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0. What is information? How to quantify it?
1. How much can information be compressed?

2. How much information can be reliably transmitted over a noisy
medium (channel)?

® Answering 0. via 1. and 2.
Operationally motivated information measures.

Information measures quantify the ultimate achievable performance of
protocols in information theoretic tasks.
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e (lassical-quantum (cq) channel: W : X — S(H)
X: input alphabet, S(H) := {density operators on #}

e input distribution: P : X — [0,1] € P¢(X): finitely supported
average state: W(P) := Z P(z)W(x)
x

e product channel: Wy : Xy — B(Hk)+, k=1,...,n

MW @...Wy)(z) =Wi(x1) ® ... Wy(zn), xEX X...XX,

product distribution: P, € Py(Xy), k=1,...,n.
(Pl ®...Q Pn)(g) = Pl(.’ljl) et Pn(xn)
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channel W7

® encoding: &, : [M,] — A"
decoding: D, : [M,] = B(H®") POVM state discrimination

average success probability:

Py(En,Dp) = — Z Te W (&, (m)) Dy (m)

e HSW theorem:

lim max{Ps(E,, Dy) : M, > 2" =

n—-+o0o

{1, R < x(W),

X(W):= sup x(W,P) Holevo capacity
PePy(X)

4/31



Holevo quantity

H(p) := —Trplogo von Neumann entropy

X(W,P) = HW(P)) =Y P(z)H(W())

5/31



Holevo quantity

D(p|lo) := Tr o(log 0 — log o) relative entropy

W(P) =Y, P(x)|z) (x| @ W(z)

joint input-output state

5/31



Holevo quantity

D(p|lo) := Tr o(log 0 — log o) relative entropy

W(P) =Y, P(x)|z) (x| @ W(z)

joint input-output state

5/31



Holevo quantity

X(W,P) = HW(P)) =Y P(z)H(W())

= D (W(P)HP ® W(P)) mutual information
= Y P&)D(W(2)|W(P))

xT

D(pl||o) := Tr o(log o — log o) relative entropy

/W(P) = Px)|z)(z| ® W(x) joint input-output state

5/31



Holevo quantity

x(W, P)

= HW(P)) - P(z)H(W())

= D (W(P)HP ® W(P)) mutual information
= > P(z)D(W(x)|W(P))  P-weighted D-radius

xT

D(pl||o) := Tr o(log o — log o) relative entropy

/W(P) = Px)|z)(z| ® W(x) joint input-output state

5/31



Holevo quantity
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Holevo quantity

XOVP) = HOVP) = 3 PH OV
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Mutual information and P-weighted radius

IA(W,P) = inf A( (P )HP@J) A-mutual information
cES(H)

xa(W,P) = ig(fH) P(x) A(W(z)|lo) P-weighted A-radius
S

A B(H)y x B(H)4 = RU{£o0} divergence
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Mutual information and P-weighted radius

IA(W,P) = inf A( (P )||P®0) A-mutual information
c€S(H)

xa(W,P) := ig(fm P(z) A(W(x)|o) P-weighted A-radius
oc

A:=D,, Rényi(a,z)-divergence

Which of these quantities are relevant (if any)?
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ol” Petz-type
1
20

log-Euclidean

e All of them coincide when po = op.
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Qa(ollo) :== Qaa(ollo) = Tro®
Qilello) = Qualello) = Tr (g50"="¢5)"  sandwiched

Q% (0]l0) = Qu,too(ell0) := lim Qa:(ello) = Ty loser(ime)logo

o

ol” Petz-type
1
20

log-Euclidean
® Rényi («, z)-divergence: [Audenaert, Datta 2013]  [Lin, Tomamichel 2015]

1 Qa.z(0llo) 1
D = log D
elollr) i= = log =28 s —D(go)
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A hom%geneousUG.S £ ZP (x] @ W (2)]|||z){z| ® o)
A stable Ueifsl(fm x P(z) A (W(z)||o)
=  xa(W,P)

