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<%3#.#+#.

Consider the following mapping:

F:(A,B)!" F(A" B)# CPTP(A" B)

FYW%1#*,-"(%,
The map F corresponds to a resource theory if
1. ida ! F(A" A)
2. 1fN! F(A" B)andM ! F(B" C)then M #N ! F(A" C).

The set of free states:F(A)! F(1" A)

1 i1s the trivial Hilbert space

S1'(1$'#'&W"1".L*KK>*IN*B89:;D
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3. The free operations arecompletely free.
N!'FA" B) # dgr$N! F(RA" RB)



0&-%9/1.%"%1#()+%:+);*,1%(1+*,1*

3. The free operations arecompletely free.
N!'FA" B) # dgr$N! F(RA" RB)

4. Tracing out a system is free, .e.F(A" 1) % &

- fN! F(A" B)and N'! F(A'" B!) then
N#N'=(@Gdg# Naw g:)$(Naw g #ida) ! F(AA'" BBY)

- If I and" are free then! ! " iIs free

- The replacement mapR, (! o) :=Tr[ I aA]" g IS free



1"1.'2"1/,"553% 7 )#A #I'H1%T)H:1 1N #(

5. ThesetF(A! B) is closed and convex.



1"1.'2"1/,"553% 7 )#A #I'H1%T)H:1 1N #(

5. ThesetF(A! B) is closed and convex.

6. The setF(A! B) is covariant under permutations. If ! is a
permutation of n elements andN " F(A;aaA,! Bi;aaB,), then

PL  #Na,aaa.1 5.aa, #PA" F(A144A,! Bi4aahl,)

15,#*M0".#0&*1%,501(%*#$%51'%,* #0L'%L*" . *)'#%1"#01%*,"#
#3%*(5.L'#'5.,*"W5C%"
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De(!) = !r!nér(lA)D(!!"): D(11")

Set of Free
States

D(!"):=Tr[ !'log!]" Tr[! log"] =

[5T"1'#$&'(*1I5WO0,#.%,,U
LRE(1) = min  Diax(1!") Dmax (!!") =logmin{t : t" " 1}

\15-%1#'%,U
< 15.5#5.'(*0.L%1*1%,501(%* H.%.%1"# . T*BI@KD*5-%1"#'5.,

E! RNG(A" B) # Dr(Eai 5('a) $ De('a) %' ! D(A)

< +,7&-#5#(")7*(5.4#'.050,

De(ta)t De(Ca) " T(# T "#)loglAl - lim 1(#) =0
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De(!) = !r!nér(lA)D(!!"): D(11")

Set of Free
States

D(!"):=Tr[ !'log!]" Tr[! log"] =

\15-%1#'%,U
< MH 4%, *+,7&-#5#' (*SMO'-"1##'5.5\15-%1#7

LR (p) == min LR(p')
lp"—plli<e
1
o0 I & = XN
D3 (p) = lim —~Dg(p™")

— 1
= lim lim —LR%(p®")

e—0n—oo N

1
= lim lim —LR§(p*")

e=>0n 500 M
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1) "= ' 11" = L
Dr(1):= min D('1")=D(!")
Set of Free
States

DUI!"):=Tr[!log!']" Tr[! log"] |

g F |
& /
\15-9%1#9%,U

V-%1"#'5.")*" . #%1-1%#"#'5.,U
MALL%1%1%C%1,"W)%*Y 1%%*V-%1"#'5.,*51*A.L%1* | @}

#o(1
e e gy Mo 2P )
AT DE ()

8MV-#'&")*%Z-5.%.#") L% ("T*1"#%*' *"*T%.%1") X"#'5.*5
#$%*MO" #0&*?#%'" ., *)%&&"



=1%5"(1%>%+'5"1/4'%'#1+):/'(%)6%"%;$#"2/,"5%+'()*

6=:..9%",<#>%-/%.$%
D(N!M):=maxD Nai (! ra)"Mar (! ra)

|%L'#XPFE"0 1M ##5* Q") LWPF*B89: DM ***¥85 .06 7>*15,5.7'>*Q")L%>*/\*B89:=D’

<:+:,)-'$%**#./,?. Yo @A:"#+,8
D I[N]J![M]! D N'"M  KK>*3SS5*636*B89:;D

20-%1($"..%) ©

>
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\15(%,,".T + N \15(%,,".T |
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| — : | ?%C%1")*
<963+ BOF(N ) v iF(A" B) P(NIM) I%Z%;%).('

Let © be a free super channe

+*Y 196965 %1($"..%)

. >
+ Y1%%* % Y 1%%*\S, N
: \15(%,,. T+ N \15(%,,".T

C.'+ #$#+:8 Dz(ON])= min  D(O[N]|E)

EeF(A'—B’)

< min  DOIN]OLM)

< min DN|M)
MeF(A—B)

= D3(N)

N
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<o3t#+#. . BDE(N) = min  D(N!M)
M!F(A" B)
<%3#.#+#'.,DEF(N):= min sup D Nag('ra) Ma-g('ra)

MTF(A" B)11 F(RA)

