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Motivation

@ H: a complex (separable) Hilbert space
@ L(H): the algebra of all bounded linear operators on H.

In 1970, J. W. Helton initiated the study of operators T € L(H)
which satisfy an identity of the form

i(—nm—i (T) THTm™ <0, 2

j=0




m-complex symmetric operator

@ A conjugation on H is an antilinear operator C : H — H
which satisfies (Cx, Cy) = (y,x) for all x,y € H and C? = |.

@ An operator T € L(H) is said to be complex symmetric if
there exists a conjugation C on H such that T = CT*C.

Definition

An operator T € £L(H) is said to be an m-complex symmetric
operator if there exists some conjugation C such that

D> (=™ (’”) THCT™C=0
Jj=0 !

for some positive integer m. In this case, we say that T is
m-complex symmetric with conjugation C.
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Examples

@ Normal operators, Algebraic operator of order 2, Aluthge
transform of CSO, Truncated Toepliltz oeprator, Finite
Toeplitz matrices, and Hankel matrices.

@ (S. R. Garcia and M. Putinar, 2006);
If T is nilpotent of order 2, then T is complex symmetric.

Let T € L(H) and let C be a conjugation on H. If T is nilpotent
of order k > 2 and T* # CTC, then T is a (2k — 1)-complex

symmetric operator with conjugation C.
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Example

Let C be a conjugation given by C(z,22,23) = (z1,22,73) on C>.

0 1 0
f T=]0 0 2] onC3, then T2=0and T is a not complex
0O 0 O

symmetric operator by [GP]. Hence T is a 5-complex symmetric
operator with conjugation C. However, since T3 = 0, we have

4 "y | | 00 0
(—1)“—1( . ) TYCT*7Cc=6T"CT?C=1]0 0 0} #0.
=0 J 0 0 24

So it is not a 4-complex symmetric operator.
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Example

Let C be a conjugation on ‘H and a self-adjoint operator
R € L(H) be complex symmetric with C, i.e., R = CRC.

If RQ = QR, QF #+ CQC and QK = 0 for some k > 2, then an
operator T = R+ Q is (2k — 1)-complex symmetric with
conjugation C.




m-complex symmetric operators

m

Set Am(T) = E}’;D(—l)m_j (_,-'

T is an m-complex symmetric operator with conjugation C if

and only if A,,(T) = 0.
Note that

) THCTm™HC.

T*ﬂlm(T} — ﬂm(T)(CTC) — ﬂlfi‘".*—l—l'(-""-)' (2)

It 7 is m-complex symmetric with conjugation C, then T is
n-complex symmetric with conjugation C for all n = m.

A 1-complex symmetric operator is complex symmetric.
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SVEP

Single-valued extension property

@ We say that an operator T has the single-valued extension
property at A (abbreviated SVEP at \) if for every open set U
containing A the only analytic function f : U — H which
satisfies the equation

(T = A\)F(A)=0

Is the constant function f = 0 on U.

@ T has SVEP if T has SVEP at every point A € C.




Property (B) and Decomposable

Property (3) [1959, E. Bishop]

An operator T € L(H) is said to have the property ([3) if for every
open subset G of C and every sequence f, : G — H of H-valued
analytic functions such that (T — z)f,(z) converges uniformly to O
in norm on compact subsets of G, then f,(z) converges uniformly
to O in norm on compact subsets of G.

Decomposable [1963, C. Foias]

An operator T € L£L(H) is said to be decomposable if for every
open cover {U, V'} of C there are I'-invariant subspaces M and
N suchthat H=M+ N, o(T|m) Cc U, and o(T|n) C V.

Decomposable = Property () =-SVEP.




m-complex symmetric operators

@ Two vectors x and y are C-orthogonal if (Cx,y) = 0.

Let T € L(H) be an m-complex symmetric operator with
conjugation C.

(i) If X is an eigenvalue of T, then X is an eigenvalue of T*.
(ii) Eigenvectors of T corresponding to distinct eigenvalues are
C-orthogonal.

(iii) If X € 0ap(T), then X\ € ap(T*).

(iv) Let X # p. If {xn}, {vn} are sequences of unit vectors such
that limp—oo(T — A)xp = 0 and limp—oo(T — p)yn = 0, then
limp—s00 (Cxp, yn) = 0.




m-complex symmetric operators

@ T € L(H) is said to be isoloid if for any A € isoa(T), A e C
is an eigenvalue of T, where isoA denotes the set of all
isolated points of A.

Let T € L(H) be m-complex symmetric with conjugation C. If T
is isoloid, then T™ is also isoloid.




m-complex symmetric operators

If {Ty} is a sequence of m-complex symmetric operators with
conjugation C such that limyg_... |Tx — T|| =0, then T is also
m-complex symmetric with conjugation C.

Let T € L(H) be invertible and let C be a conjugation on H.

(i) If THCT™IC=CT™CT* for j=0,1,--- ,m, then T is
m-complex symmetric with conjugation C if and only if CT*71C
is m-complex symmetric with conjugation C.

(ii) T is m-complex symmetric with conjugation C if and only if
T—! is m-complex symmetric with conjugation C.




m-complex symmetric operators

If T € L(H) is an m-complex symmetric operator with conjugation

C, then T" is also m-complex symmetric with conjugation C for
some n € N.

Let T € L(H) be m-complex symmetric with conjugation C. If
liMposeo | T||7 = 0, then limp—o | T*™ Cx||7 = 0.




m-complex symmetric operators

m

o Set Ap(T) =57 (—=1)m— ( ) T CcTm=IC.