Examples: @ayz, relative entropy D

but not D, . with a # 1
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Rényi mutual information

Io.(W,P)

{

< a<l
Z a>1

|

Ip,.(W,P)
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f l P az
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Rényi mutual information

IO(,Z(W7 P) = IDa,z (W7 P)

= inf D, (W (P)||P
Lout, =(W(P)|P®o)

log Y P(2)Qa,:(W(2)|o)

inf
ceS(H) a — 1

{sa<l} inf S P(a)—— log Qu.. (W (2) o)

oeS(H) < a—1

< «
{ - et } XD, .(W,P) = Xa,z(W, P)
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Rényi mutual information

Io,-(W, P)

Ip,.(W,P)
f DazAP P
aéélu (W(P)||P ® o)
inf logZP )Qa (W (2)]|0)

ceS(H) &
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ceS(H) &

1
= ] log s(a) inf

c€S(H) .
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16 /31



Rényi mutual information

Io..(W, P) = Ip,.(W,P)
= b Dan(W(P)|P@o)
— Uelg(fﬂ 1ogZP )Qa,-(W(x)|l0)
= loes(a) inf ' P(@)Qa(W(@)lo)

= o1 lesl@xg, wp)

16 /31



Strong converse exponent

lim,, P,

R = limy, 1 log M,

17/31



Strong converse exponent

lim,, P,

xX(W) R = lim, L log M,
strong converse property

17/31



Strong converse exponent

lim,, —% log P, ,

R = limy, 1 log M,

lim,, —1 log(1 — Pe,)

17/31



Strong converse exponent

lim,, — % log Pe.,

R = limy, 1 log M,

\ 17/31



Strong converse exponent

lim,, — % log Pe.,

direct exponent

R = limy, 1 log M,

\ 17/31



Strong converse exponent

lim,, — % log Pe.,

direct exponent

unknown
even classically

d(R) ="

R = lim,, L log M,

lim,, —1 log(1 — Pe,)

17/31



Strong converse exponent

lim,, — % log Pe.,

direct exponent

unknown
even classically

R = lim,, L log M,

strong converse exponent

\ 17/31



Strong converse exponent

lim,, — % log Pe.,

direct exponent

|

|

|

|

|

|

|

|
unknown |
even classically }
|

|

|

|

|

|

|

Il

|

R = lim,, L log M,

strong converse exponent

. 1 I
hmn ~n log(l - Pe,n‘) Dueck Kdrner, 1979; Mosonyi, Ogawa, 2011117/31




Strong converse exponent

lim,, — % log Pe.,

direct exponent

unknown
even classically

d(R) ="

!
!
|
|
|
|
|
|
|
|
!
!
!
|
|
|
|
|
1
|

w .
X(: ) R = lim, % log M,
ot
sup (B —xa(W)] = sc(R)
a>1 O
. ) 1 strong converse exponent
hmn “n log(l - Pe,n‘) Dueck Korner, 1979; Mosonyi, Ogawa, 2014

\ 17 /31



Strong converse exponent

lim,, — % log Pe.,

direct exponent

|

|

|

|

|

|

|

|
unknown |
even classically }
|

|

|

|

|

|

|

Il

|

R = lim,, L log M,

sup
a>1
L strong converse exponent
1 |
hmn “n log(l - Pe,n) Dueck Korner, 1979; Mosonyi, Ogawa, 2014

\ 17 /31



Strong converse exponent

. 1
lim,, —2 log Pe.n Xa(W)= sup x5 (W,P)

PePs(X)

sup inf P(z)DL(W(z)|lo)

direct exponent PeP;(x) 7ES(H) £

|

|

|

|

|

|

|

|
unknown |
even classically }
|

|

|

|

|

|

|

Il

|

R =lim, % log M,

a—
sup
a>1
L strong converse exponent
1 |
hmn “n log(l - Pe,n) Dueck Korner, 1979; Mosonyi, Ogawa, 2014

