Q3,46,m(T) = Pc | Ryp(T) + mEa,b(T): Rap 7)™ WEa,b 7)) (17)
Using Definition 1, (15) is
k+1\[(a—k—2I 1
T) = —1 k - Aiivp
Quapm(T) =a Z (=1) ( k )( k41 )a —k—_2l Z ikl
ki1>0 O<i<k
0<2k+3l<a 0<j<a—2k-3l
where
k —1 1
Aijkl = ; WEab Rap
(a—2k—3l 1 ’ (T)) 231
j mT’”
Note that
k
o = (ks (1)) sryrcn
Hence,
Ql,a,b,m(T) =—P, (Rab ( ) )
+1 — k=2l 1
1)k A
T Z = )( )( k+1 )a—k—2l Z bkl
k>0 0<i<k
0<2k+3l<a 0<j<a—2k-3l
(4,/)#(0,0)
=A1(T)
In the same way, we can modify (16) and (17) as
1
QZ,a,b,m(T) =—P (Ra,b (?) P Ra,b(T)>
k+1\(b—k—2I 1
b —1)¥ - B;;
tho ), (D ( k )( k41 )b—k—zl 2. Buu
k1>0 0<i<k
0<2k+3i<b 0<j<b—2k-3l
(£/)#(0,0)
=B1(T)
and
1
QB,a,b,m(T) =P, Ra,b(T)r Ra,b ?
k+1\[(c—k—2] 1
)kt C:.
te 2 (D ( k )( k+1 )c—k—zz Z ikl
k1>0 O<i<k
0<2k+3Il<c 0<j<c—2k-3l
(6)#(0,0)

=C1(T)
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where

s (e (I (e (A1)
Ljkl = i mTm a,b T a,b T

- (b m 2% 31) (L a,bm)] (Rap(TY)P-2=311,

j mT™
and
k 1 i ki
ikl = ——E_ (T T :
Cl,},k,l <l> (me a,b( )) (Ra,b( )

c—2k—30\ [ —1 1\V 1\ ¢ %3
. . Ea b\ &= Ra b\ &+ .
j mT™ "\ T AT

Finally, noticing that by Lemma 1 that we have

1 1 1
- Pﬂ <Ra,b (?) ’ Ru,b(T)> - Pb <Ra,b (?) ) Ra,b(T)) + PC (Ra,b(T): Ra,b (?))

= Fop(Rap(T), Ryp(1/T)) = Gup(T),

we obtain:

Lemma 2 Fora > 1oddandb > 1odd, m = mgy and c = a + b, we have

1 1 1
Ga,b,m(T) = +

2
Ta +m + A1(T) + B1(T) + C(T).

™" ¢ T

Hence for all possible pairs (i, j) (# (0, 0)) and (k, [), we have

deg Ak = kmax(a, b) + (a — 2k — 31)(a + b) — (i + j)(a* + ab + b?), (18)
deg B; i1 = k max(a, b) + (b — 2k — 30)(a + b) — (i +j)(a* + ab + b?), (19)
deg Cyji1 = k(a + b) + (c — 2k — 31) max(a, b) — (i + j)(a® + ab + b). (20)

By looking at the two possibilities for max(a, b), we determine in the following two sections
the maxima of (18), (19), and (20).

4.1.1 max(a, b) =a
If max(a, b) = a, then (18), (19), and (20) are

The RHS of (18) = ka + (a — 2k — 31)(a + b) — (i + j)(a® + ab + b?)
= —k(a + 2b) — 3(a + b)l + ala + b) — (i + j)(a® + ab + b?),
that of (19) = ka 4 (b — 2k — 3])(a + b) — (i + ))(@* + ab + b?)
= —k(a +2b) — 3(a+ b)l + b(a + b) — (i +j)(@® + ab + b,
that of (20) = k(a + b) + (¢ — 2k — 3D)a — (i + j)(@* + ab + b)
= k(—a+b) — 3al + ala + b) — (i +j)(a® + ab + b?).
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Note that —a + b < 0 since max(a, b) = a witha # b,and i +j > 1. Now, for k, [ € Z>,
we check

max{degA;jx;:0<i<k0<j<a-—2k—3,(j)#(00),0 <2k+3l <a}, (21)
max{degB;jx;: 0 <i<kO0<j<b—2k—3L(j) #(0,0),0 < 2k + 3] < b}, (22)
max{deg C;j;: 0 <i <k 0 <j<c—2k—3,(,j) #(0,0),0 <2k + 3l <c}. (23)

