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© Introduction

(bosonic) symmetric states

e separability, PPT property

o Dicke states, states diagonal in Dicke states
o Known results

© D-symmestry

D-symmetric states

o restricted Dicke states and states diagonal in restricted Dicke states
o separable D-symmetric states

e entanglement witnesses for D-symmetric systems

© Moment problem

Q Results

o PPT property vs moment problem
e Separability vs moment problem

O Generalized CCR relation of Bozejko-Speicher type
[A. Rutkowski, M. Banacki, M. M., Phys. Rev A 99 (2019)]
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Symmetric states for N qu its

o Let H = C? and let us fix a basis |0),[1),...,|d — 1).
o Symmetrizer Ps € B (H®V)

Psli) = Z o (i)

.O'GSN
i) := |i1,99,...,iN), i1,%2,...,0in € {0,1,...,d—1}.

‘O'(i)> = ‘ia—l(l), i0—1(2), cee 7ia*1(N)>

@ Permutationally symmetric state p
op = po, o €Sy
e (Bosonic) symmetric state p

Psp = pPs
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Problem of separability of symmetric states

In the past decade, the problem of separability of permutationally
symmetric states has been intensively analyzed

[O. Guhne and G. Toth, Phys. Rep. 474, 1 (2009)]

|G. Toth and O. Guhne, Phys. Rev. Lett. 102, 170503 (2009)]
|G. Toth and O. Guhne, Appl. Phys. B 98, 617 (2010)]

|[E. Wolfe and S. F. Yelin, Phys. Rev. Lett. 112, 140402 (2014)]
[N. Yu, Phys. Rev. A 94, 060101(R) (2016)]
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Dicke states for qu its

o Fixd=2.

@ Basis of Dicke (unnormalized) states:

N
D) ::< >P5|O,...,O,1,...,1>, k=0,1,....,N
k S—— ——

[Wolfe at al. (2014), Yu (2016)]

@ It has been observed by several authors that there is a strong
connection between separability and the PPT property for mixtures of
Dicke states.

[Toth at al. (2009), Wolfe at al. (2014)]
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Separability and PPT property

@ pe B(H))®...® B(Hn) a (nonnormalized) state i.e. positive
semidefinite, Trp = 1 (but not necessarily)

e (Full) sperability
P= Aaph®...0pY
(0%

ph € B(H;), Ao >0

e (mq,...,my)-PPT property

(I ®...@TyN)p is a state,

o T} the transposition on B(H;),

° (mlv"'amN) € {071}N

o TP =id; and T} =Ty}, i.e. all 1's in the system (my, ..., my) mark
subsytems which are transposed.
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Separability and PPT property

o Clearly, if a state p is separable then it has a (my,...,my)-PPT
property for every binary system (mj,...,my,).

@ In general, the converse implication is not true unless N = 2 and the
pair (Hy, Hs) is one of the following: (C2 C?), (C?,C3), (C3,C?).

@ In spite of this general statement, there are classes of states such that
the PPT property implies separability within them

M. Marciniak (University of Gdansk) Symmetric states MAQIT, 2019 7/ 34



States diagonal in Dicke basis (for qu its)

@ Dicke diagonal states

N
Por) = Zpk’DN;k><DN;k’a pe >0
k=0
e For fixed m :=my + ...+ mp all (my,...,my)-PPT conditions are

equivalent for symmetric states. Thus, it is enough to consider only
PPT conditions with first m subsystems transposed, where
m < | N/2|, denoted by m-PPT.

Theorem (Yu (2016))

Let (pr)o<k<n be a sequence of non-negative numbers. Then the following
conditiions are equivalent:

© The state P(py) IS separable
@ The state p(,,) has | N/2|-PPT property.
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Qu it case - stright generalization

@ Dicke states for qudits, d > 2 arbitrary

N

) )PS <‘0>®k0 ®R...0 ’d _ 1>®kd—1>
sy hvd—1

|DN.diko ky . ka—1) = (k
0, -

k; >0, ko+ki+...4+ kg1 =N

[T.-C. Wei at al., Quantum Inf. Comput. 4, 252 (2004)]
[N. Ananth and M. Senthilvelan, Int. J. Theor. Phys. 55, 1854 (2016)]

[J. Tura at al., Quantum 2, 45 (2018)]
@ Dicke diagonal states for qudits

p= Zpk07---7kd—1 |DN7d§k07---7kd—l><DN7d§kOa---7kd—1

In general, PPT does not imply separability.
[Tura at al. (2018)]
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D-symmetry of states

@ D-binomial coefficients

i:(il,...,iN), 0<1,...,0, < d—1, ‘I‘ZZl—l-—i-ZN

(Z)d::#{i:\i\zk}, 0<k<N(d-1), (2’)2:(1;7)

Generalized property of binomial coefficients

min{k,d—1}

(). % G5,

J=0
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D-symmetry of states

o D-symmetrizer

Poli) = (|N|) S )

d jljl=lil

Pp is a projection.

