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ABSTRACT. We present a version of the weighted cellular matrix-tree theorem
that is suitable for calculating explicit generating functions for spanning trees
of highly structured families of simplicial and cell complexes. We apply the re-
sult to give weighted generalizations of the tree enumeration formulas of Adin
for complete colorful complexes, and of Duval, Klivans and Martin for skeleta
of hypercubes. We investigate the latter further via a logarithmic generat-
ing function for weighted tree enumeration, and derive another tree-counting
formula using the unsigned Euler characteristics of skeleta of a hypercube.

1. INTRODUCTION

The matrix-tree theorem, first discovered by Kirchhoff in 1845, expresses the
number of spanning trees of a (finite, undirected) graph in terms of the spectrum
of its Laplacian matrix. It can be used to derive closed formulas for the spanning
tree counts of numerous families of graphs such as complete, complete bipartite,
complete multipartite, hypercube and threshold graphs; see, e.g., [Sta99, §5.6] and
[Moo70, Chapter 5]. The matrix-tree theorem has a natural weighted analogue
that expresses the generating function for spanning trees in terms of the spectrum
of a weighted Laplacian matrix. For certain graphs with tight internal structure,
the associated tree generating functions for statistics such as degree sequence have
explicit factorizations which can be found by examination of the weighted Laplacian
spectra.

Central to the matrix-tree theorem is the characterization of a spanning tree of
a graph as a set of edges corresponding to a column basis of its incidence matrix.
This observation holds true in the more general context of finite simplicial and CW
complexes, an idea introduced by Bolker [Bol76] and Kalai [Kal83] and recently
studied by many authors; see [DKM16] for a survey. The matrix-tree theorem and
its weighted versions extend to this broader context, raising the question of finding
explicit formulas for generating functions for spanning trees in highly structured
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CW complexes. Specifically, for a CW complex A of dimension > k, let {X,} be
a set of commuting indeterminates corresponding to the cells o € A, let Ti(A)
denote its set of k-dimensional spanning trees, and let H denote reduced cellular
homology. The higher-dimensional analogue of the (unweighted) tree count is

T(A) = > |Hpa(Z)P
TeTr(A)

and the corresponding generating function (the weighted tree count) is

#(A) = D |Hea (G2 [] X

TeTH(A) oETk

the homology-squared summands in each case arise from the proof of the matrix-
tree theorem [Kal83, [DKM09], and each summand simply equals 1 when k = 1.

The indeterminates X, may be further specialized. Kalai [Kal83] calculated
and 7y for skeleta of simplices (see (|2) and below), respectively generalizing
Cayley’s formula n"~2 for the graph case (k = 1) and the degree-sequence generat-
ing function that can be obtained from the well-known Priifer code. Subsequently,
Duval, Klivans and Martin [DKMO09] gave weighted tree counts for shifted simpli-
cial complexes (which generalize threshold graphs), by refining Duval and Reiner’s
formula for their Laplacian eigenvalues [DR02]. Unweighted tree counts for the
families of complete colorful complezes (which generalize complete bipartite and
multipartite graphs) were found by Adin [Adi92] (see equation (3]) below) and and
for hypercubes by Duval, Klivans and Martin [DKMI1]. One goal of this article is
to calculate weighted tree counts for these complexes.

Our main technical tool is the following weighted version of the matrix-tree
theorem. Let A be a d-dimensional cell complex such that fNIi(A; Q) = 0 for all
i < d. Let Oy, be the cellular boundary map from k-chains to (k — 1)-chains (or the
matrix representing it) and let 9; be the corresponding coboundary map. Also, let

D; be the diagonal matrix with entries X;/ 2, as o ranges over the i-dimensional
cells of A. The weighted boundary and weighted coboundary matrices are
O = D;:_llalem 32 = Dka;Dl;—ll’

and the (up-down) weighted Laplacian is I:‘,;ﬂl = 3k5; (so indexed because it acts
on the space of (k — 1)-chains). Finally, define 73, (A) to be the product of nonzero
eigenvalues of ﬁ};‘il.

Theorem 1.1. With the foregoing assumptions, for all 0 < k < d we have

() ) Fr ()
|Hr—2(A)* X(r-1)

for every k, where
Xg-ny = ] Xo

cEAL_1
This formula is a slight generalization of [MMRW15, Theorem 5.3] (in which it
was assumed that H;(A;Z) = 0 for all i < d) and was obtained independently by the
first two authors. An analogous weighted formula, in which the weighted boundary
maps were defined as 9y Dy, was stated in [DKMTI] Theorem 2.12], but the present
version has two key advantages. First, it is easy to check that ékékH =0 (i.e., the



A WEIGHTED CELLULAR MATRIX-TREE THEOREM 3

maps Oy, form a chain complex), which leads directly to a useful identity on spectra
of weighted Laplacians (see Section 4| below). Second, Theorem lends itself well
to inductive calculations of weighted tree counts for an entire family of complexes.
(The formula of [DKMTT] expresses #y, in terms of a mix of weighted and unweighted
tree counts, which is less convenient to work with.) Comparable weighted cellular
matrix-tree theorems (in which the weights carry physical interpretations) appear
in [CCK15| Theorem C], [CCKI7, Theorem C]. We prove Theorem [I.1]in Section [3]

Section [] is concerned with complete colorful complexes, which we describe
briefly. For positive integers nq,...,n, and a family of pairwise disjoint vertex
sets (“color classes”) Vi,...,V,. with |V;| = n,;, the complete colorful complex
A = Ay, .., is the simplicial complex on V = V; U--- UV, consisting of all faces
with no more than one vertex of each color. For example, A,,, ,, is just a complete
bipartite graph. Complete colorful complexes were studied by Adin [Adi92], who
calculated the numbers 74 (A) for all £ < r—1. Here we apply Theoremto prove

a weighted version of Adin’s formula. Set Xp =[] X, for every face F, so that

veF
for a pure subcomplex T C A of dimension k, we have []pey, Xr =], xdeex ()

where deg~ (v) is the number of k-faces of T that contain v. Then 7 (A) becomes
the degree-weighted tree count, that is, the generating function for spanning trees
of A by their vertex-facet degree sequence.

