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Foreword

Toeplitz operators arise naturally in several fields of mathematics and in a variety
of problems in physics. Also the theory of hyponormal and subnormal operators
is an extensive and highly developed area, which has made important contributions
to a number of problems in functional analysis, operator theory, and mathematical
physics. Thus, it becomes of central significance to describe in detail hyponormality
and subnormality for Toeplitz operators. In this sense, the following question is
challenging and interesting:

Which Toeplitz operators are hyponormal or subnormal ?

While the precise relation between normality and subnormality has been extensively
studied, as have been the classes of subnormal and hyponormal operators, the rela-
tive position of the class of subnormals inside the classes of hyponormals is still far
from being well understood. We call it a “bridge theory” for operators to explore a
bridge between hyponormality and subnormality for bounded linear operators act-
ing on an infinite dimensional complex Hilbert (or Banach) space. In this lecture I
will try to provide a bridge theory for block Toeplitz operators. This is originated
from Halmos’s Problem 5 (in 1970):

Is every subnormal Toeplitz operator either normal or analytic ?

Even though Halmos’s Problem 5 was, in 1984, answered in the negative by C.
Cowen and J. Long, until now researchers have been unable to characterize subnor-
mal Toeplitz operators in terms of their symbols. In this lecture I attempt to set forth
some of the recent developments that had taken place in the study of the subnormal-
ity of block Toeplitz operators acting on the vector-valued Hardy space Hén of the
unit circle.
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Chapter 1
Introduction

Let ¢ and % be complex Hilbert spaces, let (., %) be the set of bounded
linear operators from J# to %, and write B() := B(H, 7). For an operator
T € B(A), we write ker T and ran T for the kernel and the range of T, respectively.
For a set .#, cl.# and .#* denote the closure and the orthogonal complement of
M, respectively. For A,B € B(), we let [A,B] :== AB— BA. For an operator
T € B(H), T* denotes the adjoint of T. An operator T € H () is said to be
normal if T*T = TT*, hyponormal if its self-commutator [T*,T] is positive semi-
definite, and quasinormal if T commutes with T7*T. An operator T € () is said
to be pure if it has no nonzero reducing subspace on which it is normal. An operator
T € B(I) is said to be subnormal if there exists a Hilbert space %~ containing
2 and a normal operator N on ¢ such that N5 C 5 and T = N| . In this
case, N is called a normal extension of T. For the general theory of subnormal and
hyponormal operators, we refer to [Con] and [MP]. In general, it is quite difficult to
examine whether such a normal extension exists for an operator. Of course, there are
a couple of constructive methods for determining subnormality; one of them is the
Bram-Halmos criterion of subnormality ([Br],[Con]), which states that an operator
T € B(A) is subnormal if and only if ¥; ;(T'x;,T/x;) > 0 for all finite collections

X0,X1,- -, X € . Itis easy to see that this is equivalent to the following positivity
test:
[T*’ T] [T*zv T] e [T*ka T]
[T*a TZ} [T*zv Tz] e [T*kv Tz]
. . ) . >0 (allk>1). (1.1)
[T*v Tk] [T*27 Tk] e [T*ka Tk]

In view of (1.1), between hyponormality and subnormality there exists a whole slew
of increasingly stricter conditions, each expressible in terms of the joint hyponor-
mality of the tuples (I, T,T?2,---,T*). Given an n-tuple T = (T, ---,T,,) of operators
on 72, welet [T*,T] € B(H & ---® ) denote the self-commutator of T, defined
by
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T (T - (10T
5] (55 - (10T

[T*’T} = : : . :
TP (15T e [T

This definition of self-commutator for n-tuples of operators on a Hilbert space was
introduced by A. Athavale [At]. By analogy with the case n = 1, we shall say ([At],
[CMX]) that T is jointly hyponormal (or simply, hyponormal) if [T*,T] is a positive
operator on .77 & --- @ J¢. T is said to be normal if T is commuting and every 7;
is a normal operator, and subnormal if T is the restriction of a normal n-tuple to a
common invariant subspace. Clearly, the normality, subnormality or hyponormality
of an n-tuple requires as a necessary condition that every coordinate in the tuple
be normal, subnormal or hyponormal, respectively. Normality and subnormality
require that the coordinates commute, but hyponormality does not. When the notion
of “joint hyponormality” was first formally introduced by A. Athavale [At] in 1988,
he conceived joint hyponormality as a notion at least as strong as requiring that
the linear span of the operator coordinates consist of hyponormal operators. Recall
([Ath],[CMX],[CoS]) that T € Z () is said to be weakly k-hyponormal if