J J

If An(T) is hyponormal and An,+1(T) = 0, then
ker(Am(T) — A)Nker(A1(T) — \) = {0} for any nonzero \ € C.

Corollary

Let C be a conjugation on H. Suppose that H and K are
self-adjoint operators which satisfy HCK = KCH and CRC > R,
where R = i(HK — KH). For an operator T = H + iK, if
A>(T) =0, then ker(A1(T) — \) = {0} for any nonzero \ € C.

>




m-complex symmetric operators

Let T € L(H) be an m-complex symmetric operator with
conjugation C. Then T* has the property (3) if and only if T is
decomposable.

Corollary

Let T € L(H) be m-complex symmetric operators.

(i) If T* is hyponormal, i.e. TT* > T*T, then T is decomposable.
(ii) If T* has the property (3) and a(T) has nonempty interior,
then T has a nontrivial invariant subspace.
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Local spectrum

@ p7(x) ={ Ao € C: 4 an H-valued analytic function f
defined in a neighborhood of Ag s.t. (Al — T)f(\) = x}

- the local resolvent set of x.

@ o1(x) = C\pt(x) : the local spectrum of T at x.

@ Hr(F)={xeH:o01(x) C F} where F C C

. the local spectral subspace of T.




m-complex symmetric operators

@ For D C C, we denote D* ={z:z € D}.

Let T € L(H) be an m-complex symmetric operator with
conjugation C. If T™ has the single-valued extension property, then
I has the single-valued extension property. Moreover, in this case,
o1+ (x) C o1(Cx)* for all x € H. Furthermore,

CHT(F) C Hr-(F*) where F* :={Z : z € F} for any set F in C.

a




m-complex symmetric operators

@ Assume that T has the single-valued extension property. If
there exists a constant k such that for every x, y € H with
or(x)Nor(y) =0 we have

IxlI<kllx+yll

where k is independent of x and y, we say that an operator T
satisfies Dunford’s boundedness condition (B).

Corollary

Let T € L(H) be an m-complex symmetric operator with
conjugation C. If T* has the single-valued extension property and
the Dunford's boundedness condition (B), then T also has the
Dunford's boundedness condition (B).




Perturbation of m-CSOs by
nilpotent operators

Let C be a conjugation on H. If T € L(H) is m-complex
symmetric with the conjugation C and N is nilpotent of order

n=>2with TN = TN and N* £ CNC, then T + N is

(2n + m — 2)-complex symmetric with conjugation C.

Corollary

Let C be a conjugation on H and let T € L(H) be complex
symmetric with C, i.e., T = CT*C. Then an operator R=T + N
is (2n — 1)-complex symmetric with conjugation C where

TN =NT, N* £ CNC, and N" = 0 for some n > 2.




Perturbation of m-CSOs by
nilpotent operators

Let C be a conjugation operator given by

C(z1,22,23) = (Z1.22.23) on C3. If R = | + N where

0O 1 0
N = (D 0 3) on C3, then N3 = 0 and N* #= CNC. Hence

0 0 0
0
0] #£o0.
54

So R is not a 4-complex symmetric operator. Hence R =1+ N is

== I = 3 o=
© OO

As(R) = As(N) = 6N**CN?C = (

5-complex symmetric.




Perturbation of m-CSOs by
nilpotent operators

If T € L(H) is m-complex symmetric with the conjugation C and
N is a nilpotent operator of order n with TN = NT, then the
following statements are equivalent:

(i) T is decomposable.

(ii) T* has the property (/3).

(iii) T + N is decomposable.

(iv) T* + N* has the property (3).




Perturbation of m-CSOs by
nilpotent operators

Corollary

If T € L(H) is complex symmetric with the conjugation C and N
is a nilpotent operator of order n with TN = NT, then the
following statements are equivalent:

(i) T is decomposable.

(ii) T has the property (/3).

(iii) T has the property (3).

(iv) T + N is decomposable.

(v) T* 4+ N* has the property (/3).

(vi) T + N has the property (/3).




Perturbation of m-CSOs by
nilpotent operators

@ iso/A denotes the set of all isolated points of A
@ moo(7T)={A€isoo(T):0< dmker(T —A\) < oo}
o Weyl's theorem holds for T € L(H) if

g(T)\Now(T) = moo(T)

@ Browder's theorem holds for T € L(H) if op(T) = ow(T).

.



Perturbation of m-CSOs by
nilpotent operators

Corollary

let R=T + N € L(H) where T is m-complex symmetric and

N =0 with TN = NT. If T* has the property ([3), then the
following assertions hold:

(i) R and R* have the property ([3) and the single-valued extension
property.

(ii) If a(R) has nonempty interior, then R has a nontrivial invariant
subspace.

(iii) Hr(F) is a hyperinvariant subspace for R.

(iv) If f is any function analytic on a neighborhood of o(R), then
both Weyl's and Browder's theorems hold for f(R) and

ow(f(R)) = 0b(f(R)) = f(ow(R)) = f(op(R))




Perturbation of m-CSOs by
nilpotent operators

Llet R =T + N be an operator in £(H) with the same hypotheses
as in Theorem 4. Then the following properties hold:

(i) op(R) Cop(T*)* U {0}, I(R*)* CT(T)U{0}, and

72p(R) C 0ap(T*)* U {0},

(ii) 0e(R) C 0l(T) and 0,.(R*)* C o,e(T*)".
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