Theorem 1.2. The degree-weighted tree count for A = Ay, ., is

(D)= > [Hya (12)) ] Xileer @)

TeTi(A) eV

(e (3 s
q=1 JCIr] \ge[r\J
[7|<k

(2 ey (ne—1)

Se=>_ Xu,  Pi=]] X0, Erg= >, (D] n

veVy veVy JCIr\{q}: teJ
J|<k—1

This formula generalizes Adin’s unweighted count (which can be obtained by set-
ting X, = 1 for all v € V), as well as known formulas for weighted and unweighted
spanning tree counts for complete multipartite graphs (the case k = 1).

Sections [ and [f] are concerned with the hypercube @, = [0,1]" C R", which
has a natural CW structure with 3" cells of the form o = (01,...,0,) with o; €
{[0,1],0,1}. Let q1,. ., qn,sY1y---»Yn, 21, - - -  2n b€ commuting indeterminates, and
assign to each face o € @, the monomial weight

e ) () ()

it 0;,=[0,1] i: 0;=0 i: o;=1

In Section [p, we apply Theorem to prove the following weighted enumeration
formula for spanning trees of hypercubes, which appeared as [DKMI1, Conjec-
ture 4.3].
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Theorem 1.3. Letn > k > 0 be integers. Then the k-th weighted tree count of Q,,
18

B(Qn) = > [Ha(Mz)P [] Xo
TET:(Qn) oETy,
(F5)
— (Ch . qn)E?:kil (”i 1)(;;712) H qu(yl + Zi) H YjZj
SC[n] \i€S jeS\i
|S|>k

Setting k = 1 recovers the weighted tree count for hypercube graphs found by
Martin and Reiner [MRO3| Theorem 3]; see also Remmel and Williamson [RW02].

In general, any family of cell complexes with a strong recursive structure ought to
be a good candidate for application of Theorem Examples include the shifted
cubical complexes described in [DKMII, §5] and joins of k-skeleta of simplices
(which generalize complete colorful complexes, the case k = 0).

Section [6] is concerned with a logarithmic approach to weighted enumeration of
trees in a hypercube @,,, focusing on the multiplicities of the weights. Logarithmic
generating functions for unweighted tree counts of an acyclic cell complex were
given in [KK14, Theorem 8], and for weighted tree counts of a Z-APC simplicial
complex (defined in Section[2) in [KLI5, Theorem 5]. This gives a different formula
for 71 (Qn), in terms of the reduced Euler characteristics of skeleta of @,,—1. This
formula can be reduced to Theorem [1.3|together with several identities. Let |{(K)|
denote the unsigned reduced Euler characteristic for a cell complex K. Let g, =
@1+ qn, and define y,) and z[,) similarly.

Theorem 1.4. For k € [n], the k-th weighted tree count of Q,, is
@) IX(Q(k ] (15172)
1(@Qn) = (gp) " " (Ui 2m) H

\S\>k
where us =3 ,c5qi (Y + 27 ') . Moreover, 75(Qy) = [Licpm (i + 2i)-

The authors thank Vic Reiner for helpful conversations, and an anonymous ref-
eree for a careful reading of the manuscript.

2. PRELIMINARIES

For an integer n, the symbol [n] denotes the set {1,...,n}. The notation
{z1: m1; ...; xn: my}} denotes the multiset in which each element z; appears
with multiplicity m;. If a multiplicity is omitted, it is assumed to be 1. The union
of two multisets is defined by adding multiplicities, element by element.

We adopt the following convention for binomial coefficients with negative argu-

ments:
n(n—1)--(n—k+1) ifk>0

k!
<n>= 1 ifn=kor k=0, (1)

k
(ij) - (kil) otherwise.

This is the standard definition for & > 0, and it satisfies the Pascal recurrence
(D) = (";1) + (Zj) for all n,k € Z, with the single exception n = k = 0. This
convention will be useful in the proofs of Theorem Theorem and Lemma,
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5.1 In particular, (Z) = 0 whenever k <0< n,0<n<k,orn <k <0. Moreover,
note that () =1 and (}) =n for all n € Z.

We will state our results in the general setting of cell (CW) complexes as far as
possible. A reader more comfortable with simplicial complexes may safely replace
“cell complex” by “simplicial complex” throughout, as most of the basic topological
facts about simplicial complexes [Sta96, pp. 19-24] have natural analogues in the
cellular setting; see, e.g., [Hat02l §2.2].

Throughout the paper, A will be a cell complex of dimension d with finitely many
cells. We use the standard symbols Ci(A; R), 9x(A), fr(A), He(A; R) and fi(A)
for the chain groups, cellular boundary maps, face numbers, reduced homology and
reduced Betti numbers of a cell complex A, dropping A from the notation when
convenient. If the coefficient ring R is omitted, it is assumed to be Z. The set of
k-dimensional cells is denoted by Ay, and the k-skeleton by A®). We say that A
is acyclic in positive codimension (APC) if Hy,(A;Q) = 0 (equivalently, Sx(A) =0
or |Hi(A;Z)| < o0) for all k < d.

We review some of the theory of cellular spanning trees; for a complete treatment,
see [DKM16].

Definition 2.1. Let A be a d-dimensional APC cell complex. A subcomplex T C A
is a (cellular) spanning tree if

(a) TW-D = Ald=1) (“spanning”);

(b) Hy_1(Y;7Z) is a finite group (“connected”);

(c) Hy(Y;Z) =0 (“acyclic”);

(d) fa(Y) = fa(A) = Ba(A) (“count”).
In fact, if T satisfies (a), then any two of conditions (b), (c), (d) together imply
the third. A k-tree of A is a cellular spanning tree of the k-skeleton A(¥). The set
of k-trees of A is denoted by Ty (A).

