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inspiration: Aubrun (2012), Banica - Nechita (2013)

» Gi,...,Gy, are dy x p random matrices where G; = (g](,f] )ik

and g;,f) are complex Gaussian N(0, 1) random variables

> the random variables {g](]z )}i,j,k are independent.
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Ga,
is a didy x did, Wishart matrix, ﬁ —c, W 2, MP,
> W = (didy)~ (G]G;-“),j partial transpose
[Au] p,d1,dy — 0o = W1 2, semi-circular: centre ¢, radius ¢

[B-N] d; fixed, p,dy — 00 = W' 25 MPusyig1) ) B (—MP ey 4-1) e 1)
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free cumulants

>

»
»
4

W1 = (dldz)_l(Gij)ij partial transpose

wiweMPC,wjﬁaﬂ

dq fixed, p, dy — 00 = w! S MPLdl d1+1 B (— MPcdl d1 )

given u € M(IR), a probability measure on R, we let

G(z) = [(z— t)~ 1 du(t) be the Cauchy transform of uand
Riz) =G V(@) —z =k + Kz + k322 + - -

{Ku}n are the free cumulants of p

if 1 = semi-circle with centre ¢ and radius ¢, then

Ki=kp=cand k;, =0forn >3

if u € MP, then k,, = ¢ (Vn)

if ue MPcdl 4+ H (—MPcdl(dlq)) then for odd n, Ky = Cdl

and for evenzn, Kn = cds = cczil +cdy + - +cdq

(d; odd) can we write w' as a sum of (d; + 1)/2 free

operators w' = xp + x1 + X — 1)/2 with K’gxo) = cdq

(Vn), and fori > 1 K2 = 2¢dq and Kzn 1 =0?
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the answer when d; = 5

w11 0
0 wWa2 0
ZUF[ = 0 w33 0
0 Wy 0
0 Ws5
0 wn Ws1
wip 0 wsp
+ wo3 0 Wy3
w3y 0 ws
w15 wgs 0
0 W31 W41 0
0 Wy Wsp
+ | wis 0 W53
W34 Woy 0

0 w15 W3as 0
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freeness and the computation of cumulants
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>

>

linear

A = unital algebraover C, p : A — C, (1) =1, (A, @) is
a non-commutative probability space

A1, ..., As C A, unital subalgebras, are freely independent if
whenever ay, ..., a, € A with ¢(4;) =0 and 4; € A;, with
j1#j2 # - # ju, wehave @(a;---a,) =0

if A is a C*-algebra and a = a* € A, a has a distribution, p,,
with respect to @: [ f(t)ua(t) = @(f(a)) (usual functional
calculus); such an element has a Cauchy transform, a
R-transform: R(z) = GV (z) —z ' =ky + kpz + -+, and
free cumulants: {K,Sa)},1

if a1 and a; are free then Ry, 44, = Ry; + Ry, €.

a1 +a a a
K]gl 2) :Kr(z])+K7(12)
conversely: ay,...,a; € A are free < forall iy, ...,i, € [s] we
have k;,(a; ,a;,,...,a;,) =0unlessi; =i =--- =1y,

given cumulants {k,}, we set R(z) = k1 + Koz + K3z? 4 - - -
and then G~V (z) = R(z) + z 1, and from this a, we obtain
a density p(t) = — "Im(G(t + 071))
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freeness and the transpose in the regime: d;,d, — oo

>

Voiculescu (1991) showed that independence and unitary
invariance for two ensembles implies asymptotic freeness

work of Emily Redelmeier on real second order freeness
made it clear that the transpose plays an important role in
freeness

Mihai Popa and I (2016) showed that unitarily invariant
matrices are asymptotically free from their transposes (& in
fact real second order free)

Theorem. In the regime dy,d, — oo, W, WT W, and WT
are asymptotically free

Theorem. In the regime dq,d, — oo, U, LI?\,, LIK,, and U{,
are asymptotically *-free, for a N x N Haar distributed
random unitary matrix Uy
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R-diagonal and even operators: Nica-Speicher (1995)

> in a *-probability space (A, ¢) an operator a is R-diagonal if
kn(al€r) qle2) . glen)) =0 unless: n is even and
€1 =—€y=€e3="---=—¢,, whereal™! =g* and sV =4
» if x and y are free and semi-circular then x + iy is R-diagonal
» if U is a Haar distributed orthogonal or unitary matrix and
u 2> u, then u is R-diagonal