k
LS(T,T?,---,T") = {ZajT/:a:(ocl,m,ak) eCk}
=

consists entirely of hyponormal operators. If k = 2 then T is called quadratically
hyponormal, and if k = 3 then T is said to be cubically hyponormal. Similarly,
T € Z () is said to be polynomially hyponormal if p(T) is hyponormal for ev-
ery polynomial p € CJz]. It is known that k-hyponormal = weakly k-hyponormal,
but the converse is not true in general. The classes of (weakly) k-hyponormal op-
erators have been studied in an attempt to bridge the gap between subnormal-
ity and hyponormality (cf. [Cul], [Cu2], [CuF], [CuL1], [CuL2], [CMX], [DPY],
[McCP]). Joint hyponormality and weak joint hyponormality have been studied by
A. Athavale [At], J. Conway and W. Szymanski [CS], R. Curto [Cu], R. Curto and
W.Y. Lee [CuL1], R. Curto, P. Muhly, and J. Xia [CMX], R. Douglas, V. Paulsen and
K. Yan [DPY], R. Douglas and K. Yan [DY], D. Farenick and R. McEachin [FM],
C. Gu [Gu2], S. McCullough and V. Paulsen [McCP1],[McCP2], D. Xia [Xi], and
others. Joint hyponormality originated from questions about commuting normal
extensions of commuting operators, and it has also been considered with an aim at
understanding the gap between hyponormality and subnormality for single opera-

tors. Since a (2 X 2)-operator matrix ( ;* g) (with A invertible) is positive if and
only if A > 0,C > 0, and B*A~'B < C, we can rephrase (1.1) as follows:
1 T* . Tk
T T*T - T*T
. . . . >0 (allk>1). (1.2)

Tk T*Tk T*ka
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Thus the Bram-Halmos criterion can be stated as follows: T is subnormal if and
only if the positivity condition (1.3) holds for all kK > 1. But it may not still be
possible to test the positivity condition (1.3) for every positive integer k, in general.
Hence the following question is interesting and challenging:

Which operators are subnormal ?

The class of Toeplitz operators is a nice test ground for this question. On the other
hand, condition (1.2) provides a measure of the gap between hyponormality and
subnormality. In fact the positivity condition (1.2) for k = 1 is equivalent to the
hyponormality of T, while subnormality requires the validity of (1.2) for all k. For
k > 1, an operator T is said to be k-hyponormal if T satisfies the positivity con-
dition (1.2) for a fixed k. Thus the Bram-Halmos criterion can be stated as: T is
subnormal if and only if T is k-hyponormal for all kK > 1. The k-hyponormality has
been considered by many authors with an aim at understanding a bridge between
hyponormality and subnormality. For instance, the Bram-Halmos criterion on sub-
normality indicates that 2-hyponormality is generally far from subnormality. There
are special classes of operators, however, for which these two notions are equiva-
lent. A trivial example is given by the class of operators whose square is compact.
Also it was shown in ([CuL1]) that if W V5 (VA /e is the weighted shift whose
weight sequence consists of the initial weight x followed by the weight sequence
of the recursively generated subnormal weighted shift W< Va/b /AN with an initial

segment of positive weights /a, /b, /c (cf. [CuF1], [CuF2], [CuF3]), then W, is
subnormal if and only if the positivity condition (1.1) is satisfied with k = 2.

We review a few essential facts about (block) Toeplitz operators, and for that we
will use [BS], [Dol], [Do2], [GGK], [MAR], [Ni], and [Pe]. Let T = R/27Z be the
unit circle. Recall that the Hilbert space L? = L*(T) has a canonical orthonormal
basis given by the trigonometric functions e,(z) = 7", for all n € Z, and that the
Hardy space H> = H?(T) is the closed linear span of {e, :n=0,1,---}. Anelement
f € L? is said to be analytic if f € H?. Let H® = H>(T):=L" NH2, ie., H is the
set of bounded analytic functions on the open unit disk D.

Given a bounded measurable function ¢ € L™, the Toeplitz operator Ty and the
Hankel operator Hy with symbol ¢ on H 2 are defined by

Tog:=P(pg) and Hyg:=JP (pg) (g€ H?), (1.3)

where P and P denote the orthogonal projections that map from L? onto H? and
(H?)*, respectively, and J denotes the unitary operator from L? onto L? defined by
J(f)(z) =zf(Z) for f € L2. To study hyponormality (resp. normality and subnor-
mality) of the Toeplitz operator T, with symbol ¢ we may, without loss of gen-
erality, assume that ¢(0) = 0; this is because hyponormality (resp. normality and
subnormality) is invariant under translations by scalars. Normal Toeplitz operators
were characterized by a property of their symbols in the early 1960’s by A. Brown
and P.R. Halmos [BH] and the exact nature of the relationship between the symbol
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¢ € L and the hyponormality of T, was understood via Cowen’s Theorem [Co4]
in 1988.