In particular, 7_1(A) = {0}, while To(A) = Ay is the set of vertices of A and
Ti(A) is the set of spanning trees of the graph A1),

It is possible to relax the assumption that A is APC and give a more general
definition of a cellular spanning forest (see [DKMI6]), but since all the complexes
we are considering here are APC, the assumption is harmless and will simplify the
exposition.

For k < d, define

=m(A) = Y [He(T;2))%
TeTr(A)

This number is the higher-dimensional analogue of the number of spanning trees of
a graph. Note that 7_; = 1 and 7y is the number of vertices.

We recall two classical results about tree counts in simplicial complexes. First,
let n,d be integers and let K¢ denote the d-skeleton of a simplex with n-vertices.
Kalai [Kal83] proved that

ra(Kd) = nl"d"), 2)

generalizing Cayley’s formula n"~2 for the number of labeled trees on n vertices.
Second, let Vi,...,V, be pairwise-disjoint sets of cardinalities nq,...,n,, and let
n, denote the complete colorful complex on V4 U --- U V,, whose facets are

.....
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the sets meeting each V; in one point. Adin [Adi92] proved that

(r;ET$\D‘) HteD(ntfl)

Tk(Bny,n,) = H Z Ng (3)

DC[r] \agD
|DI<k
for all nqy,...,n, and all k = 0,...,r — 1. The case r = 1 is trivial, and the case
r = 2 reduces to the known formula 7(K, ,,) = n™ 'm"~1. Furthermore, setting
r=mn, k=d, and n; = 1 for all ¢ recovers Kalai’s formula .
We now turn to weighted enumeration of spanning trees. Let {X,: 0 € A} be a
family of commuting indeterminates corresponding to the faces of A. We define a

polynomial analogue of 7 (A), the weighted tree count, by

=)= Y [Hia(GZ))P [ Xo

TeTr(A) o€

Note that setting X, = 1 for all o specializes 73 to 7. For the d-skeleton Kﬁ of an
n-vertex simplex and with X, = [],., vi, Kalai [Kal83] proved that

Fa(K) = (X1 X) G (X 4+ X)) (4)

Next we define weighted versions of the boundary operators of a cell complex.
The payoff will be a version of the cellular matrix-tree theorem that can be used
recursively to calculate the weighted tree counts 75 (A) for families such as complete
colorful simplicial complexes.

Let x = {2,: 0 € A} be a family of commuting indeterminates, and let R =
Z[x,x~ ] be the ring of Laurent polynomials in {z,} over Z. In addition, set
X, =22, For k < d, let Dy denote the diagonal matrix with entries (z, : o € Ay).

Definition 2.2. Let 9y = i (A) be the cellular boundary map Cy(A) — Cr_1(A),
regarded as a matrix with rows and columns indexed by Ap_; and Aj respec-
tively. The k" weighted boundary map is then the map 9y = Ox(A) : Cr(A, R) —
Ckfl(A,R) given by ék = D];_llaka

We will abbreviate dx(A) by d) when the complex A is clear from context (and
similarly for the other invariants to be defined shortly). We define coboundary maps
3; : Ck—1(A, R) — Ci(A, R) by associating cochains with chains in the natural way,
so that the matrix representing 3* is just the transpose of that representing .

Definition 2.3. The k-th wezghted up down, down- up and total Laplacian operators
are respectively Lud 8k+18k o Lt = 6*8k and Ltot Lud + Ldu

Let spd and 829 denote the multisets of eigenvalues of LI and L}, respectively,
and define si4, s}ft, §du and 8i° similarly. The notation a = b will indicate that
two multisets a and b are equal up to the multiplicity of the element 0. We recall
the following well-known facts (e.g., [DR02, Section 3]), and include their proofs

for completeness.

Proposition 2.4. For all k > 0 we have 8§} = S,H_1 and 8t = 88 U s, (Recall
that multiset union is defined by adding multiplicities).

Proof. For the first identity, if M is any square matrix and v is a nonzero eigenvector
of MTM with eigenvalue X\ # 0, then Mv is a nonzero eigenvector of M M7 with
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eigenvalue A\. Thus the multiplicity of every nonzero eigenvalue is the same for
MMT as for MT M. For the second identity, the operators ﬁgu and ﬁ}gd annihilate
each other (because 5k5k+1 = 0), so for every \ # 0, the A-eigenspace of li}ft is the
direct sum of those of ﬁzd and I:g“. O

The pseudodeterminant pdet M of a square matrix M is the product of its
nonzero eigenvalues. (Thus pdet M = det M if M is nonsingular.) Define

7k (A) = pdet inl = pdet L%u, 7k (A) = pdet I:Eil = pdet I:%“ (5)

where the second and fourth equalities follow from Proposition[2.4] These invariants
are linked to cellular tree and forest enumeration in A.

3. PROOF OF THE MAIN FORMULA

In this section, we prove the weighted version of the cellular matrix-tree theorem
(Theorem that we will use to enumerate trees in complete colorful complexes
and skeleta of hypercubes. As mentioned before, the result is a slight generalization
of Theorem 5.3 of [MMRWT5].

As before, let A be a finite cell complex of dimension d. Let T C A, and

S - Ad—l such that |T| = |S‘ = fd — Bd. Define
Ap=TUA D §=A;1\S, Ag=SUAq4 9,

and let g1 be the square submatrix of 95 with rows indexed by S and columns
indexed by T.

Proposition 3.1 ([DKMII, Proposition 2.6]). The matriz Os.r is nonsingular if
and only if Ap € Ta(A) and Ag € Tg—1(A).

Proposition 3.2 ([DKMI11l Proposition 2.7]). If s is nonsingular, then

_ |Hia(A7)| - [Haa(Ag)]
[Ha—2(D)] .

|det aS,T|
Note that det GAS’T = (zp/xg) det Jg 1, so Propositions and immediately
imply the following result.