For (18) to be maximum, we know k = [ = i = 0,j = 1. In this case, (21) = —b>. (19)
and (20) also obtain maximum at k = [ =i = 0,j = 1, and for such i, j, k, I, (22) = —a?,
and (23) = —b?. We do not have to consider other cases of i, j, k, I, because as k, /, i, and
j increase, the degree of A; ;i B;jx; and Cjjx; decreases, so they do not contribute to
deg Ga,b,m(T)~

From the expression of G,j,,(T) in Lemma 2, we have deg G,},,,(T) < —b> =
— min(a, b)?. To make = hold, it suffices to show that the coefficient of 1/ T in Gupm(T)
is nonzero.

Let 1c(Q) be the leading coefficient of a polynomial Q € Q[T, T~!], and ax(Q) be the
coefficient of the monomial 7% in Q € Q[T, T~ ], k € Z. Then o_p2(Gyp,m) comes from
IC(A()’L()yo), lC(C(),L())o), and I/sz of Ga,b(T). Namely,

04+0\/a—0-0 1
G = — - 1Ic(A4
a_p2(Gypm) ﬂ( 0 )( 0 )ﬂ Er— c(Ag,1,00)

0+0\/c—0-0 -1
— . 1c(C 1.
+C( 0 >( 0 )c—O—O c(Co,1,0,0) +

Carefully expanding Ao,1,0,0 and Co,1,0,0, we know

0+0\/a—0-0 1 ab
a( >< >— -1c(Ag,1,00) =

0 0 a-0-0 @+ ab+ B
Hence,
ab b —a?
a%ﬂQmMﬁ=ﬂ+ﬂb+w4uﬂ+ah+w4ﬁ

2b(a + b) 2¢ min(a, b)

= = 0’
al+ab+b?>  a’+ab+b? >

and we obtain a_;2(G,p,,) = 1c(Gyp,m) # O.

)

The number M, ;, can be obtained in a similar way. First, we determine s and ¢. From
Case 1 to Case 3 in Table 1 it is easy to observe

s=max(a+ b, —a, —b)=a+ b,

t = max(—a — b, a, b) = max(a, b).
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By definitions of M, ; in Proposition 1 and F,; in Table 1, M,; should be one of the
followings (¢ = a + b):

max{(a + b)(a — 2k — 3[) + kmax(a, b) : 0 < k[, 0 < 2k + 3l < a}, (24)
max{(a + b)(b — 2k — 3[) + kmax(a, b) : 0 < k[, 0 < 2k + 3] < b}, (25)
max{(a + b)k + (c — 2k — 3]) max(a, b) : 0 < k[, 0 <2k +3[ < c}. (26)

Since we assumed max(a, b) = a,

(a + b)(a — 2k — 31) + k max(a, b) = a(a + b) — (a + 2b)k — 3(a + b)], (27)
(a + b)(b — 2k — 3l) + k max(a, b) = b(a + b) — (a + 2b)k — 3(a + b)l, (28)
(a + b)k + (¢ — 2k — 3]) max(a, b) = a(a + b) — (a — b)k — 3al. (29)

So, (24), (25), (26) can be obtained when k = [ = 0. Thatis, (24) = a(a+b), (25) = b(a+b),
(26) = a(a + b) and clearly M, , = a(a + b) = (a + b) max(a, b).

Remark 1 While the numerator of 1c(G, 5, ;) and that of g,, in Table 2 of [4] coincide, the
denominators are different. This happens in other cases below. But our result agrees with
Louboutin’s prediction on N, ;.