PpPs = PsPs = Pp,

Pp (((Cd)®N) C Ps (((Cd)®N), i.e. D-symmetric vectors are
permutationally symmetric.

@ D-symmetric states
pPp = Ppp

Restricted Dicke states

|Rvan) = [B) = Y liyiz,...in)
i1+tio+...+in=k
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Restricted Dicke states

|Ry) = > Jida . in)

i1+ig+...+in=Fk

Assume that a system is composed of N bosons with d levels of excitation
each. We make an assumption that subsequent levels differ by a fixed
value. Then |Rpy 4) can be interpreted as such a state of the system that
the total number of excitations in all bosons is equal to k. It can be used
to model systems of bosons concentrated in a small area which behave as
single particle and only total energy can be recognized. Such models were

used to explain the notion of superradiance in quantum optics.
[R. H. Dicke, Phys. Rev. 93, 99 (1954)]

[M. Gross and S. Haroche, Phys. Rep. 93, 301 (1982)]
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Restricted Dicke diagonal states

Restricted Dicke diagonal states

N(d—1)

P = D PelBNar)(Bnvakl  po,p1,.. . PN-1) = 0.
k=0

Problem

What is the relationship between PPT property and separability for
resrticted Dicke diagonal states?
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Separable S-symmetric states

P= dapn®...@pN,  pl=|E)E]
o

Proposition
Assume that p is symmetric, i.e. p = PspPs. If all coefficients )\, are
strictly positive then pi, = pl, foreverya =1,...,n andi,j=1,...,N.

Can assume |¢1) = |&}) fori,j =1,...,N.

MAQIT, 2019 14 / 34
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Separable D-symmetric states

p:Z)\aPa®---®Paa Pa = [€a)(&al

Assume that p is D-symmetric, i.e. p = PppPp. Then for each

a=1,...,n, either
|€a) = |d = 1)

or there is a number z € C such that
d—1
|§o¢> = Cz Z ZZ|7;>7
i=0

where C,, is a normalization.
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Entanglement witnesses for D-symmetric systems

Definition

A Hermitian operator W € B((C%)®N) is an entaglement witness for the
D-symmetric system if

QW="~PWhP
@ Tr(Wo) > 0 for all pure separable D-symmetric states

Proposition

A D-symmetric state p is separable if and only if Te(Wp) > 0 for every
entanglement witness W for the D-symmetric system.

A simple consequence of the hyperplane separation theorem.
[Yu (2016)]
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Entanglement witnesses for D-symmetric systems

fo=(§) Sw=(Y) m. =

d |i|=k

Let nq = WJ and no = LWJ Let two systems (Sk)o<k<n,

and (t)o<k<n, of complex numbers be given. Define

ni
Visy= > 551 Rit1) (Repl
k=0

no
U = Z tet| Rii41) (Rigi41]-
k,1=0

Then Vi,) and Uy are entanglement witnesses for D-symmetric systems.

v
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Moment problem — definition

Definition

Let (pi)i_, be a finite sequence of real numbers. We say that the
sequence (py) is a solution of the generalized moment problem on the
interval [0, 00) if there exists a positive measure o with support contained
in [0,00) such that

/tkda(t), k=0,1,...,n—1,
=370
/ t"do(t) + M, k=n,
0

where M > 0. Alternatively, we say that it is a solution of the strict
moment problem on the interval [0,00) if it is a solution of the generalized
moment problem with M = 0.

[M. G. Krein and A. A. Nudelman, The Markov Moment Problem and Extremal
Problems (AMS, Providence, RI, 1977), Russian ed. in 1973|

M. Marciniak (University of Gdansk) Symmetric states MAQIT, 2019 18 / 34



Moment problem — Hankel matrices

Hankel matrices

et el

Po Y41 D2 s DPnyg
D1 D2 D3 ot Pngl
Png  Pno+1 Pno+2 - P2ng
p1 D2 ps3 Pni+1
D2 b3 y2 Pni+2
(pk+l+1)Z}l:0 = p3 P4 s Pni+3
Pni+1 Pni+2 Pni+3 0 DP2ni+1
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Moment problem — characterization

A sequence (pi)_, Is a solution of the generalized moment problem if and
only if b.oth Hankel matrices (py+.1);5_, and (pk+l+1).z,1l:0 are positive
semidefinite. If both matrices are strictly positive definite then the
sequence is a solution of the strict moment problem.

