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Motivation

Last month, we have studied the hyper-sphere S3,
which is the one-point-compactification of R3.

This month, we study its quotient.

S3 = Sp(1) = Spin(3)

|

SO3 = P3

For every space M, there exists (unique up to isomorphism) a simply connected
space M which covers M.

S? is the unique closed 3-manifold which is simply connected.

A connected space M is said to be simply connected, if any pair of paths
p,q:[0,1] = M with the same initial and terminal positions (i.e., p(0) = ¢(0)
and p(1) = ¢q(1)) are homotopic, i.e., p is a continuous deformation of g.

Some quantities (e.g., integration along a path of a conservative field) are

invariants of a homotopy class of paths.
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Categories, Functors (and natural transformations)

Lie Groups Lie Algebras

and homomorphisms and homomorphisms

503

exp l

SO3
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Motion
Let (M,d) be a metric space.

A transformation T : M — M is an isometry if

d(p,q) = d(Tp,Tq)

for any points p and ¢ in M.

(Usually one assumes an isometry to be a bijection.)

4/60



Motion of Rigid Bodies

In a Euclidean space E,

a continuous motion of a rigid
body is described by a curve in
the Lie group

o

E x SO(E).

E is the group of translations (or vectors), and
SO(E) is the group of rotations about the center of the body.

These symmetries (of the space E) generate
linear momentum and angular momentum.
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Proper Motions

A transformation is said to be proper (or of the first kind)

if it preserves the orientation.

Any proper motion M : E3 - E3 is a
screw motion:

M =Ry, u(8) 0o Tu

for some p € E3, u being a unit vector,
s € R and 0 € St, where T, denotes
the translation by the vector su, and
R, u(8) denotes the rotation by the
angle 6 along the line through p in the
direction u.

The motions Ty, and Ry, 4 (6)
commute.

screw motion
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Transformation (Metamorphoses)

M.C. Escher, Metamorphosis I, 1937

(https://www.escherinhetpaleis.nl/story-of-escher/metamorphosis-i-ii-iii/?lang=en)

A& ob= ARG o Fag A2 Ao tigh delrt.
(Lt o e 4 QIeka B AAR, o obRE AR Rehizh)

— Osho (1931-1990) in The Path of Meditation, 1995

@ Phase Transition (tB#f%) — water, steel, crystal
@ Brain, Mind — 4= (H{EIEIE), R, HEY
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o4 0.8, AFE
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Metamorphoses, #8174
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O3, the orthogonal group for R?

aip ai2 ais
O3 =< A= |asn ax axz| € M3 A"l = At
a3r az2 ass

where M3 is the collection of all 3 x 3 matrices with real entries.

Y

O3 is the group of orthonormal bases for R3.

dim 03 =3

(O3 has nothing to do with ozone.)
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T, Symmetries of a Tetrahedron

/ =N the axis

of a half-turn

T, the 12 (= |A4]) proper symmetries of a tetrahedron:
@ The identity symmetry
e Eight 3-fold symmetries (120° and 240° rotations)
@ Three 2-fold symmetries (180° rotations, half-turns)

T, the 24 (= |S4]) full symmetries of a tetrahedron contains
six reflections and six 90°-roto-reflections.

Remarks: The alternating group A4 consists of even permutations in the symmetric

group Sy. Discrete subgroups of SOz are realized by the cylinders, cones, and
Platonic solids as described by Euclid in Elements.
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SO; 03

SO3 and Oj are topologically same
and isomorphic to the projective space P3.
They have no boundary.

The center of O3 is {id3, —id3}.
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O3 has two components
O3 =S5S03 U O3

SO3={A €03 |det A=1}, O3 ={A €03 |detA=—1}

1 00
idg={(0 1 0] €8SO0s, —ids = 0 -1 0 S Og
0 01

dim O3 = dim SO3 = dim O35 =3

SO3 = {rotations}, O3 = {roto-reflections}

A roto-reflection is a rotation followed by a reflection about a plane which is perpendicular to the axis of rotation.

13/60



Spectrum

The spectrum of an n x n real matrix A is the collection of (real)
eigenvalues of A:

Spec(A) :={X € R | det(4 — \id,,) = 0}

Suppose R € SOs.

Then 1 is an eigenvalue of R, i.e., 1 € Spec(R):

-+ det(R — id3) = det(R — R*R) = det((id3 — R*)R) = det(id3 — R") - det R = det(id3 — R) =
— det(R — id3) and hence det(R — idg) = 0.