4.1.2 max(a,b) =b
We repeat what we did in 4.1.1. If max(a, b) = b, then (18), (19), and (20) are

The RHS of (18) = kb + (a — 2k — 30)(a + b) — (i +j)(a® + ab + b?)
= —k(Qa +b) — 3(a + b)l + ala + b) — (i +))(@* + ab + b?),

That of (19) = kb + (b — 2k — 3l)(a + b) — (i + j)(a® + ab + b?)
= —k(2a + b) — 3(a + b)l + b(a + b) — (i + j)(@* + ab + b?),

That of (20) = k(a + b) + (¢ — 2k — 31)b — (i + j)(a® + ab + b?)

= k(a — b) — 3bl + b(a + b) — (i +j)(@* + ab + b?).

We also have the maxima of deg A; x;, deg B x;,and deg C; jx; whenk =1 =i =0,j = 1.
Then deg Ag,1,00 = —b?, deg Bo,1,00 = —a?, and deg Co,1,00 = —a?. So, deg G pm(T) =
—a? provided o_2(Ggpm) # 0. By checking a_2(G,p, ) as

)

0+0\/b—-—0-0 1
a_,2(Gypm) b( 0 >< 0 )b m— c(Bo,1,0,0)

0+0\/c—0-0 1
— - 1c(C 1
+C< 0 >< 0 )C_O_O C( 0,1,0,0)+

_ b? +(b—Hz)(a—Zb)+1
T A+ab+b? a’+ab+ b2

242 2min(a, b)a

= = 0,
a2 4 ab + b? ﬂ+w+w#

we have a_,2(G,pm) = lc(Gupm) # O and conclude deg Gy, (T) = —a®> =

—min(ag, b)? = — b,
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To determine M, ;, we investigate (24), (25), and (26) as in §4.1.1. Since

(a + b)(a — 2k — 3l) + k max(a, b) = ala + b) — (2a + b)k — 3(a + b)|, (30)
(a+ b)(b — 2k — 31) + k max(a, b) = bla + b) — 2a + b)k — 3(a + b)|, (31)
(a + b)k + (¢ — 2k — 3l) max(a, b) = b(a + b) — (b — a)k — 3b|, (32)

we know (24) = a(a + b), (25) = b(a + b), (26) = b(a + b) by the same argument. Hence
M, = bla+ b) = (a + b) max(a, b).

Remark 2 One can completely verify Table 1 of [4] in the same way. Since (27), (28), (29)
are still valid in §4.2.1 and §4.3.1, and (30), (31), (32) valid in §4.2.2 and §4.3.2, we will not
repeat the proof M, ;, = (a + b) max(a, b) for remaining cases in following sections.

Remark 3 In the remaining cases, one can easily observe that (21) = —5?, (22) = —a?,
and (23) = — min(a, b)? as in §4.1 by the same argument. So, it suffices to observe whether
o_p2(Gupm) # 0in §4.2.1 and §4.3.1, and «v_ 2(Gp,,,,) 7 0 in §4.2.2 and §4.3.2.

4.2 Case2:a > 1oddandb > 1even

The argument in this subsection is similar to §4.1. For Case 2, F,;(X, Y) and G, ;(T)
are given by F,,(X,Y) = —Pu(—=Y, —X) — Pp(—Y, —X) + Pc(—X, —Y), and G, ,(T) =
—T@ 4 T 4 T 4 2T Asin Case 1, weput X = R,,,(T)and Y = R_,,_,,.(T).

Then G, ,,,,(T) is
6. o L 1 1 2
abm(T) = — T2 +W+F+W
k+10\[(a—k—20\(—1)*k3
—1)k A A
e HZO 1) ( k )( k+1 )a—k—Zl OZk Ko
L= =i=
0<2k+3l<a 0<j<a—2k-3l
(6/)#(0,0)
=Ay(T)
k41\ (b —k— 20\ (—1)p—k=3!
b —k - B;;
+ kgo (=1) ( k )( k+1 )b—k—21 O;k bikl
1> <i<
0<2k+3I<b 0<j<b—2k-3l
(6/)#(0,0)
=B(T)
(kA1 [c—k =21\ (=1)ck3
—1)k1 - Ciirl-
te k;o =1) < K )( k+1 >c—k—21 0;] ikl
ot = <I=K
0<2k+3l<c 0<j<c—2k-3l
(/) #(0,0)
=C(T)
We get

