(Spheres, KIK)

Kosmos Club, 2026. 4. 11. 2] & X
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Ptolemaios (Clavius Ptolemy), c.100 - c.170

Almagest
(Mathematical Systematic Treatise)

Portrait of Ptolemy (1476)
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~—~SPIRITI TRIONFANTL
Coranceict

Paradiso, La Divina Commedia
Dante Alighieri (1265-1321)

Decameron
Giovanni Boccaccio (1313-1375).

https://ko.wikipedia.org/wiki/

3/48


https://ko.wikipedia.org/wiki/신곡

Copernicus (1473-1543)
NICOLAI CO

PERNICI TORINENSIS
DE REVOLVTIONIBVS ORBI®

um coeleftiom, Libri 7,

1543, De Revolutionibus,

Habesinhoe iam recens nato, & wedito,
ftudiofe letor, Motus ftellarum lamﬁmwn.
quimmdurm,mmtxnﬂmbm.mmmm

& nos
uis iufnprru admirabilibus hypothefibus or-
nacos., H:l::umm’l‘:huh-mpcdmﬁlmaf: ex

im facilli

me calculare polms.lgtmr me,ltgc,ﬁ'u:u.

Rysapitms ¥hic dam,

Norimberg® apudloh, Petreium,

M, D. XLILL

7|5t8t2 Al2tR|= LAIFQl Aol of] BB X[ S FBICE — Z2HE (F7HE VI
EC = 0P9I'l'—1IDI01I A3l "7|5tete B2 = A2 S0X| Y2P'=E BT E=
! 2 ®o| ot 2, Rh= AF7f OfL|Ef

“ZI2| (4], OlE|ohE FSHA| gh= AMRI2 S0 YEP'= =
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De Revolutionibus

HICOLAT COFRERNICI
i terram cum orbe lunari anquamepicyclocontinerd
m;mqu?anlo loco Venus nono menle r:dumur.ﬁ:nym
d enicy locum Mercurius cencr,octuaginta dierum [paciacircr
currens, ln medio ucro omnium refides Sol, Quis enimin hoc

s Ty,

o,y

pulcherimo templofampadem hanc in afiouel melioriloto po
nerer,quimunderorum imul pofsit illuminare; Siquidemanon
ineprequidam lucernam mundi,alfj mentem, aljreQtorem o=
cant. Trimegiftus uifibilem Deum,Sophodis EleGra intuenté
omniz ka profeto anquam in folio regali Sol refidens circum

g gubernac Aft familiam. Tellus quogg minime.
fraudaturlunari minifterio fcd ut Ariftoreles de animalibus
ait,maximi Luna i terra cognationt haber, Concipitinteread
Soleterra_ & impreonacur annuo party. [nuenimus ioitwr b
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sp0 A perfitdefeription of the Coeleftiall Orbes,

azeording to the moil awncient dofirine of rhe

Pythagoreans,ese.
® Kk T x>
* *
GRS W T
~q% P msntP PERPpp, T & 3 F X
S oM rrYEAND QYAL:.K‘Q :’V% E'S ®

S Ty,

SRty
o

o I D

1576, A Perfit Description of the Coelestiall Orbes
according to the most ancient doctrine of Pythagoreans, etc.

Thomas Digges (1546—-1595)

https://galileo.library.rice.edu/sci/theories/copernican_system.html
6/48


https://galileo.library.rice.edu/sci/theories/copernican_system.html

Leonardo da Vinci (1452-1519)

Mechanics is the paradise of the mathematical sciences,
because by means of it one comes to the fruits of mathematics.

cf. J. Fourier: The profound study of nature is the most fertile source of mathematical discoveries.
cf. [Plato, Archimedes, Jacobi]

cf. [Descartes — O] SE20|M P E 5= U= 7HE 7I2XQ 0|52 "PEQ £ elL|Ch]
Every process in nature will occur in the shortest possible way.
[E. Zeidler, Nonlinear Functional Analysis, IV, 1988.]
Let no one who is not a mathematician read my works.
— In the opening of Trattato della Pittura
Perspective is the rein(zu)) and rudderzae of painting.
gtoto| ntZ2 S0t Zotof Shot.

A2} arpiglo] HAlste 20| 2 Sl 22 HAME 2Sel0| st BRE 7|oj2ig LI,
olY7il s BEB 2 OfRHE HX| of=ch.
29 gl AIRS IASHE A2 B2 AIS HEL 10IE 2 HRo|}

MH = &A HEHCE 3L} (in the Elements of Euclid)

[H. Anna Suh, Leonardo's Notebooks, 2005. (H. OtL} M 912, =8= &2, 0|2)]
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Heavenly Sphere (KEK)
In an affine space A, the sphere
S(A)

is the collection of all directions.