Theorem 1.1. (Cowen’s Theorem) ([Co4], [NT]) For each ¢ € L=, let
E(@)={kecH”: |[k|]|lc < 1land ¢ —k@ € H™}.
Then a Toeplitz operator Ty is hyponormal if and only if & (@) is nonempty.

This elegant and useful theorem has been used in the works [CuL1], [CuL2],
[FL1], [FL2], [Gul], [Gu2], [GS], [HKL1], [HKL2], [HL1], [HL2], [HL3], [Le],
[NT], [Zhu], and etc., which have been devoted to the study of hyponormality for
Toeplitz operators on H>. However it may not even be possible to find tractable nec-
essary and sufficient condition for the hyponormality of 7, in terms of the Fourier
coefficients of the symbol ¢ unless certain assumptions are made about ¢. Tractable
criteria for the cases of trigonometric polynomial symbols and rational symbols and
bounded type symbols were derived from a Carathéodory-Schur interpolation prob-
lem ([Zhu]), a tangential Hermite-Fejér interpolation problem ([Gul]) or the classi-
cal Hermite-Fejér interpolation problem ([HL3]), respectively.

We introduce the notion of block Toeplitz operators. Let M, «, denote the set
of all n x r complex matrices and write M, := M,,«,. For 2" a Hilbert space, let
LE@ = LE@(T) be the Hilbert space of 2 -valued norm square-integrable measur-
able functions on T and let Hfzf = H%K (T) be the corresponding Hardy space. We
observe that LZC,, =[?>®C" and Hén = H?>®C". If @ is a matrix-valued function in
Ly, =Ly (T) (=L”®@M,) then Tp : Hén — Hén denotes a block Toeplitz operator
with symbol @ defined by

Tof := B,(®f) for f € Hén,

where P, is the orthogonal projection of L, onto Hg,. A block Hankel operator
with symbol @ € Lj; is the operator Hg : Hg, — Hg, defined by

Hof :=J,PH(®Pf) for f € HEn,

where J, denotes the unitary operator from L%, onto L%, given by J,(f)(z) :=
7l f(z) for f € chn, with I, the n x n identity matrix. Note that H%n can be viewed
either as

Hi =C"oC"oC'@---,

the infinite direct sum of C", or as,
H%,, —H’®---®H?,

where the number of copies of H Zisn. If we write @ = Yo Dyt € L}‘(,}n (z=¢"9),
then with respect to the decomposition H2, = C" & C"* @ C" @ -- -, we can write
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Dy D, P, - b, D, Ds
(Dl ¢0 d—1 .. (D,Z (p,_g (D74
Tp = . and He =

@2 (171 d50 . ¢_3 45_4

Also if we write

b= : €Ly, ,
On1  Onn

then with respect to the decomposition Hg, = H> & - -- & H?, we can write

Toy - To, Hp, - Ho,
Te = : and Hg = :
T(Pnl e T‘P}m H(Pnl T H(Dnn
For @ € Lﬁnxm, write
B(2) = D (2).

A matrix-valued function ® € H;,‘,’Mm (= H” ® M, ) is called inner if @*0 =1,
almost everywhere on T. The following basic relations can be easily derived:

Ty =Ty, Hy—Hy (PEL): (1.4)
Tow —ToTy = Hy.Hy (D, €Ly ); (1.5)
HoTy =Hoy, Hye =T He (P €Ly W E€Hy ) (1.6)
HjyHp — HypHow — HyHo-Hy He (@ imner, ® € Ly ). (1.7)

A function ¢ € L is said to be of bounded type (or in the Nevanlinna class) if
there are functions vy, y, € H*(D) such that ¢(z) = v (z) /w2 (z) for almost all z in
T. Evidently, rational functions are of bounded type. For a matrix-valued function
D =[g;] € Ly, , we say that @ is of bounded type if each entry ¢;; is of bounded
type, and we say that @ is rational if each entry @;; is a rational function. A matrix-
valued trigonometric polynomial @ € Ly; is of the form

D(z) = iV: Ajz (Aj M),

j=—m

where Ay and A_,, are called the outer coefficients of ¢. We recall that for matrix-
valued functions A :=Y5___Ajz/ € Ly, and B:=Y7 .. B;z/ € Ly, , we define the
inner product of A and B by

(4,B) ::/Ttr(B*A)du: i w(BiA;),

J=—o0



6 1 Introduction

where tr (-) denotes the trace of a matrix and define ||A|| := (A,A) 2. We also define,
forA € L;‘;,n,

||A||e := ess sup,cp||A(#)]] (|| || denotes the spectral norm of a matrix).