Lemma 3 Fora > 1odd, b > 1 even, m = m,y, and ¢ = a + b, we have

1 1 1
Ga,b,m(T) =——+ + F

2
=t + e + Aa(T) + Bo(T) + Co(T).
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4.2.1 max(a,b) =a
By Remark 3, we check a_;2(G,p,.,,) # 0. It is

) (0 + o> (a —0- 0> DT or00)

0 0 a—0-0
040\ /c—0-0) (=1)t!
— . 1c(C 1
+C< 0 )( 0 )c—O—O c(Co,1,0,0) +
. ab b — 42 1= 2a? £0
T @l2+4ab+b>  a’+ab+ b2 T a2 +ab+b? ’
we know a_2(Gypm) = 1c(Gypym) # 0 and deg Gup,n(T) = —b? = —min(a, b)? =
—Na,bm-

4.2.2 max(a,b) =0b
Observing a_2(G, p,,,) by (with Remark 3 kept in mind)

o Y
b(0+0) <b 0 0>& -1c(Bo,1,0,0)

0 0 b—0-0
040\ /c—0—0)\ (—1)t!
—— . 1c(C -1
+C< 0 )( 0 )c—O—O c(Co,1,0,0)
_ b? b+ a)(a — 2b) - —2bla+b) —2bc 20
T a2+ ab+ b2 a? + ab + b? T R24ab+ b2 a2+ab+b? ’
we conclude deg G, ,,,(T) = —a? = —min(a, b)? = —Ngpm-

4.3 Case3:a > 2evenand b > 1 odd
While explicitly describing G, j,,,(T) by putting X = R, ,,(T) and Y = R_,_;,,(T) at
F (X, Y) = —Pu(-Y, —X) — Pp(—Y, —X) — P.(—X, —Y), we only have to take extra care

of —P.(—X, —Y), with others same as in Case 2. From Lemma 1,

1 1 1
et T e

k+1\(a—k—2]\(=1)a k-3
-1 _ A
ra 2 )(k)< k+1 )a—k—zl ) Bkl

Ga,b,m(T) =

k>0 0<i<k
0<2k+3l<a 0<j<a—2k-3l
(1,)#(0,0)
=A3(T)
k41\ (b—k—20\ (—1)b~*3!
b —1)k —_ B;;
o) )< k )( k+1 )b—k—zl Z bkl
k1>0 O<i<k
0<2k+3I<b 0<j<b—2k-3l
(6,)#(0,0)
=B3(T)
k+1\ (c—k—20\ (—=1)ck=3
+c —1) T —— Ciiki-
2. ! )( k )( k+1 )c—k—Zl Z bkl
kI1>0 0<i<k
0<2k+3i=<c 0<j<c—2k-3l
(6,)#(0,0)

=C3(T)
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Lemma4 Fora > 2even, b > 1odd, m = m,y, and c = a + b, we have

1 1

Ga,b,m(T) = W + W

_ % + A3(T) + B3(T) + C3(T).

4.3.1 max(a,b) =a

o_p2(Gp,m) can be described as

) (0 + o> (a —0- 0> DT oro0)

0 0 41-0-0
0+0\/c—0-0 (=1)°
— - 1c(C 1
+C< 0 )( 0 )C_O_O C( 0,1,0,0)+
_ ab + b2 — 42 1= 2b(a + b) _ 2b¢ 20
T R2tab+ b 2vab+ 2 a2 tab+ b 2+ab+ b2

So, we know a_j2(Gypm) = 1c(Gypm) # 0 and deg G, (T) = —b%* = —min(a, b)? =
_Na,b,m~

4.3.2 max(a,b) =b

Since a_2(Gp,m) 18

. _1\b
b<04—0><b 0 0)_1_31__ 1c(Bo,1,0,0)

0 0 b—0—-0
0+0\/c—0—0) (=1
— . 1e(C -1
+C< 0 )( 0 )c—()—O c(Co,1,0,0)
L b? (b—|—a)(a—2b)+1_ 2ba+b) 2bc 20
T a2+ ab+ b2 a® + ab + b? T R24ab+b T a2 +ab+ b ’
we conclude deg G, ,,,(T) = —a® = — min(a, b)> = —N,,,,. Hence, the proof of Con-

jecture 2 is complete.
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