Thus there exists a unit vector u such that Ru = u.

This u determines the axis of rotation, unless R = ids.

We will see soon that it is very easy to find the eigenvector.
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Angle of Rotation

Right Hand System

For any R € SQOs, their exists S € SOg such that

1 0 0 1 0 0
SRS*= |0 cosf —sinf |, R~ |0 cosf —sinf
0 sinf cosf 0 sinf cosf

for some 6 € [0, 7]. Thus the trace of R is
tr(R) =1+ 2cos#b, -1 <tr(R) <3.

Remark: If 6 € R/27 is the angle of rotation along the u-direction, then
—0 =271 — 0 € R/27 is the angle of rotation along the —u-direction.
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Left and Right handed helices

Left Handed Helix Right Handed Helix

f. ZS(EH)
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Trace and the angle of rotation

tr
\
1 0 0
R~ |0 cosf —sinf 2
0 sinf cosf
i)

tr(R) =14 2cosf

0 € [0, 7]

T
3 2

N
@|

| ;

We use the notation A ~ B for square matrices A and B, if there exists an invertible
matrix T such that A = TBT 1.
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N

w|y

tr(R) =14 2cosf € [—1,3]

trace | cosf | 0 Remarks
3 1 0 | identity matrix
2 % % 60°-rotations
1 0 5 | 90°-rotations
0 —% 2% 120°-rotations
-1 -1 T half-turns

I<tr<3d = 0<0<3
“l<tr<l = Z<0<m
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Remark: Trace vs Determinant

For any sqaure matrix M,

det(eM) = M), 4

o det(et™) = tr(M), d(det) = tr

0

gbzggg;%>ﬂg

expi lexp

X
GL, e R

Determinant of a linear transformation detects the volume change.

The flow of the vector field Fp; on R"™, with Fp;(X) := M X, is
P, :R" - R", Xm—eMX

and div(Fps) = tr(M).
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Inside SO;3

SOz = B*(m)/ ~

where two points on the boundary S?(7r) = 9(B3(7)) are identified
(~) if and only if they are antipodal.
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SO;3

SO3 is a (solid) ball (B*) with some identification on the boudary.

The identity matrix ids3 lies in the
center of SO3.

Each point u on the boundary
S? = OB? represents the half-turn
along the axis u.

Thus u and the antipodal point —u
represents the same half-turn.

Thus SOs3 is the projective 3-space P2,

P3 is R? together with the points of plane at infinity.

One usually say that P is the collection of all 1-dimensional linear
subspaces in R*, because R? ~ R3 x {1} Cc R? x R = R*.
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Half Turn, 180°-Rotation

https:
//www.vecteezy.com/vector-art/60696141-two-men-standing-and-facing-each-other-in-silhouette
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https://www.vecteezy.com/vector-art/60696141-two-men-standing-and-facing-each-other-in-silhouette
https://www.vecteezy.com/vector-art/60696141-two-men-standing-and-facing-each-other-in-silhouette

Half Turn, an example

Let
1 2 3 6
6 2 -3

Then H € SO3 and tr(H) = —1.
Thus H is a half turn, i.e., 180°-rotation. Now

1 L (9 36 L (3
sH i) =13 1 2) = 113 1 2
6 2 4 2
3

Thus the rotation axis of H isu = i\/ﬁ 1

Remark: The transformation 2uu* — id means the half-turn along u-axis.
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Cross Product (1L 2}5) and Orientation

x :R3 x R® = R3, (w,v) »uxv

u
The cross product of vectors u

and v in R3 is characterized by

the relation: for all w € R3, v

(ux v,w) = det(u,v,w) uxv

Remarks: 1. Suppose R = (uj,uz,u3) € Os.
Then R € SOz if u3 =u; x up. R € O3 if u3 = —uy x uy.
2. uxv=x(uAv)
3 (w1l + ugj + usgk)(vii + v2j + v3k)
o= (UQvg — U3U2)i + (U31)1 — ulvg)j + (Ulvg — U2’U1)k

24/60



Symmetric and Skew-symmetric matrices

M, = M &M,

Any square matrix M is the sum of symmetric and anti-symmetric
(i.e., skew-symmetric) matrices, in a unique way:

M =M, + M-_.

My=%4M~+M"), M_=3(M-M"
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Skew-Symmetric Matrices: so3 ~ R?