[M. G. Krein and A. A. Nudelman, The Markov Moment Problem and Extremal
Problems (AMS, Providence, RI, 1977)]
Example: n =9, ng =4, n1 =4

Po P1 P2 P3 P4 P1 P2 P3 P4 D5
b1 P2 P3 P4 D5 P2 P3 P4 DP5 D6
P2 P3 P4 DP5 D6 p3 P4 P5 DPe Pt
P3 P4 Ps Pe Pt P4 P5 Pe P7 P8
bPa P5 P66 P17 D8 Ps Pe Pr P8 P9
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Restricted Dicke diagonal states with PPT

Theorem
Let m < N/2. The state p(,,) is m-PPT if and only if

. d—1 d—1)—1
(a) matrices (piy;)incy ") and (pivj1)i sy
when N = 2m,

are positive definite,

(b) matrices (pi+j+l)21j(ial), [=0,...,(N—2m)(d—1), are positive
definite, when 2m < N.

M. Marciniak (University of Gdansk)
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Restricted Dicke diagonal states with PPT

Let m < N/2. The state p(,,) is m-PPT if and only if
. m(d—1 m(d—1)—1
(a) matrices (pi+j)z‘,j(:0 ) and (pi+j+1)i,j(:0 )
when N = 2m,
(b) matrices (pi+j+l)21j(ial), [=0,...,(N—2m)(d—1), are positive
definite, when 2m < N.

are positive definite,

Example: d =3, N=3, m=1

6
Plpy) = ZPkleMRk!
k=0

bPo P1 P2 b1 P2 Dps3 b2 P3 P4
b1 P2 Ps3 b2 P3 D4 b3 P4 D5
b2 P3 P4 P3 P4 D5 bPs P5 Pe
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Restricted Dicke diagonal states with PPT

Theorem
Let m < N/2. The state p is m-PPT if and only if
(pr) y
(a) matrices (ij)sz((:ial) and (pi+j+1)zlj(ial)_1 are positive definite,
when N = 2m,

(b) matrices (pi+j+1); 7]( 0 Vi=o,. (N —2m)(d — 1), are positive
definite, when 2m < N.

Example: d =3, N =4, m = 2, p, Zk o Pk| Ri) (R |
Po P1 P2 P3 P4 P1 P2 P3 P4 P5
P1 P2 P3 P4 D5 P2 P3 P4 P5 Pé
b2 P3 P4 DP5 D6 p3 P4 P5 DPe Pt
pP3 P4 Ps Pe D7 P4 P5 Pe P7 P8
ba P5 P66 P7 D8 Ps Pe Pr P8 P9
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PPT vs moment problem

Corollary

Assume that N is even and let (pi)o<k<n(a—1) be a sequence of
nonnegative numbers. The following are equivalent:

Q 1py) is N/2-PPT,

@ The sequence (py) is a solution of generalized moment problem
Moreover, if d = 2 and N is odd, then the following are equivalent

Q pgy) is (N —1)/2-PPT,

@ The sequence (py) is a solution of generalized moment problem
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PPT vs moment problem

d=2, N =5, pp = Sn_o0r|Re)(Ry]

o 2-PPT:
bPo P1 P2 p1 P2 P3
b1 P2 D3 b2 P3 P4
P2 P3 P4 pP3s P4 Ps5

@ Moment problem: n =5, ng = 2, n; = 2. The above matrices are
precisely the two Hankel matrices from the theorem.

M. Marciniak (University of Gdansk)
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Separability vs moment problem

Proposition

If (Pk)i=0,1,....N(d—1) IS @ geometric sequence then p(,, ) separable.

Proof. Let p;, = t* for some t > 0.

Yo 211
TOPANG D 1

d—1

j6) =Y " #2w)j), a=0,1,...,N(d—1).
=0
Then
] N(d—1)
- AN (A |ON
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Separability vs moment problem

Let d > 2 and N be arbitrary. The state p(,, is fully separable if and only

the sequence (pk)iv:(gfl) is a solution of the generalized moment problem.

Proof of necessity. Since p(,,) is separable, Tr(p(,, )W) > 0 for every
entanglement witness for D-symmetric systems. In particular, for any

sequence (Sk)o<k<|N(d—1)/2]
[N (d-1)/2]
skSPk+1 = Tr(p(p,) Vis)) 2 0
k,1=0

what means that (pi47)o<k,i<n, is positive semidefinte. Similarly, for the
second Hankel matrix. Hence (pg) is a solution of moment problem.
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Separability vs moment problem

Let d > 2 and N be arbitrary. The state p

Pk)
the sequence (pk)]kvz(g_l) is a solution of the generalized moment problem.

is fully separable if and only

Proof of sufficiency. Since (pg) is a solution of the generalized moment
problem, there are a positive measure o supported on [0,00) and M >0
such that

Pk = /0 tkdO'(t) + 6k,N(d—1)M'

Then -
P(py) :/0 prydo(t) + M|Ry@-1)){(Bn(a-1)l-

|Bn(a—1)) (Bn@—1)| = [d = 1){d - 1|®¥, so it is separable. According to
Proposition from the previous slide, each P(t+) is also a separable state.