15.5#5.'(‘#7+0.L%1*(5&-)%#%) 7| @K*,0-%1($"..%),
+%(5&-)%#%) 7*| @FO-%1($"..%)

| > l
* /5&-)%#%) /5&-)%#%)] N’

I e PV e R

EF ' [N] ! EF(N)
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<3+ BDF(N):= min D(NIM)
M | E(A" B)

<03#.#+#'.DEE(N) = MIT(IQ B)"il(JFE)A)D ‘Narg('ra) Ma- g('Ra)

Y15&*#$%*&'.&"Z* . %MO")'#7U

b > ‘ D
s(N) > pezl(lgA)MEIgl’&ﬂ_}B) (Nass(pra)||Masp(pra))

4%EE:8

Let d(p||o) be non-negative, monotonic under CPTP maps, convex in the second
argument, and satisfies

(prpxéélx SUIHZP:E%@\:U :cI) pr pallow)

Then,

i d (N M = i d (N M
pESgl(lgA)Megr&n%m (Masss(pra)||[Masp(pra)) Meg&nﬁB)pesgggA) (Nasss(pra)||[Masp(pra))
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<o3t#+#. . BDE(N) = min  D(N!M)
M!F(A" B)
<%3#.#+#'.,DEF(N):= min sup D Nag('ra) Ma-g('ra)

M LF(A" B) 11 F(RA)

[+ 4B *%F,-%"+#>%,%.+-'GH#%*

<%3#.#+#' . HRz(N) := sup (Dg (Nap(pra)) — Dg (PRA))
pED(RA)

<%3#.#+#'. I Rz(WN):= sup Dz (Nap(pra))

pES(RA)
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6$%*"&51#' X%L*($"..%)*L'C%1T%.(%U

DA(NIM):= | "?l[J)F()RA)D ‘Na» 8('ra) Mar g("ra) " D('ra!"Ra)

I"1'5*NO1#">*/$1" #5851 (3965 %% 01>*" 1 P*IMQ') L% Z' Q"9 A9:=; A

<%3##+# .. JDE(N):= min DA(NIM)
M!F(A" B)

<%3#.#+#. K

EA(N):= min sup D (N ! M D(! "
£ (N) SR F(%A) (Na (' Ra)|[M a B(" Ra)) — D(! Rall" RA)

4%EE:8

If V(X)=Tr X]wg is a replacement channel then

D3(N) = Ez(N)= Rz(N)= Rz(N)= D5 (N) = E5'(N) = Dg(ws)
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Dz and Ez are asymptotically continuous.

:Dy(Na—p) — Dg(Masp)| < fOIIV — M) log |AB)

im f(e) =0

e—0t

IN = M|lo := max |[Nas,5(¥ra) — Massp(¥rA)||,

YRrA
L%;,'(*%->:+#'.8
log, [N — Mlls =1 = LRcprp(N — M)

! W ¥
= min Dpax N —M &
£cCPTP(A—B)
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7E"+=#./

LR-(N) := L min LRE(N)

1%/A":-#M:+#'.

LR!F (N):= lim liminf %LR!F(N#”)

D- (N):= lim inf %DF(N #n)

4%EE:

DE (N)! LRg (N)
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7E"+=#./

LR-(N) := L min LRE(N)

4#(%-", [E"+=#.]

LR (N ‘= max min LR x(N
8:( A B) ! RA "N/(" RA )#N(" RA )"1$! 8’( )

5(+06->+#.8  LRE(N) < LR ¢ ()

4%EE:

—~——

D (N) < LRP(N) < LRy (N)
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1%/A":-#M:+#'.

Dé”)(N) B MES{EXI“DAB”)Il?J?j{D N5 (W) [ Man—pn (V32))

DY (W) = lim D(”)(N) B)'&'#*%Z' #,bD

n—o0o N

2=%'"-%E,N!O)P

DYF(N) = LRYI(N)
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Nar B
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A’n

B'I’L

2,G%,B)-"--

Pn

The observer guess that the channel belongs to F(A" !
while the channel is N 2" ;. This occurs with probability

(L Py

1 (M(N,Py,"ra):=Tr N

I n
A" B

B")
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N!n
A 3 B
" M ! F(A"" B") / >§
RA
" P
R 5 n

2,G%,00D-"--

The observer guess that the channel iN ,." ; while the channe
Is someM ! F(A" " B"). This occurs with probability

| (Sn)(Pn’" RA ) i= MeslgﬁiB o Ir [/\/l ( gﬂ ) Pn}
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I n
A" X B"
J —
! M | F(A"" B")
¢ A
n p
R 5 N

B (W ora) = min { 84" (P, ora) = 0N, Poyora) S€ 5 0 Po < Ipngn |

2=%"-%E

D log 8" (W,
EéOO)(N) — 1mMax lim — gﬁ&e ( SORA)
G$%1% peF(RA )N —o00 n
0170

~ (oo D N@n M n
Eé JN):= max lm min ( (Pri) [ M(eRA)
peF(RA) n—0o0 MeF(A"—B™) n
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