Let so3 be the space of all 3 x 3 skew-symmetric matrices.
sog={A €Mz | A+ A" =0}

We have the canonical isomorphism:

a 0 —c b
R? — sos3, v=|b]—=vi=|lc 0 -a
c -b a 0

Note that
vix)=vXxx (x € R%)

Exercises: 1. Show that for any v,w € R® and R € SOs3,

(Rv)" = Rv*R', (vxw)* =", w"], R(vxw)=(Rv)x (Rw).

2. If ¢: R — Og is a smooth curve with ¢(0) = ids, then ¢/(0) € so3.
Thus sos is the tangent space of Oz (or SO3) at the identity element.
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To find the axis of a Rotation

R3 ~ so05, Vi ve

Claim: Suppose R € SO3 and R? # id.
Let t € (0,m) be the angle of R, and let R_ be the anti-
symmetric part of R so that R_ = v* for some non-trivial
vector v. Then

Rv=v, |v|]=sint

and, with u :=v/|v

i

R = exp(tu™) = uu* + (cost)(id — uu®) + (sint)u”. (1)

Remark: For a unit vector u, P, := uu® is the projection operator
onto the u-axis, and P, :=id — uu® is the projection operator
onto the orthogonal complement u' of u.
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Proof

0=v*(v) = %(R— R%)(v) and hence Rv = Rf(v). Thus R?v = R(R'v) = id(v) = v.

Now apply this to the (Cayley-Hamilton) characteristic equation
R}*—TR?>4+7R—id=0 (7 :=tr(R) > —1)

to get (14+7)Rv= (1+7)v. Thus Rv=v.
Now let a be a unit vector perpendicular to u, and let b := u*(a). Then (u,a,b) is
a positively oriented orthonormal basis of R3 and

R(u) =u, R(a)=acost+bsint, R(b)= —asint+ bcost.

Now exp(tuX) = id + tu* + %(ux)2 + %(UXP 4+
Clearly, exp(tu”)(u) = u. Since u*(b) = —a,

t2 t3
exp(tu”)(a) = a+tb — T §b+ ... =acost+ bsint.
Thus R = exp(tu*), and the equality (1) is easy to see. Finally R = T'DT" for some
1 0 0
T € SO3, where D = | 0 cost —sint |. Since the anti-symmetric part of D is
0 sint cost
0 0 0 sint
0 0 —sint |, v=T1] 0 and |v| = sint.
0 sint 0 0
This equality also follows from (1), since R_ = (sint)u*. O
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SO5 ~ B3 (1)) ~

exp : 503 — SOs, Ryy =™ forues? c R

Spheres of radii nm in R? ~ so3.

For any t € R, and any unit
vector u € R3,

exp((t + 2m)u™) = exp(tu™)

id  (n is even)

exp(nmu’) = {Hu (n is odd).
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Exercises
For a unit vector u in R3, let P = uu* and P, :=id — P.

1.

Show that u* is the projection operator onto the plane u™

(perpendicular to u) followed by the +90°-rotation along the
u-axis:
X ™ X
u” =exp (Eu >oPl

. Show that

u“oP =u”
and, forn=1,2,3,...,
(uX)2n — (_1)nPL’ (u><)2n+1 — (_1)nu><.
exp(mu*) = Hy
Find the integrals

w/2 T 2m
/ exp(tu™) dt, / exp(tu™) dt, / exp(tu™) dt.
0 0 0
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An Example

1 L2 2 =tr(R) =1+ 2cosf
R==-12 1 —-2]| €8S0s3, n
3\2 2 1 cost = —3

W=

A section of SOg3
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— - O

=[S
I

2
2], u
-1

1 2
2 1
-2 2

R =
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Tetrapod

1
cosf = —3 arccos(—%) ~ 109.471° ~ 0.67

https://uditchbeton.com/material/tetrapod-pantai/

cf. CH4 and Tetrahedron
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Dihedral Angles of Platonic Solids

0

S T

Louvre Museum
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Exercise

2 6 3
1. Show that R := % 3 2 —6] isin SOg3. Find the axis
6 -3 2

and the angle of R.
2. For w € R3 and x¢ € R?, let

x(t) := exp(tw™)xo.
Show that ||x(t)|| is constant, x(¢) lies on a circle, and
X (1) = w x x(t).