Proposition 3.3. Let T C Ay and S C Ag_1, with |T| = |S| = fa — Bd' Then
det Os,r is nonzero if and only if Ap € Tg(A) and Ag € Tg—1(A). In that case,

_ |Haa(A7)| - |Haa(Ag)| @r
|Hq—2(A)] Ts

+det éS,T

With these tools in hand, we can now prove Theorem following [DKM11]
Theorems 2.8(1) and 2.12(1)].

Proof of Theorem[I_]. It is enough to prove the case k = d; the general case then
follows by replacing A with its k-skeleton A®), which is also APC and satisfies
#(AW) = #;(A) for all j < k. By the Binet-Cauchy formula and Proposition
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we have

#Fa(A) = Z Z (det ésyT)z

T:AreTy(A) S:Az€Ta_1(A)

. . 2
_ [Ha—1(A)| - [Ha—2(As5)| 21
= Z Z ( |Ha—o(A)| xs>

Ar€Ta As€Ta-1

- |Hd—2(A)12 X(a-1) ( 2 |Har(A)? XT) > Hao(As) X5

Ar€Tq Ag€Ta-1
_ 74(A) Ta—1(A)
|Ha—2(A)[? X(g4-1)

The case Hy,(A;Z) = 0 for all k < dim A (so that the correction term 1/|Hy(A)|?
is trivial) is Theorem 5.3 of [MMRW15].

Corollary 3.4. Let G be a connected graph on vertex set [n]. Then
XX, . XX,
=2 4 (@)= Ltom
X+ + X, X+ + X,
Proof. We may regard G as a cell complex with d = 1. The O-trees are just
the vertices, so 7q—1(G) = X3 +--- + X, and X(4_1) = X;---X,,. Moreover,
H_1(G) = 0. Now solving for 74 in Theorem yields the desired formula. d

(@) pdet LI4(@).

4. COMPLETE COLORFUL COMPLEXES

In order to enumerate trees in complete colorful complexes, we will exploit the
fact that these complexes are precisely the joins of 0-dimensional complexes. Ac-
cordingly, we begin by recalling some facts about the join operation and its effect
on Laplacian spectra.

Let Aq,..., A, besimplicial complexes on pairwise disjoint vertex sets V7, ..., V.
Their join is the simplicial complex on vertex set V3 U--- UV, given by

A= As-xA, = {o=0,U---Uogp:01 €Ay, ..., 0, €A}

The join of two shellable complexes is shellable by [Dre93| Corollary 2.9]. In addi-
tion, Duval and Reiner [DR02| Theorem 4.10] showed that if A = Ay x Ag, then

S;COt(A) = {{)\1 + Ao: A € Sz?t(Al), Ay € SFCO;(AQ), ki+ ko =k — 1}}

This result may be obtained by observing that the simplicial chain complex Cy(A; Z)
can be identified with Ce(A1;Z)®C,e(A2; Z) (with an appropriate shift in homologi-
cal degree, since dim(oqUoy) = dim o1 +dim o3+1). This identification extends eas-
ily to r-fold joins, and it carries over to weighted chain complexes (see Deﬁnition
provided that the faces of Ay * .- x A, are weighted by z, .00, = Zo, - 20,
That is,

Coe(A;R1 Qp - ®z Ry) = Co(A1; R1) ® - @ Co(Ar; R,

where R; is the ring of Laurent polynomials in the weights of faces of A;. As a
consequence, we obtain the following general formula for the weighted Laplacian
spectrum of a join:

st = {{ e A) Ve, Yk =k-r+1fl. (6)
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We now introduce complete colorful complexes (or “complete multipartite com-
plexes”), which were Bolker’s original motivation for introducing simplicial span-
ning trees in [Bol76] and were studied in detail by Adin [Adi92].

Definition 4.1. Let V3 = {v11,...,01n,}5---» Ve = {Ur1,...,Vrn,.} be finite sets
of vertices, and let K'Vq denote the edgeless graph (= 0-dimensional complex) on
vertex set V. The complete colorful complex A = A, . ,, is the simplicial join
Ky, *---% Ky on vertex set V =V, U---UV,. We regard the indices 1,...,7 as
colors, so that the facets (resp., faces) of A are the sets of vertices having exactly
one (resp., at most one) vertex of each color.

The simplicial complex A is shellable because it is the join of shellable complexes.
In particular, the homology groups Hy,(A; Z) vanish for all k < dim A = r—1. Note
that A is also the clique complex of the complete multipartite graph K, n,.

For the rest of the section, we fix the notation of Definition Let {zqi: q €
[r], © € [ng]} be a family of commuting indeterminates corresponding to the vertices
of A, and set z, =[] z,; and X, = x2. Also, for each g € [r], define

Vq,i €0

ng g
Sq=_ Xgi, Py =[] Xq:
=1 =1

Lemma 4.2. The eigenvalues of ﬁg’t(A) are all of the form \j = quj Sq, where
J ranges over all subsets of [r] of size at most k+ 1. The multiplicity of each \j is

(kiI'_ﬁ'ﬂ) [Ties(ne = 1).
Proof. For ¢ € [r], let Ay be the 0-dimensional complex with vertices V. Its
weighted coboundary 9 (A,) is represented by the column vector U, = (24,1, -+, Zgn,)-
Thus

ﬁ?f(Aq) = f/lidl(Aq) = UqTqu j/(t)Ot(Aq) = ﬁgu(Aq) = UqUZ'
The first of these is the 1 x 1 matrix with entry S,;. The second is a ngy x n, matrix

of rank 1; its nonzero eigenspace is spanned by U,, with eigenvalue UqT U, = 9.
Hence

s (Ag) = {Se}, 80 (Ag) = {Sg; 0:mg — 1}
and applying @ gives
Ag € é;g(;t(Aq) vq,
S A) =AM+ H A kg€ {-1,0} Vg,
{g: kg =0} =k +1

In particular, the eigenvalues of Lt°*(A) are all of the form A;. Their multiplicities

are as claimed because each instance of Ay arises by choosing one of the ny — 1

copies of the zero eigenvalue from §{°*(A,) for each ¢ € J, and then choosing the

remaining k + 1 — |J| indices ¢ for which k, = 0. O
For k € Z and 1 < ¢ < r, define

Eng= Y ()]0 (7)

JC[r\{a} teJ
|J]<k—1
Note that each Ej 4 is symmetric in ny, ..., ng, ..., n,; specifically, it is the sum of

all monomials of degree at most k— 1 in the expansion of (—1)"~* [Ticpp\ gy (Ri—1).
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We now restate and prove the main theorem of this section, introducing addi-
tional notation that will make the proof easier.

