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Ergodic, Mixing, and Asymptotic
Decoupling conditions for TP-CP I

-Ergodic 1 ¢
Zrk(p) — dp,

dimKer(I'-z7)=1
z . Identity map

» Mixing I(p)—3p,

- Asymptotic decoupling
IT"(p)-Tr,I"(p)® Tr,I"(p)| — 0




Equivalence relations

- I' is mxing.

 T'®*is ergodic.

» dimKer(I'® —1) =1

- T®? is asymptotic decoupling.

« " ®1 is asymptotic decoupling.



Irreducible
(equivalence relations)
- I' is ergodic and p, >0
*TI'(p)<ap= p>0.

- exp(tI'(p)) > 0.
e (14 T)4MO L (5) > 0,

Classical case (w :transition matrix)
For any x, x', there exists n such that

W"(x|x")>0



Primitive
(equivalence relations)
- I' is mixing and irreducible.
 I' is mixing and P, >0
. T® is ergodic and Po > 0

T (p)<ap= p>0.
. eXp(tC"® (p)) > 0.
. (l+1-1®2)(d|m}[) -1(p) S 0.



Ergodic, Mixing, and Asymptotic

Decoupling conditions for general CPF

-Ergodic %Zl"k(p)/ r(T)* > (TrAP) P,
k=0

r(I') : spectral radius
dimKer(I'=-r(I')z) =1

Mixing T (o) / r(I')" — (TrA,p) o,
- Asymptotic decoupling

I"(p)-Tr"(p)®Tr,I"(p)|, 0




Irreducible (general case)
(equivalence relations)

- I' is ergodic and p, >0, A, > 0.

*TI'(p)<ap= p>0.

- exp(tI'(p)) > 0.
e (14 T)4MO L (5) > 0,



Primitive (general case)
(equivalence relations)
- I' is mixing and irreducible.
I is mixing and P, >0, A, > 0.
. T®? is ergodic and P, >0, A, >0

T (p)<ap= p>0.
. exp(tC"® (p)) > 0.
. (l+1-1®2)(d|m}[) —1(p) > O



Zl“i irreducible

Zl“i -primitive

Theorem

-.ergodic

>0

_:mixing

>0

i ‘Irreducible

>0

_.primitive

>0
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Markovian process and
Hidden Markovian process

Visible data (Hidden Markovian process)
Y, Y, Y, - Y
R — T
X, — X=X e — X — -

Invisible data (Markovian process)

n

Pxi+1vi|xi Transition matrix
(Hidden Markovian process)

Pxi+1|xi Transition matrix
(Markovian process)
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Quantum Markovian process

' I' I I I
Pr— PPy T Py T

I':TP-cP map
P =T(p)
This model has the following problems.

(1) There is no measurement. We obtain no
Information from the system.

(2) Once the state Pi.1 is generated, the
previous state O; has been lost.
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Quantum Sequential Measurement
=Quantum Hidden Markovian process

Yl Y2 Yn

| | |

P—C —p,—C — P —’Pn—’C T

C ={C_}; CP-map valued measure(Instrument)

If sequential measurements have been done,
we obtain quantum hidden Markovian process.
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(Finite-length) analysis for classical

Markovian process
Various analyses were done with cumulant
generating function.

X=X+ + X,
$,(6) =log E[e”* ]

W (0),x =e""Py_x (X]X")

A(6) : Perron Frobenius eigenvalue of W (6)

$(6) = log A(6) )
ng(6)+5(6) < 4,(6) < ng(6) + 5 (6)

Watanabe-MH AAP2017



(Finite-length) analysis for classical
Markovian process
Ng(6)+5(6) < ,(0) < ng(6)+5(6)

Watanabe-MH AAP2017

Markov version of central limit theorem
Finite-length analysis for tail probability
Large deviation analysis

Moderate deviation analysis



Central Iimit theorem
_n¢ (O) R @ —X /2

8" (O0)n el 2z

Large deviation

_£|og Pr{Xn > HR} — SUpP @R — ¢(O)

N 6>0

Pr+

Moderate deviation

1 n ' 1-t 52
IogPr{X >ng'(0)+n 5} >

1-2t
Nn

2¢"(0)
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(Finite-length) analysis for quantum
hidden Markovian process

A(0) : Spectrum radius of W,

We employ Perron Frobenius theorem with
generalized cone.



(Finite-length) analysis for quantum
hidden Markovian process

ng(0)+8(6) < 4,(6) < ng(6)+35(6)

Markov version of central limit theorem
Finite-length analysis for tail probability
Large deviation analysis

Moderate deviation analysis



Central Iimit theorem

< _n¢ (O) R e—x2/2
Pr \/¢ o | iy oy dx

Large deviation

—ilog Pr{Y N nR} — SUP AR - ¢(6)

N 6>0

Moderate deviation

1 n ' 1-t 52
IogPr{Y >ng'(0)+n 5} >

1-2t
N

2¢"(0)
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Conclusion

* We have discussed properties (ergodicity,
mixing, irreducible, primitive, and asymptotic
decoupling) for a dynamical map on
guantum system.

* We have derived several equivalence
relations.



Conclusion

* We have overseen the analogy between
classical Markovian process and quantum
hidden Markovian process.

» Using this analogy, we have derived the
following for guantum hidden Markovian
Process.

— Markov version of central limit theorem
— Finite-length analysis for tail probability
— Large deviation analysis

— Moderate deviation analysis



Important information

 All the obtained results can be extended to
general probabllistic theory.
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Quantum Sequential Measurement
=Quantum Hidden Markovian process

Xl XZ Xn

| | |

O-l_’C —>0'2—> C —»O'3—> -——— —>O-n—> C —_— -

C ={C_}; CP-map valued measure(Instrument)

If sequential measurements have been done,
we obtain quantum hidden Markovian process.