\ 17 /31



Strong converse exponent

. 1
lim,, —2 log Pe.n Xa(W)= sup x5 (W,P)

PePs(X)

inf sup P(z)DL(W(z)|lo)

direct exponent T es(h) Pep; (x) S

|

|

|

|

|

|

|

|
unknown |
even classically }
|

|

|

|

|

|

|

Il

|

R =lim, % log M,

a—
sup
a>1
L strong converse exponent
1 |
hmn “n log(l - Pe,n) Dueck Korner, 1979; Mosonyi, Ogawa, 2014

\ 17 /31



Strong converse exponent

. 1
lim,, —2 log Pe.n Xa(W)= sup x5 (W,P)

PePs(X)

= inf sup P(x)D;,(W(z)||o
Juk, sSSPV

= inf sup Di(W(x)||lo Rényi radius
Jdnt sup DLW()e)  Reny

direct exponent

|

|

|

|

|

|

|

|
unknown |
even classically }
|

|

|

|

|

|

|

Il

|

R =lim, % log M,

a—
sup
a>1
L strong converse exponent
1 |
hmn “n log(l - Pe,n) Dueck Korner, 1979; Mosonyi, Ogawa, 2014

\ 17 /31



Strong converse exponent

. 1
lim,, —2 log Pe.n Xa(W)= sup x5 (W,P)

PePs(X)

= inf sup P(x)D;,(W(z)||o
Juk, sSSPV

= inf sup Di(W(x)||lo Rényi radius
Jdnt sup DLW()e)  Reny

= sup IX(W,P)
PEPf(X)

direct exponent

|

|

|

|

|

|

|

|
unknown |
even classically }
|

|

|

|

|

|

|

Il

|

R =lim, % log M,

a—
sup
a>1
L strong converse exponent
1 |
hmn “n log(l - Pe,n) Dueck Korner, 1979; Mosonyi, Ogawa, 2014

\ 17 /31



Strong converse exponent

: 1 . .
lim,, — 5 log Pe Constant composition coding

_ #{k: E.(m) =z}

n

indep. of m

direct exponent Py(z) :

unknown
even classically

R = lim,, L log M,

strong converse exponent

\ 17/31



Strong converse exponent

: 1 . .
lim,, — 5 log Pe Constant composition coding

_ #{k: E.(m) =z}

n

indep. of m

direct exponent Py(z) :

unknown
even classically

1o = Plly 7772 0

R = lim,, L log M,

strong converse exponent

\ 17/31



Strong converse exponent

lim,, — % log Pe.,

direct exponent

unknown
even classically

Constant composition coding

_ #{k: E.(m) =z}

n

indep. of m

P,(z) :

1w = Plly 7= 0

W, P .
X( ) ) R =lim, % log M,
sup “— [R —1x%(W, P)] = sc(R, P)
a>1 |
. ) 1 strong converse exponent
hmn “n log(l - Pe,n‘) Dueck Korner, 1979; Mosonyi, Ogawa, 2018
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Strong converse exponent

: 1 . .
lim,, — 5 log Pe Constant composition coding

_ #{k: E.(m) =z}

n

indep. of m

direct exponent Py(z) :

unknown

even classically ||Pn — PH1 m) 0

d(R) =? . . . .
X5 (W, P) is the operationally relevant quantity

(and not I3 (W, P))

R = lim,, L log M,

sup [R—'x5(W,P)] = sc(R, P)
a>1 |
!
1 strong converse exponent
lim,, — log(1 — P. ;) ) .
n pn g e,n Dueck Korner, 1979; Mosonyi, Ogawa, 2018
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Strong converse exponent

: 1 . .
lim,, — 5 log Pe Constant composition coding

unknown
even classically

|

|

l

) |
direct exponent |
|

|

|

Dalai, Winter 2014

R =lim, % log M,

strong converse exponent
hmn n log(l - Pe,n) Dueck Korner, 1979; Mosonyi, Ogawa, 2018
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Strong converse exponent