3. Find all rational points on S?.

4. Supppose A € O3. Show that tr(A) € [—3,1]. Show that
tr(A) =1 if and only if A is a reflection. Show that the
collection of all reflections in O3 form a projective plane.
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How to understand high dimensions?
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Cube and Hyper-Cube

A cube, [0,1]3, has 6 faces. A hypercube, [0, 1]%, has 8 faces.
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Salvador Dali, 1904-1989

Crucifixion (Corpus Hypercubus), 1954
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Torus: T? :=S! x St
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Klein Bottle, K

K =T/+

7&01 J@y 7@0’ J@y

yov] 0’07 y@o’ J@y
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SB

SB={t+zityj+zk|t?+22+2+22=1}
= {cosf +usinf |uecS? 6cR}

SP={zityj+tzk|2®+y*+22=1}={ucH|u’=-1}

(w? , (ouy

o i +..-=cosf+usinb

ues? = M=140u+

uesS? = M41=0
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P =83 us?
S2Ns® =S*  (equator)

S = {(t,z,y,2) |2® + P+ 22 =112 ¢ >0} = B
S3 = {(t,z,y,2) |22+ 12 +22=1—% t <0}~ B

3 3
1esy —-1e€8§°
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83

North and south hemispheres

The arrows in the figure shows the circle
cft) =€, (teR).

c(0)=1, c(n/2)=j, c(r)=-1, ¢(37/2)=—j,

c(2m) =1
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Loop

For a unit vector u = (a, b, ¢), the path

0 —c b
Ry : [0,27] — SO3, t—exp|t]l ¢ 0 —a
—-b a 0

represents a continuous 360° rotation around the axis u.

The path Ry is s loop with Ry (0) = Ry(27) = id.
It is NOT homotopic to the constant loop.
But the loop t — Ry(2t) is null-homotopic.
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Loops in SO3

For v on the boundary of B3, the loop
p: [0, 2] — SOg

v (0<t<1

p(t) = {(t—2)v (1<t<2)

~—

is NOT null-homotopic, but p * p is
null-homotopic.

Every loop in SOg is either null-homotopic or homotopic to p.
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ueS?CS*Nim(H)

e’ = cosf +usinf e s* = SUy
e29u>< c SO3
SO3 =8%/4,  SO3=SUy/=+.
a,beC a —b a.beC
S? = ¢ a+ bj ~ ' =5U
{“ ! a|2+|b|21} {(b a*> laf? +[p* =1 ’

The map SU2 — SOs is realized through the stereographic projection
S? — PY(C), where SU> acts on P*(C) as Mébius transformations.
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Lie Algebra Level

im H 59
503
. . xi —y — 2i
it “k\ (7 )
0 -z y

47/60



Appendix
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Exercises

1. Let A € SO3 and A™ = id3 for some positive integer n. Show
that A is a rotation by the angle 27 /n.

2. Describe a monomorphism Oy — SO3.

3. (Maximal Torus Theorem) Show that for any compact
connected Lie group G, there exists a maximal torus T.
Moreover

G = U gTg~t.

geG
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Spaces of Constant Curvature

A continuous motion of any rigid body
is possible if the underlying space M is
of constant curvature K.

Then M is locally isometric to

St ifK=1
E* fK=0
H* ifK=-1.

cf. Space Form Problem, Helmholtz, Killing(1891)-Hopf(1926) Theorem
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Motions

Let (E, d) be the Euclidean space (of any dimension).
It is a metric space isometric to R™ for some positive integer n.

A transformation f : E — I is called a (rigid) motion if

d(p,q) = d(f(p), f(q))
for all points p and ¢ in E.

A motion is either orientation preserving or orientation
reversing, but not both.

Two bases b = (by,...,by,) and b’ = (b),...,b]) of a real vector
space V are in the same orientation if and only if there exists an
n x n real matrix g of positive determinant such that b’ = bg.
This relation is an equivalence relation.

An orientation for a real vector space is a choice of an equivalence

class of basis.
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Continuous Motion
Let MO(E) be the group of all motions in E,
and let MO™(E) be the group of orientation preserving motions.
dim MO(E) = dim MO™(E) = $n(n +1) (n =dimE)
We have the short exact sequences:
1—-E— MOE) - O(E) -1, MO(E)=E x O(E)

—

1» E —MOT(E)— SOE) -1, MO (E)=ExSO(E)
§ $

linear momentum  3ngular momentum

A continuous motion of a rigid body B in the space E is
described by a path
p:[0,1] = MO(E), p(0) = 1g.

If By is the initial position of the body, then B; := p(t) By is the
position and the orientation of the body at time ¢.
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Axis of rotation

Suppose R € SOj is non-trivial and non-half-turn.
Then R_ = v* for some nontrivial vector v. The unit vector
u := v/|v| is called the (proper) axis (of rotation) for R.