Consequently, p(,,) is separable too.
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Main result

Theorem (Rutkowski, Banacki, M.)

Assume that d > 2 is arbitrary and N is even. Let (py)o<r<n(d—1) be a
sequence of nonnegative numbers. The following conditions are equivalent:

(a) p(py) is fully separable.

(b) Py s N/2-PPT

(c) The sequence (py) is a solution of the generalized moment problem.
Moreover, if d = 2 and N is odd the following conditions are equivalent:
(a) p(py) is fully separable.

(b) p(py) is (N —1)/2-PPT

(c) The sequence (py) is a solution of the generalized moment problem.

v

Let us note that for d = 2, i.e. for qubits, the above equivalence was
proved in [Yu (2016)].
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The case d > 3 and N odd

On the contrary to the case d = 2, if N is odd then NZ_I—PPT property
does not imply separability of p,,) for d > 3.
Let N =3 and d = 3 and let

(pk:)nggG:(1,1/471/871/9;1/8,1/4’1)-
pis a 1-PPT state. Indeed, one can easily check that matrices
1 1/4 1/8 1/4 1/8 1/9 1/8 1/9 1/8
1/4 1/8 1/9 1/8 1/9 1/8 1/9 1/8 1/4
1/8 1/9 1/8 1/9 1/8 1/4 1/8 1/4 1

are positive semidefinite. On the other hand the determinant of the
Hankel matrix (ng = 3)

1 1/4 1/8 1/9
" I EEVZREVEREVEREVE
Ph+1)0<k,1<3 1/8 1/9 1/8 1/4
1/9 1/8 1/4 1

is negative, hence it is not positive semidefinite.
MAQIT, 2019
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g-CCR relations

@ Interpolating family of relations
a:H — B(H) antilinear, qe€[-1,1]

a(f)a(9)" — qa(g)ta(f) = (flg)T
[M. Bozejo, R. Speicher, Comm. Math. Phys. 137 (1991)]

@ g-statistics: ¢ = 1 bosonic, ¢ = —1 fermionic, ¢ = 0 Boltzman
statistics

@ Noncommutative probability: ¢ =1 — classical independence,
g =0 — freeness,
g-probability for general ¢ (CLT, Poisson limit theorem, g-Brownian
processes)
[M. Bozejo, B. Kummerer, R. Speicher, Comm. Math. Phys. 185 (1997)]
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¢ij-CCR relations

o Generalizations of g-relations: ¢;; € [-1,1],4,j=1,...,d
If1)s 1 f2)y -y | fa) orthonormal basis of H

aia;. — qija;ai = (5”}1

[M. Bozejo, B. Kummerer, R. Speicher, Comm. Math. Phys. 185 (1997)]
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¢-CCR — second quantization

@ g-relations are obtained by the second quantization procedure.
[O. Bratteli, D. Robinson, Operator Algebras and Quantum Statistical
Mechanics, vol. 2, Springer, 2003]

o g-deformed Fock space F,(H) = @r_, HEN

N
(fi®.. N1 ®...®gN)q = Z ¢ H<fi‘q¢7(i)>
0ESh i=1
e ¢-symmetrizer P, = PN_, Pq(N), Pq(N) cHON _y N

PMA@. . @fny =Y dNfon)y®...® o)
oESy

(€lmq = (€lPgmo
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D-CCR relations

Cy>0, Py=>Y CyPy’, Fp(Ch) =Py (]—"((Cd))
N=0

Second quantization: a;[ = P]Sob;-rPﬁo where b;li1, ..., in) = |i,41,...,iN)-

Theorem (RBM)

There are

e a sequence (Cy)nN>o of positive numbers

e numbers ¢;;(d) € [-1,1], 0<¢,5 <d—1

e an invertible operator .J : Fp(C%) — Fp(C?)
such that

aia;r- — q¢7j(d)a}ai = 5ijJ

Possible ways to proceed: D-statistics (7), D-probaility: CLT, D-Gaussian

(7
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Conclusions

@ We introduced the notion of D-symmetry for multipartite states which
is stronger then bosonic symmetry.

@ We considered D-symmetric analogs of Dicke states: restricted Dicke
states.

@ We proved that for even number N of systems N/2-PPT property is
equivalent to separability. It was done using classical results on
moment problem.

@ We constructed concrete model satisfying ¢;;-CCR relations of
Bozejko-Speicher type.
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THANK YOU!
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