)

1
sc(R, P) = inf {lim inf ! log Ps(W®™, C,,) : liminf —log M,, > R

n—-+oo n n—+oco n }

1 1
5¢(R, P) := inf {lim sup —— log P,(W®",C,) : liminf —log M,, > R

9
n—+oco N n—+oo n
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Strong converse exponent

sc(R, P) := inf {hmmf log Ps(W®™.C,) : hrnmf —logM, > R

n—-+oo n n—+oco N }
5¢(R, P) := inf {hm sup —— logP (W C,) : lim inf —log M,, > R} ,

n—+0o n—+oo n

Lemma: [Nagaoka 2000, Cheng et. al 2018, Mosonyi, Ogawa 2018]
For any R > 0,

sup L [R— \i(W, P)] < sc(R. P).

a>1 O

Proof: Easy from the monotonicity of DJ,.
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Strong converse exponent

Theorem:  [Dueck, Kérner 1979; Mosonyi, Ogawa 2014]

se(R.P) < ot {DV(P)|W(P)+ R~ x(V.P)"}
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Strong converse exponent

Theorem:  [Dueck, Kérner 1979; Mosonyi, Ogawa 2014]
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Strong converse exponent

Theorem:  [Dueck, Kérner 1979; Mosonyi, Ogawa 2014]

se(R.P)< ot {DV(P)W(P)+ R~ x(V. P}

Proof idea: Tr (VE"™(Ey(k)) — €™ WE™(E,(k )))
> Tr (VO (En(k)) — " W (En(K))) Dn(k),

PS(W®nvcn)
My,
> e PV G = T YT (VO ER) — e WO ER)), |
—1 " k=1

Tr(VE (z(m)—enr W (2(7) ))+

[Hayashi 2009; Cheng et al. 2018]

Assume: x(V,P)> R
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Strong converse exponent

Theorem:  [Dueck, Kérner 1979; Mosonyi, Ogawa 2014]

se(R.P)< ot {DV(P)|W(P)+ R~ x(V. P}

Proof idea: Tr (V®”(5n(k:)) — WO, (k )))
> Tr (VI (En(K)) — " WO (En(k))) Dn(k),

PS(W(Xm? CTL)
1 &
- ® ® na T7®
S na{PS(V "G~ 3p ST (VEM(Ea(k)) — " WEN(Ea(R))) , }
—1 k=1
Tr(VOr(zM)—erwen (™))
—0
[Hayashi 2009; Cheng et al. 2018] [Mosonyi, Ogawa 2018]
Assume: x(V,P) > R D(V(P)|W(P) < a
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Strong converse exponent

Theorem:  [Dueck, Kérner 1979; Mosonyi, Ogawa 2014]
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(R =W, P)]

= sup
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Pinching

e VIV, P,R 3 codes {Ci}ren with rate R s.t.
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lim inf = log Ps(W®*,Cy) > — sup a
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Additivity

® (Qn. multiplicative = D,, , additive =

Xa,z(Wl @ Wa, P ® P2) < Xa,z(WhPl) + XOé,Z(W% P2)
Io. (W1 @ W, P @ Py) < 1y, (Wi,P1)+ 1o, (Wa, Ps)

by restricting the minimization to o192 = 01 ® 09.
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Additivity

Theorem (Mosonyi, Ogawa 2018)

If D, . monotone under CPTP and convex in the 2nd variable,
o0 = W(P)" then

(1) o is a minimizer for X, iff

O-_EWPDQZ ZP %Z—()HJ)<O’12—TQW(ZE);O'7>

reX

(2) o is a minimizer for I, . iff

7= Ewpg, () =5 L PE) (FE W@ )
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Z P(x) (0 £ W(z)%o £ ) ’

zekX

Proof: Just take the derivative to be 0.
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