Note that
(u,w x Rw) >0

for any w € R?, so that the rotation angle @ is in the interval
[0, 7]. Note that (u,w x Rw) = det(u,w, Rw) and hence one may
assume that u and w are linearly independent.

Exercise: Let u be the axis of R, then
(u,w x Rw) >0

for any w which is linearly independent of u, the axis of R.
Show that —u is the axis of R*.
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Find the eigenvector

Exercise: For A € SO3, let A* = (b1, bs,bs). Suppose A # ids.
Show that rank(A —id3) = 2 and hence (at least) one of the
following is a (nontrivial) eigenvector of A:

(bl—el)X(bz—eg), (bQ—GQ)X(bg—eg), (bg—eg)X(bl—el).
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Orientation
Let M be a connected smooth manifold.

A a frame at a point p € M is a basis b for the tangent space
TM, at p.

The collection of all frames on M is a fiber bundle GL(M) over
M.

The space M is not orientable if for any pair of frames (p,b) and
(p',b) there exists a continuous path ¢ : [0, 1] — GL(M) such
that ¢(0) = (p,b) and ¢(1) = (p/,b’).

When M is orientable, a choice of a component of GL(M) is
called an orientation.

One may discuss orientations for topological manifolds.
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Half-turns

Proposition: For a non trivial R € SOg,
the following are equivalent:

(i) R is a half-turn.
(i) tr(R) = -1
—1 is an eigenvalue of R.

R is symmetric, i.e. R = R.

(R +1d) is a projection operator.

)
)
)
(v) R is an involution, i.e., R~' = R.
)
)

1
2
%(R + id) = uu* for some unit vector u.

A linear transformation P : R® — R" is called an orthogonal projection if P? = P
and P* = P. Then P, :=id — P is the complementary orthogoonal projection.

For u and v in R3, the map R3 - R3, x — u (v, x) is denoted by u ® v* or uv*.

Exercise: Find the matrix form of uv*.
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Half-Turns and Projective Plane

Let H be the collection of all half-turns.
We have the covering map

H:S? 5 H, uw— Hy:=2uu" —id

and hence H ~ IP?, the projective plane.

Exercises: 1. Let u,v,w be an orthonormal basis for
R3. Show that Hy o Hy = Hy.

2. Show that the collection of all lines in the
projective plane is also a projective plane.

Thus the collection of all lines in the Euclidean plane is a Mébius band.
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Half turns
For a unit vector v, let
H,:R? > R?

be the half-turn operation along the v-axis. Note that H, = H_,.

Problem: For unit vectors v and w, is Hy o Hy, a half-turn?

Solution: If v=+w, then Hy o Hy, = id, the identity
transformation.

Thus we will assume that v £ +w. Let 0 be the angular
distance between v and w. Then 0 < 6 < 7. Let C' be the great
circle (in the sphere S?) which passes through the points w and v.
We consider the orientation on C' determined by the ordering
(w,v). Then this orientation determines the pole p € S? of C.
Then Hy o Hy, is the rotation along the p-axis with the angle 26.
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Let C be the circle which passes
through the points w and v. The
orientation of C is given by the
ordering (w,v).

Let Cy be the great circle through
v and perpendicular to C, and let Cy
be the great circle through w and
perpendicular to C.

The circles Cy and Cl intersect at
p and —p, where p is the pole of the
oriented circle C.

Note that (Hy o Hyw)(p) = Hy(—p) = p and hence H, o Hy, is a rotation along
the p-axis. Now (Hy o Hy)(w) = Hy(w).
Thus the rotation angle of Hy o Hy, is 20.

In particular, if v and w are perpendicular, then H, o Hy, is also a half-turn.
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Composition of Rotations

Two centers p and ¢ of rotations
Tp =Tpg, and rg =144,
respectively, on the sphere S? are
marked in the figure. (SOj is the
group of orientation-preserving
isometries on the sphere S2.) We
assume that p # q.

The operation 1, 07, is also a
rotation about the point z, which
is the intersection of two great
circles:

If C' is the great circle passing through the points p and ¢, then C,, is the
great circle with Z(C,C,) = %91, and Cj is the great circle passing
through ¢ with Z(C,Cy) = %Gq.

If we use oriented circles, then the intersection of C}, and Cj is the
well-defined antipodal pair. This is pair is the center of rotation.

The rotation angle is 2£(C), Cy).

Quaternion description of rotations maybe easy to find the axis of composition.

(cost+usint)(cos s+vsins) = costcos s+usint cos s+vcostsint+(uxv)sintsin s. ,
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