Theorem Let A = Ay, n, be a complete colorful complex, wherer,ny, ..., n,
are positive integers. Then for all 0 < k <r — 1, we have

where

T r—2—|J| oy —
A, = HPqu«q’ By = H (qu)( kf\Jl\ )HteJ( 1).

q=1 JCIr]  q¢J
[J|<k

Note that when k = r — 1, the expression for Bj, includes the nonstandard bino-

mial coefficient (;:f:m) (recall our conventions on binomial coefficients from )

Proof. The proof proceeds by induction on k; the base cases are k = —1 and k = 0.
Base cases: When k = —1, we have 7_1 = 1 and A_; = B_; = 1 (adopting
the standard convention that an empty product equals 1). When k = 0, we have
Egq = 0,80 Ag = 1 and By = 37, Sg = 32, ey Xq;, which equals 7o(A)
because the 0-trees of a complex are just its vertices.
Inductive step: Let k£ > 0. Then Theorem implies that

Frr1 i To—1 = X (o X (b—1) Rh+17k (8)
(recall that all torsion factors equal 1 since A is shellable). In order to show that
Tet1 = Agy1Bry1, it suffices to show that Ay By satisfies this same recurrence, i.e.,
that

(A1 A7 Ak1)(Beg1BiBr—1) = XX (h—1)Th417k- 9)

First, define

Fk’q = Z Hnt

JCIr\{q} teJ
=k

so that X () = ngl PqF'“"’. Moreover, for 1 <k <r—1and 1 < ¢ < r, we have
E g+ Er—1,g = Fi—1,4. Then the definition of A; implies that

Ak_},.lAiAk_l — H P(1Ek+1,q+2Ek,q+Ek—1,q — H Pqu,q"rFk—l,q — X(k)X(kfl) (10)
qg=1 qg=1
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Second, for J C [r], define \; =3 ., S, (asin Lemma and py = /\IJ_[*'E"(M_I).
Then

r—2—3 r—2—j r—2—3j
Bi1ByBy—1 = H ﬂgkﬂ D25+ (55)
JC[r]
[J|=j<k—1
XHM;”?:JFZ H MJTS&
JC[r] JCr]
|J|=Fk |J|=k+1
= 11 u%s) I w7 11 wo
JClr] JC[r] JC[r]
[J]=j<k—1 |J|=k |J|=k+1
— H M(/cﬂ—j)
JC[r]
[J|=5<k+1
= H )\L(]k:—ﬂj) [T,cs(ne—1)
JC[r]
|J|=j<k+1
= pdetf/;cOt(A) = TETk+1 (11)
by Lemma Proposition and the definition of 7 in . Now combining
and yields the desired recurrence (9). 0

Remark 4.3. Kalai’s formula now follows as a corollary, by regarding the
simplex on n vertices as the complete colorful complex with n vertices, all of different
colors.

Remark 4.4. Setting k = 1 gives the degree-weighted tree count for the complete
multipartite graph Ky, . .. Here Fy 4 = 1, so the theorem gives

,,,,,

T =A1B; = (ﬁ Pq> H /\‘(ITIEI?J‘\‘”) [T, (ne—1)
7=1 JC[r]
|J]<1
r—2
. (ne—1)
I || X2 x| (IHZ)™ )
vag €V vq, €V t=1 gt

which recovers a theorem of Clark [Cla03l Theorem 2]. Further specializing all the
indeterminates to 1 and writing n = ny + - - - + n,. yields the unweighted tree count

Tl(Knhm,n,.) = p’2 H(n—nt)(”t_1)7

a well-known formula that has been rediscovered many times; the earliest source
appears to be Austin [Aus60].
Remark 4.5. Consider the special case k = r — 1. Here, we have

Ay =[] pEve = T i) (Hesalre)

q=1
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To simplify B,_1, note that our conventions on binomial coefficients imply that

(r2j Jo o ifj<r—1,
r—1-3) |1 ifj=r—1,

so that
Br—l — H A?teJ(nt—l).
JC|[r]
|J|=r—1
Thus, we find

Example 4.6. The Complete colorful complex Aj s o is the boundary of an octa-
hedron. By Theorem its degree-weighted tree counts are

Fo = (X1,1X1,2X21X22X31X32)%591 59253,
= X11X12X21X22X31X32(52 + 53)(S1 + 53)(S1 + S2)(S1 + S2 + S3),

where S; = X1+ X 0.
Example 4.7. Let K, be the complete graph on n vertices x1,...,z,, and let
K5 be the empty graph on 2 vertices yi,y2. Their join A = K, * Ky is a 2-
dimensional simplicial complex; topologically, it is the suspension of K,. While A
is not a skeleton of any complete colorful complex, we can still use the formula @ to
compute its weighted Laplacian eigenvalues and thus enumerate its trees. Of course,
it is possible to extract the weighted tree counts 73 directly from the spectra of the
total Laplacians, since 4177 7k—1 = X (k) X (k—1) pdet LY(A) by (§) and (T1), but
in this case it is a little more convenient to work with the up-down Laplacian
spectra.

