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By [2], it is well-known that the continuous decompositions are obtained as
the induced actions of the discrete decomposition for III factor (0 < A < 1).
This result can be phrased in terms of group coactions by using the Fourier
transformation.

In this talk, we generalized the result to (not necessarily abelian) locally
compact group coaction with its dual action.

For this, we recall that the coaction « of a locally compact group K on a von
Neumann algebra A is a unital normal #-isomorphism from A into W*(K) ® A
which satisfies the following:

(d®a)oa=(Ag ®id) o «,

where W*(K) is the von Neumann algebra which is generated by the left regular
representation of K with the coproduct A : W*(K) 3 Ag(k) — Ag(k) ®
Mg (k) € W*(K)@W*(K). (We note that, by using the Fourier transformation,
if K is abelian, then coactions of K coincide with actions of the dual group K 2

We also recall that, for each action 8 of H on a von Neumann algebra P, we
define (mutually commute) actions v of H and « of K on L*(K) ® P by the
following:

(X)(1) == Bu(X(1h)), ki(X (1) == X (k™) (X € L®(K)®P, h € H, k,1 € K).

The restriction of x to @ := (L*°(K) ® P)7. is called the induced action by £.
We will prove the following:

Theorem 1 ([1], cf. [2]) Let « be a coaction of a locally compact group K on
a properly infinite von Neumann algebra A, and H be a closed subgroup of K
with the x-isomorphism I : W*(H) > Aug(h) — Ag(h) € W*(K). Then the
following are equivalent:

1. There exists an a-1-cocycle R such that the subalgebra {(id ® w)ra(a) :
ac A, we A} is contained in I(W*(H)).

2. The dual action a of K on IA(Q X A is induced by some action of H.

3. There exists an injective x-homomorphism © from L>(K/H) to the center
of K o< A such that © ol = ay, 00O for each k € K, where £}, comes from
the left translation by k on K/H.

Moreover, if one of the above conditions occurs, then there exists a coaction a/’\ of
H on A such that the system {K ,x A, &} is induced by the system {H X A, o'}.
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