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Differentiable Manifolds

1. Let F be a vector field on R3 given by

F(x, y, z) = (x, 2y, 3z),

and let S be the sphere of radius r with center at the origin. (10 pts)

(a) What is the div F? (4 pts)

(b) Compute the following surface integral
∫

S

F · n,

where n is the unit outward normal vector field on S. (6 pts)
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2. Find the real dimension of SU(n). (5 pts)
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3. Let X(x, y) = (x + y, 2x − 3y) be a vector field on R2, and let ω =
2xdy + ydx. Compute the Lie derivative LXω. (10 pts)
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4. Let γ = {(x, y) ∈ R2 : x2

4
+ y2 = 1}. Compute

∫

γ

−ydx + (x− 1)dy

(x− 1)2 + y2
,

where γ is oriented counter-clockwise with respect to the origin. (10
pts)
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5. Let Σ be a compact oriented regular surface without boundary in R3.
Show that if Σ is not homeomorphic to S2 then there is a point p ∈ Σ
such that the Gaussian curvature K(p) = 0. (10 pts)
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6. Prove that the tangent bundle TM of a differentiable manifold M is
a differentiable manifold which is diffeomorphic, by a fibre preserving
diffeomorphism, to the product manifold M × Rn iff there exit vector
fields X1, · · · , Xn ∈ X(M) such that {Xi(p)} is a basis of TpM for each
p ∈ M . (5 pts)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

}
�#��99e 1%. ��ZC �-ex�&'R��A�S, ~�� �� ��t>U #��s�RnC sD����xC.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

-�åß�@« �¼����: �Vüàö�V�íÏ Á�UÉ�H�X �ðæ�ïÏ Ý¬ohxüàî Ü¬fùïÏ�V!

3