Let Sy = X1+ -+ X, and Sy = Y} +Y5. It is easy to verify (e.g., by
Lemma that

s©l(K2) = {Sv}}, sl (Kn) = {Sx 1},
807 (K2) = {{0; Sy}}, 86 (Kp) = {Sx: n}},
SP(Kn) ={Sx:n—1; 0: () = (n—1)}}.
Noting that ( ) (n—1)= (" 1) and applying the join formula @ we get
sP1(A) = {Sx + Sy},
56°(A) = {{Sx +Sy:n+1; Sx}},
t(A) ={Sy: ("31); Sx +Sy:2n—1; Sx:n}},
$UA) = {0: (") Sx:n—1; Sy: (";1); Sx + Sy:n—1}},
and thus, by Proposition we have
$29(A) = {Sx + Sy,
$59(A) = {{Sx + Sy : m; Sx},
§19(A) = {{Sy: (”gl); Sx +Sy:n—1; Sx:n—1}}
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and therefore

n—1
70(A) = Sx+Sy, #1(A) = Sx(Sx+Sy)", w(A) = S;;—lsé 2 )(SX+SY)"‘1.

We can now write down the degree-weighted tree counts 7 (A). The 0-dimensional
trees are vertices, so 7o(A) = Sx + Sy = X1+ -+ X,, + Y1 + Y3, and then applying
Theorem [1.1] gives

= (X1 X)) (X 4+ X + Y1+ V)" (X 4+ X,
n—1
By = (X1 X (V)" (X o X)" 21+ ¥p) ("2 )

An open question is to simultaneously generalize this example and Theorem
by giving a formula for weighted Laplacian spectra of arbitrary joins of skeleta of
simplices, i.e., complexes of the form K,‘fi Kok Kg:.

5. HYPERCUBES

In this section we prove a formula (Theorem for weighted enumeration of
trees in the hypercube @,,. This formula was proposed in [DKMI11l, Conjecture 4.3],
and the special case k = 1 (enumerating trees in hypercube graphs) is equivalent
to [MRO3|, Theorem 3]. We begin by describing the cell structure of @,.

Let n be a nonnegative integer. The hypercube @, is the topological space
[0,1]™ C R™ made into a regular cell complex with 3™ cells, each identified with an n-
tuple 0 = (01, ...,0,), where each o; € {[0,1],0,1}. Thusdimo = |{i: o; = [0, 1]},
and the f-polynomial of @), is

F@Quity= D time = (t 42",
0€Q,

Since @, is contractible, for every k < d < n, we have

Hi(Qua;Z) = Hy(Qu;Z) =0 (12)
where (),, 4 denotes the d-skeleton of @),.
Let g1,y Gny Y1y« -y Yns 21, - - -, Z2n, De commuting indeterminates. For A C [n],

let ga = HjeA ¢j, and define y4 and z4 similarly. Assign each face 0 € @,
the weight X, = qaypzc, where A = {i: 0, = [0,1]}, B = {i: 0; = 0}, and
C={i:o;=1}.

We will need the following simple combinatorial identity.

Lemma 5.1. Let N, K be integers with N > 0. Then

> (1)) - ()

Proof. Both sides count the number of triples (A4, B, C) with AUBUC = [N] and
|A| = K. The index of summation i represents |AU B|. Note that both sides vanish
if K<0or K > N. g

We now restate and prove the main theorem on hypercubes.



14 G. AALIPOUR, A. M. DUVAL, W. KOOK, K.-J. LEE, AND J. L. MARTIN

Theorem Letn >k >0. Then

(79
fk(Qn)=q[Z,l]i;k*1( 2)6=) I (> wtwi+2) T] wizs

SCln] \i€S jES\i
|S|>k

Proof. If n =k = 0, then the theorem reduces to the statement 79(Qo) = 1, which
is clear. Henceforth, we assume n > 0.
First we rewrite the theorem in a more convenient form. For S C [n], let

1 1
=T ()

€S
so that

Z (%‘(yz‘ + zi) H yjzj) = USYSZS-

= jeSs\i
Thus, the theorem is equivalent to the statement that 74 (Q,) = Ak BkClk, where

n—1 n—1)(i—1 |s\—2) (\S‘\—2)
Ay = q Pk—l( i )(k—2) By = H u( k—1 Cp = H (ySZS) k—1
] ’ s 0
SCln] SCln]
|S|>k |S|>k

We proceed by induction on k. The base case is k = 0. For the inductive
step, we know by Theorem that 7x7x—1 = T X—1) for all k& > 0, where
Xk-1) = Ilaimo—k_1 Xo, as before. (Note that the torsion factor |Hj—o(A))?
vanishes by ) We will show that Ay BC} satisfies the same recurrence, i.e.,
that

ApBrCrAg 1B 1Cr—1 = 7 X (k—1)- (14)

Base case: Let k£ = 0. First, (1__21) =0 for all 4 > 0, and ("__11) =0forn>1,
so the only non-vanishing summand in the exponent of Ay is the i = 0 summand,
namely ("al) (:é) = —1, giving Ag = (q1 - qn) .

Second, if S C [n] is a nonempty set then (|Sl;2) = 0 unless |S| = 1. So the
surviving factors in By and Cy correspond to the singleton subsets of [n], giving

_ 1 1
AogBoCy = q[n]l H 45 (y + 2) Yjzj = H (yj +25)
j€ln] T

J€[n]

which is indeed 75(Q.) (= 7o(Qn))-
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Inductive step: We now assume that k& > 0. First, the exponent on g, in
AkAk—l is

by Lemmal[5.1] with N =n—1 and K = k —2. The second equality uses the Pascal
recurrence. Note that (i, k) = (0,2), the one instance where the Pascal recurrence
is invalid, does not occur.