Remark: An affine space is a vector space without the origin.

!

° 3>

affine space vector space Cartesian space

[See Appendix: Affine Space]
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Direction

A direction in a (real) affine space (A,&) is a collection
{ecv]|ce Ry}

for some nontrivial vector v, where Ry := {c € R | ¢ > 0}.

Remarks:
Any oriented line in an affine space determines a direction.
Two parallel oriented lines determine the same direction.

What is a projective space?
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For a (real) vector space V, let V. be the set of nontrivial vectors:
Vi =V —{0}.
Then the collection of all directions in V' is the sphere

S(V) = Vi/Ry = { directions in V'}.

When V has a norm,

S(V)={veV:|v|=1}
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Standard Spheres

When V = R"**1 we have

S"=SR"™) ={reR"*:|r| =1}

Remark: The dimension of the ordinary sphere
§?={(x,y,2) €R’ | 2" +¢° + 2" =1}
is 2, not 3.

The collection of all directions in an n + 1 dimensional (affine,
Euclidean, vector, Cartesican) space is the n-dimensional sphere.
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SY, B&B%, parity and bits

s’ = {.7 O} — {TvF} — {+7 _}

A bit is an element of S.

A quantum bit (i.e., qubit) is a nontrivial function S° — C up to
a nontrivial multiplicative scalar.
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%)

B

GES

(ZFAF, 1527-1572) & H=2ME
cf. shfF - Rz 3Bk T BE BB BN

)
S

cf. 7|cH
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ARIES, R#A, St
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Set Theory: Nothing exists

%)
|
{2}
{2.{2}) {{o}}
0
!
PN N
{2} {2,2) {27}
{0,2},{1,2} {0,2,2*},{1,2,2*} {0,2*},{1,2*}
3 {0,1,2,2*} {0,1,2*}

16/48



Parity
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Representations of S* = {+, —}
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S!, the circle, angles

Sl={zeC:|z]=1)

N N



StH(E)

R" U {oo} = S" = gB"+!

L
o
o
e
iul

|

L

fob

&

sz}

]

MmARO| 2t SHLIRISE REE A B, LS (8) 2 Mk #25, 1986]
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Stereographic Projection (n =1,2,3,...)
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Concentric circles in the plane (Left)
and its images in the sphere (Right)
Circle becomes smaller if its radius > /2.
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Metric
In R2, consider the metric (or the first fundamental form)

d82 W (d$ + dy ) ds = 1_’_% \V/ er + T2 d92

N

Then the length of the curve ¢(t) :=t(a,b), 0 <t < o0, is

o > 92va? + b2 *® 2d
/ ||c'<t>||dt:/ CEY = / L
0 0 0

1+ (a2 + 022 1+ 72

which is the distance between the north pole and the south pole on the
standard unit sphere.

Exercise: Let ¢, (t) := r(cost,sint) for 0 < t < 27. For what value of r € [0, 0), is
the length of ¢, the largest?
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Inversion vs Stereographic Projection

A circle and a line in a plane are
the images of each other through an inversion.

St ~ E", S" ~E" U {oco}

A hypersphere and a hyperplane in a Euclidean space are
the images of each other through an inversion.

[Euclid, I11]
24/48



Snf 1 aBn

Sl cB"={xecR": x| <1}

Sphere is the boundary of a ball.

SVcStcSPcScstc--.
N N N N N
BlcB:cCcBCcB*cBC---
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St = OB°

Evolution of S*: From Blg Bang to Big Crunch
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Gluing and Surgery

The sphere is the union of two discs along their boundaries.

O a
O W
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Hemispheres and Equator

St ={(x0,...,2n) €S" : z,, > 0}

S* ={(zg,...,xn) €S" : z, <0}
S*t = {(z0,...,2,) €S™: 2, = 0}

SP=§" U s

St n S = S (equator)
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S?, the ordinary sphere

Theorem: Generic vector field on a (2 dimensional) sphere has
two singularities.

There exists no method to identify two vectors in different
locations on the sphere.

T
Al Lo

Q: o= Aol X[F Lol M B EX| 4= XIFHO| USTH?