. X1 X . .
> ifx =x*= ( 1 12> € Mpy(A) is free from the matrix
X21  X22

units {e;};; then x5 is R-diagonal

[taMm] if x = x* = (xll x12> € Mj(A) is free from the matrix

X21 X22
. xi1 0 0 xn
units {e;};; then and I are free

0 X202
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R-cyclic operators: Nica-Shlyakhtenko-Speicher (1999)

>

>

if (A, @) is a *-probability space then (M, (A), @) isa
*-probability space where @(x) = n"1@(x11 + - + Xu)
if x = (x;);; € My(A) is such that

Kn (Xij1s Xigjor Xisjss - 1 Xigj,) = 0

unless j1 =i, j» =13, ..., jn = 11, then we say c is R-cyclic
if x = M, (A) and x is free from matrix units {eij}?j:1 then x
is R-cyclic

if {Xy}n is a ensemble of random matrices with Xy Dox
and which is asymptotically free from deterministic

matrices and we write N = n x d withd — oo and n is
fixed, then x € M,,(A) is R-cyclic
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diagonal decompositions

> suppose x € M, (A), we shall write x =yo+y1 + -+ + Yn—1,

we call this the diagonal decomposition of x, where

X11 0

0 X22
Yo=1.
0 0

and in general

0
0

Xn—k+42,1
0

0 X12 0 cee 0
0 0 X3 v 0
0 0 0 Xp_1n
X 0 0 0
0 0
Xok+1 0
0
Xn—k+1,n
0
0
X k—1 0 0

9/13



main theorem

>

>

| 4

let (A, @) be a *-probability space and (M, (A), ¢) the
corresponding matrix algebra

let D, € M,,(A) be the subalgebra of diagonal scalar
matrices, and let ¢ : M,,(A) — D,, be the conditional
expectation given by ¢(A) = diag(@(a11),..., @(am))
suppose x € M, (A) is R-cyclic, and we write

x! =yo+1y3 + -+ y,_1 in its diagonal decomposition
then when  is odd

vo, u, yn—1b 2, yn—2b - Y1) /2, Y1) 2}

are @-free
and when n is even

Yo, Wi Yn—1b W2, yn—2b - Y (—2) /2, Y(n+2) 2} Yns2

are Q-free

if x = x* then yo,y1, Y2, ..., Yn—1 are @-+-free and y1, vy, . ..

Yn—1 are @-R-diagonal
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a word about the proof

| 2
»

>

X =Yoo+ -ty = a050+a151+a252_~_'_.+an_15"*

for d € D, with Im(d) > 0, let G(d) = ¢((d —x)~!) € D,
from G{—1 we get the D,-valued cumulants {&,},, we shall
use these to prove freeness over D

let s be the matrix that cyclically permutes (backwards) the
standard basis of C”,

01 0 0 - 0
00 1 S 0
o .
00 - 0 1
10 - 0 0

suppose x € My (A) and x = yo + - - - + y,—1 is its diagonal
decomposition. If we let a; = s~ then g is the diagonal
matrix diag(xq x+1, X2 k42, - -, Xd k)-

1
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example: whenn =3

X11
vo=1|0
0

X11

apg = 0
0

X11
X21
X31

0

X22
0

X22
0

X12 X13 010
X2 X23|,S= 0 01
X332 X33 1 00

0 0 xp» O 0 0 x3
0),]/1(0 0 xQ3>,y2(x21 0 )
X33 x31 O 0 0 x 0
0 X12 0 0 X13 0 0
0 , 01 = 0 X23 0>,a2(0 X21 O)
X33 0 0 x3 0 0 x3

X=Yo+Yy1+y= aOSO —|—alsl + ﬂzSz
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main technical lemmas

> letaj, = ska]-s_k. Then a; is the diagonal matrix
ajx = diag(Xj ks 141 Xjrks2k42s - Xjrkrdkrd)

» foriy,...,ix € [nland any dy, ..., dx_1 € D, we let
di,l = S_ldisl

[LEM. 1] then we have

. i i i
Ri(aistdy, ..., a4, s*di_q,a;s%)
= Rulai, aiyirs oo s @iy ooy )10y A1y ooty
[LEm. 2] Letdy,...,dr_1 € D, then
Re(yidi, - ¥ dk—1,v;) =0

unless eitheriy =i, = --- =i, =0 (mod n) or, n is even
and we have i;+i;,1 =0 (mod n) for1 <I<n—1.
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