Second, we calculate

(259 (752
ByBi_1 = H Ug H Ug
SC[n] SC[n]
|S|>k |S|>k—1
(R5)+(5Y)
= H Ug H us
SC[n] SCln]
[S|>k |S|=Fk
('R
= H Ug H us
SC[n] SCln]
|S|>k |S|=k
|1S|—1
=11 ug’“*). (16)
SCln
\ST[zll

Again, the second equality uses the Pascal recurrence, and the exception |S| =k =1
does not occur.
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Third, we consider CC)_;. This is a monomial that is symmetric in the variables

YLy« -y Yny 21, - -5 2n, SO it is sufficient to calculate the exponent of y,, which is
|S| —2 |S] —2
> 5 = (05
SCln]: SC[n]:
nes, |S|>k nes, |S|>k—1
B k—2 |S] —2 |S] —2
- > (o) 2G50
SCln]: SC[n]:
nes, |S|=k nes, |S|>k
n—1 |S|—1
(o) 2 (65
SC[n]:
nes, |S|>k
n—1 .
n—1 ) n—1 .
= <k_1> +; <k_1>( . ) (setting i = | S| — 1)

LV

£ ()07

n—1
= an—k 17
(: 1) ")
by Lemma 5.1l with N = n—1 and K = k — 1. Here again we have used the Pascal
recurrence in the third step, and the exception |S| = k = 1 does not occur. Putting

together , and gives

n—1\on—k+1 |S|—1 n—1\on—k
ApAg—1BpB—1CxCr—1 = q[(ffz) H U(skfl) (y[n]z[n])(kfl)
SC[n]
[S|=k

Now we consider the right-hand side of the desired equality . By [DKM11l,
Theorem 4.2], the eigenvalues of L}, (Qy) are {ug: S C [n], |S| > k}, each occur-
ring with multiplicity (“lell) Therefore

Is|—1
T, = H uk(gkfl) = BpBy_1. (18)

Meanwhile, by a simple combinatorial calculation (which we omit), we have

7f:1 2n*k+1 n—1\gn—k
Xy = I aaysze = q[(iJ ) (W 2) 1)
AUBUC=[n]
|Al=k—1
= ApA,L_1CCr_1 (19)

by and . Now combining with gives
T X (k1) = ArAk—1BrBr1CrCl 1

establishing as desired. ([
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6. ANOTHER TREE COUNT FOR HYPERCUBES

In this section, we present a very different way of calculating the weighted tree
counts 7 (Qn) of a hypercube @,, building on the previous work of Kook and
Lee [KL15]. This gives an interpretation of some of the exponents in the formula
in terms of unsigned reduced Euler characteristics. Section [6.1] introduces a com-

binatorial formula for the reduced Euler characteristic of the skeleton Q;’“), and
Section presents a logarithmic approach to obtain a formula for 74 (Q,,).

6.1. Reduced Euler characteristics for a hypercube. For k € [0,n], let (Qn)%
denote the set of all k-cells in Q,,, and note that [(Q, )| = 2% (7). Define (Qn)-1
to be a set with one element. Then we have

k k

- i ion—i[ T

@) = 3 i@l = v (1) -1 (20)
i=—1 i=0

Note that since Q,, is acyclic, the reduced homology groups of Q%k) vanish except

in dimension k, and

RO = (=1 X(Q) = rkz Hi(Q). (21)
We now establish a combinatorial interpretation of the unsigned Euler characteristic
\)Z(lek))L as stated in the introduction.

Proposition 6.1. Let k € [0,n]. Then

= > (1)

i=k+1
and consequently (combining with )

S () -0 5 (0)(3)

=0 i=k+1

Proof. For k € [0,n], define A, ; to be the subcomplex of lek) generated by the
k-cells 0 = (01, ...,0,) with the following property: if o; = 1 for any j, then there
is some ¢ < j for which o; = [0,1]. Then the number of k-cells in lek) \ Ay, is
Sieir (5) (lzl) (here i represents the number of coordinates of ¢ that are not 0;
the leftmost of these must be 1).

We will show that A, i is acyclic and contains ng_l), from which the formula
for |x( %k))| will immediately follow. We proceed by induction on n. Note that
App = Q,(ln) =Qp and A, = {(0,...,0)} have these properties for any n, which
covers the base step. Now, note that A, , can be defined recursively as follows
(vefer to Figure [1f):

An,k =BUCUD
for k € [1,n—1], where B=A,,_1 4, x0,C =A,_1,x1,and D = A,,_1 y—1 X [0,1].
Since all of B, D, and BN D = A,_1 ;-1 x 0 are acyclic by induction, B U D is
also acyclic. Similarly, C'U D is acyclic. Since (BUD)N(CUD) = D is acyclic, we
conclude that A, , is acyclic. Also by induction, B U C contains all (k — 1)-cells in
@, whose last coordinate is 0 or 1, and D contains those whose last coordinate is
[0,1]. Hence, A,, ;, contains lek_l). O
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(0,0,1) (0,1,1) (0,0,1) (0,1,1)

(L.0.1) §&\§
(b) \\\\\\\\\\\\\\\ ,

(1,0.0)

(1.0,1)

FIGURE 1. (a) The complex generated by bold edges is A3 and
the set of dashed edges is (Q3)1\ A3,1. (b) The complex generated
by the five shaded 2-cells is A3 2, and the meshed 2-cell is (Q3)2 \
A372.

6.2. Interpretation of 7(Q,) via a logarithmic generating function. We
will give a logarithmic generating function for the weighted tree counts of the hy-
percube @,. Logarithmic generating functions for unweighted tree counts of an
acyclic cell complex were given in [KK14, Theorem 8|, and for weighted tree counts
of a Z-APC simplicial complex in [KLI5l Theorem 5]. In order to focus on the
multiplicities of Laplacian eigenvalues, we will adopt a formal logarithm satisfying
the rule
log(ab) = loga + logb

where a, b are nonzero elements of some field F.

As in the case for complete colorful complexes , Theorem and Proposition
imply the following identity for k& € [—1,n]:

(det L) I x- I Xo | =%
o€(Qn)k-1 0’ €(Qn)k
where 79 = 71 = 711 = 1. Since Q,, is acyclic, we have det ﬁ};’t # 0 for k €
[~1,n] by combinatorial Hodge theory [Fri98], and therefore (det Lio%) = ty 417
by Proposition Applying the formal logarithm to this identity, we obtain

Wi + log H Xo | +log H Xor | = Rp—1 + 2Rp + Rrg (22)
7€(Qn)k—1 o' €(Qn)k

where @, = log det I:}ft and &y = log 7. Define

D(z) = Z Ope*tt and  K(z) = Z/%kxk.
k=—1 k=0
as follows. Let k € [0,n]

We will establish a relationship between D(x) and K (
= [{o € (Qn)x: 0i = 1}| and

and fix 7 € [n]. Define v, = |{o € (Qn)r: 0; = 0}
er = {0 € (Qn)r: 0 = [0,1]}], so that

n—1 n—1
I/k< i >2”1k and ek<k_1>2”k.