Corollary: S? is not a Lie group.
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S ~B3 U B®

3
1 €8Sy,

—1e8§?
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Quaternions and S*

H = {xo + z1i + x2j + xsk : g, x1, 22,23 € R} ~ R*

S*={qeH:|q =1}
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William Hamilton and Quaternions, 1843

The quaternion multiplication of vectors i, j, k is

Here as he wallked by
on the 16th of October 1843
Sir William Rowan Hamilton'
in a flash of genius discovered
the fundamental formula for
quaternion multiplicatio

== k= ijk=-1 ¢
& cutit on astone of this bﬂ@

Brougham (or Broom) Bridge

ij=k=—ji, jk=i=-kj, ki=j=—ik
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William Rowan Hamilton, 1805-1865
THE TETRACTYS

Or high Mathesis, with her charm severe,
Of line and number, was our theme; and we
Sought to behold her unborn progeny,

And thrones reserved in Truth’s celestial sphere:
While views, before attained, became more clear;
And how the One of Time, of Space the Three,
Might, in the Chain of Symbol, girdled be:
And when my eager and reverted ear
Caught some faint echoes of an ancient strain,
Some shadowy outlines of old thoughts sublime,
Gently he smiled to see, revived again,

In later age, and occidental clime,

A dimly traced Pythagorean lore,

A westward floating, mystic dream of FOUR.

https://math.ucr.edu/home/baez/octonions/node24.html
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Scuola di Atene, Raffaello Sanzio (1483-1520)
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Sg = {1‘0 4+ z1i+ x0j + 23k : 3302 +$12 +x22 +:L'32 = 1}

The equator:

S? = {x1i+x2j+x3k:1‘12+l‘22+1‘32 =1}
={¢geH: ¢*=-1}
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For —1 <t <1, let
SZi={(t,z,y,2) |2+ 2>+ 92 + 22 =1}

Then the radius of S7 is v/1 — 2 and

U82

[—1,1]
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The (pure imaginary) SPace

Consider the (pure imaginary) space
R3 :=Im(H) = {zi+ yj+ 2k : z,y, 2 € R}
in the quaternions H.

It is the tangent space of S? at the identity element.

For any u = uji + usj + usk and v = v1i + vaj + vk, we have
uv = — (W, v) +u xv.

In particular, if u and v are perpendicular (pure imaginary) vectors,
then uv = u x v.
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Adjoint Action

For ¢ € S3, we have the adjoint action

Ad, : R? — R3, r — Ad,(r) = qrq L.

It is an orthogonal linear transformation. If
qg=e"=cost+usint

for a unit vector u € S? and t € R, then
qug ! = eMue ™ = u.

Thus Ad.w is a rotation operator along the axis u.

Exercise: Show that €™ 4 1 = 0 for any u € S%.
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S3 = Spin(3)
Let v be any unit vector orthogonal to u, and let w :=u x v = uv.
Then

1

qvqg ! =vcos(2t) + wsin(2t), qwg !

= —vsin(2t) + wcos(2t).

Thus Ad.w = Ry(2t) € SO(3), the rotation along the axis u with
the angle 2t.

A point u on the equator of S? represents the half-turn operator
Ady: $* — S%

The circle ™, 0 <t < 27, in S? corresponds to the double circle
Ry(2t) in SO(3).

We have the double cover
S? — S0(3)
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83

S™ is a Lie group if and only if n =0, 1, 3.

S? ~ SU(2)

Poincaré Conjecture (1904):

A compact simply connected 3-manifold is S3.

W. Thurston, and G. Perelman
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Appendix

Affine Space
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Spaces
A Cartesian space is
R’Il

for some n, or a (finite dimensional vector) space together with a
coordinate system.
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Vector Space

A vector space is an abelian group (V,+)
together with an action of scalars.

FxV >V

Remark: The collection of scalars is called a field, which was
originated from the German word “Kérper” (88, &, = =).

44/48



Affine Space

An affine space is a vector space without the origin.

!

affine space vector space Cartesian space

An example: For a linear map A : X — Y between vector spaces,
the solution space of the equation

Ax =y

is an affine space for any y € Y.
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Affine space

An affine space is a pair (A,&), where
A is a collection of points, and

A is a collection of vectors,

satisfying some properties (as stated in the next page).

q
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Properties

(i) The difference of two points is a vector:
for any pair (p, q) of points, there corresponds a vector p_(f
In other words, a map

vec:AxA—h&, vec(p,q):@

is given. (One may write ﬁ =qg—porq=2p +Zﬁ-)

(Points are of mass 1 and vectors are of mass 0.)

(i) Once we fix an origin, then the space becomes the vector
space. In other words, for each p in A, we have the bijection:

Vecp:A—>&, g~ pg.
(iii) for any points p,q,r,

R+ 7t = 7

Remark: If c(t) is a curve in A, then ¢/(t) and ¢’ (t) are in A.

47/48



Examples

@ A Euclidean space is an affine space with an inner product.
@ Any vector space is an affine space.

@ The Cartesian space R" is (a vector space and hence is) an
affine space.

° {(acl,xg,xg) € R? ’ T, + 229 + 33 = 1}

@ for any linear map A : R™ — R™, the solution space
{xeR": Ax =y}
is an affine space for any y € R™.

o A~Ax{1}c|JAx{t}=AxR
teR
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