—-~ 8
q —
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Note that v,, = ¢g = 0. Now define
F, (x) = Z vzt and F.(x) = Z epzttL .
k=0 k=0

Proposition 6.2. We have
K(z) = (14+2)7?D(2) + (1+ )~ (log(ypm 2 Fo (x) + log(gpm) Fe(x)).  (23)

Proof. For k € [0,n], note that [],.cq.), Xor = [licpm) Wizi)™ [Licn) @i which
follows directly from the definitions of v; and €. Applying the formal logarithm to
this identity, we get log(I[, (0, ), Xo’) = vk 108(Y[n)2[n)) + €k 108(qpn)). Therefore,
for k € [—1,n], we obtain from (22)

Ri—1+ 2Rk + Appr = O + (V-1 + ve) 10g(Y[n) 21n)) + (€x—1 + €x) log(qpn))

where #y, v, and e are zero for k ¢ [0,n]. Multiplying both sides by z**! and
summing over k € [—1,n + 1] gives
(1+2)°K(2) = D(@) + (1 + &) (108(Y[n] 2()) Fo () + log(gpn)) Fe(2)) ,
and the result follows. O
We now restate the main result of this part of the paper.
Theorem For k € [n], the k-th weighted tree count of Qy, is
. R QYD QLY 1512
e o= 11(Qn) = (@) XD (g zp) & ! 11 ug('#7) (24)
SCln]
|S|>Ek

where us =) ;5 qi (yi_l + zz_l) . Moreover, 7y := 70(Qp) = Hie[n] (yi + zi).
Proof. First, we reformulate the right-hand side of . Define Dg = ZLS:lO (‘i‘)mk“ =
(14 2)!5lz for S C [n] with S # (). Note that for i € [n], we have b{i} =142z
and log(u;) = log(y; + 2;) + log(q;) — log(y;2;). By [DKMITI], Theorem 4.2], for the
weighted total Laplacians L{°*, we have

o det D—Of = Hie[n] (yi + 2i) = 7o,

o det L§" = (ITigpn) (i + 2)) (ILscpm us), and

A S|

o det LIt = (Hsg[n} ugk )) for k € [1,n],
where we define ug := 1. Therefore,
D(@)=(142) > log(y:+2z)+ Y (logus)Ds+ Y (logus)Ds

1€[n] SC[n] SCln

IS|=1 |S[>2
=(1+2)* ) log(yi+2z)+ > (1+)z(log(e:) —log(yizi)) + Y (logus)Ds.
i€[n] i€[n] SCln]

IS1>2
Applying Proposition [6.2] we obtain
K(x) = fo + (10g(qm))) Kq + (10g(ypm 2m)) Ky= + > (logus)Ksg (25)

SCln]
|SI>2
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where K, = (1 + z) 'z + F.(2)), K. = (1 + )" (-2 + F,(z)), and Kg =
(1+2)~2Dg for each S C [n] with |S| > 2. Thus, the coefficients of K,, K., and
Kg are the exponents of qp,), Y2, and ug, respectively, and the proof reduces
to showing that these exponents are as claimed in .

Let us compute the exponent of gp,) in (24). For k € [0,n — 1], let ¢ be the
number of k-cells in Q,,_1 and c_; = 1. Thus cx_1 = € for all k € [n], and
c_1 =1+ ¢y. Observe that

K,=01+ z) Yz + F.(x))

(1+x)” chx +2

n k—2 n
=y ( 3 (—1>H-fce) 2 = 3T RQY) "

where the last equality is given by (21)). Hence |)~((Q1(1k:12))| is the exponent of the

product g in
Next, we con51der the exponent of yj,)z},) in . Let ¢y =co— 1, and ¢}, = ¢
for all k € [n]. By a similar calculation for Kq, we have

Ky =1 +2)7 (2 + F,(2))

=(1+xz)" <—x+chx )
i+xk | <Zc xk+1>
)

=0

k=1 \U=-1

kl)

M:

k=1

where again the last equality uses . Hence | X(Q(k 1))| is the exponent of the
product Y, 2, in .

Finally, let S C [n] with |S| > 2. Recall that Dg = (1 + z)lz. For k € [n],
the coefficient of ¥ in Kg = (1+ ) 2Dg = (1 +z)/°1"22 is (‘2‘:12), which is the
exponent of ug in the last product of . O

Remark 6.3. Theorem provides an alternate proof of Theorem Simply
applying Proposition gives

n—lnl

n—1 n—1y(i-1 . - \s\ 2
Fe = () = (65 (g ) =i ()G IT us(¥). (26
SC[n]
|S|>k

This equation, together with a binomial identity, yields Theorem
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Remark 6.4. We can obtain directly from (25)). First note that

F.(z) = zn: (Z_ D gn—k gkl = 12(y 4 2)n=1 = Til (“ . 1) (1+ )22

k=1 =0

(This identity can be obtained either combinatorially, by counting the faces of
Qn_1 in two different ways, or algebraically, by equating two different binomial
expansions of z2(x 4 2)*~1.) Tt follows that K, = = + Y7 ("TH (A + 2)ita?,

Hence, for k € [n], the coefficient of z* in K| is Z?:_qu (”;1) (;:12), which is

the exponent of g, in (26). Similarly, since F,(z) = Z;:Ol ("fl)(l + x)z, we

7

obtain K,. = Z?:_ll ("N (1 +z)""lz. For k € [n], the coefficient of z* in K. is

Z?;kl (":1) (;;11), which is the exponent of y, 2}, in .
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