On the other hand, recently C. Gu, J. Hendricks and D. Rutherford [GHR] con-
sidered the hyponormality of block Toeplitz operators and characterized it in terms
of their symbols. In particular they showed that if 7 is a hyponormal block Toeplitz
operator on Hén, then its symbol @ is normal, i.e., @*P = PP*. Their character-
ization for hyponormality of block Toeplitz operators resembles Cowen’s Theorem
except for an additional condition — the normality condition of the symbol.

Theorem 1.2. (Hyponormality of Block Toeplitz Operators) ((GHR]) For each
DLy, let

&(®) = {K €Hy : |K|l=<1 and & —K&* GH;}n}.
Then Tg is hyponormal if and only if ® is normal and &(P) is nonempty.

The hyponormality of the Toeplitz operator T with arbitrary matrix-valued sym-
bol @, though solved in principle by Cowen’s Theorem [Co4] and the criterion due
to Gu, Hendricks and Rutherford [GHRY], is in practice very complicated.

This lecture concerns the gap between hyponormality and subnormality of block
Toeplitz operators with rational symbols. In [Hal3, Problem 209], it was shown that
there exists a hyponormal operator whose square is not hyponormal, e.g., U* +2U
(U is the unilateral shift on £2), which is a trigonometric Toeplitz operator, i.e.,
U* 42U = Tzy5,. This example addresses the gap between hyponormality and sub-
normality for Toeplitz operators. This matter is closely related to Halmos’s Problem
5 [Hall], [Hal2]: Is every subnormal Toeplitz operator either normal or analytic ?
The most interesting partial answer to Halmos’s Problem 5 was given by M. Abra-
hamse [Ab]. M. Abrahamse gave a general sufficient condition for the answer to
Halmos’s Problem 5 to be affirmative. Abrahamse’s Theorem can be then stated as
follows: Let ¢ =g+ f € L* (f,g € H?) be such that ¢ or @ is of bounded type.
If Ty is subnormal then T is normal or analytic. In this lecture, we consider the
question: Which subnormal block Toeplitz operators are either normal or analytic ?



Chapter 2
Basic Theory and Preliminaries

2.1 Hyponormality and subormality of scalar Toeplitz operators

An elegant and useful theorem of C. Cowen [Co3] characterizes the hyponormality
of a Toeplitz operator T, on the Hardy space H 2(T) of the unit circle T C C by
properties of the symbol ¢ € L*(T). This result makes it possible to answer an
algebraic question coming from operator theory — namely, is Ty hyponormal ? - by
studying the function ¢ itself. Normal Toeplitz operators were characterized by a
property of their symbol in the early 1960’s by A. Brown and P.R. Halmos [BH],
and so it is somewhat of a surprise that 25 years passed before the exact nature of
the relationship between the symbol ¢ € L™ and the positivity of the selfcommutator
[qu , Tp] was understood (via Cowen’s theorem). As Cowen notes in his survey paper
[Co2], the intensive study of subnormal Toeplitz operators in the 1970’s and early
80’s is one explanation for the relatively late appearance of the sequel to the Brown-
Halmos work. The characterization of hyponormality via Cowen’s theorem requires
one to solve a certain functional equation in the unit ball of H*. However the case
of arbitrary trigonometric polynomials ¢, though solved in principle by Cowen’s
theorem, is in practice very complicated. Indeed it may not even be possible to find
tractable necessary and sufficient conditions for the hyponormality of T, in terms
of the Fourier coefficients of ¢ unless certain assumptions are made about ¢. In this
chapter we present some recent development in this research.

2.1.1 Cowen’s Theorem

In this section we present Cowen’s theorem. Cowen’s method is to recast the
operator-theoretic problem of hyponormality of Toeplitz operators into the prob-
lem of finding a solution of a certain functional equation involving its symbol. This
approach has been put to use in the works [CLL, CuL1, CuL2, CulL3, FL1, FL2,
Gul, HKL1, HKL2, HL3, NT, Zhu] to study Toeplitz operators.
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We begin with:

Theorem 2.1 (Brown-Halmos). [BH] Normal Toeplitz operators are translations
and rotations of hermitian Toeplitz operators i.e.,

Ty normal <= 3 o, B € C, a real valued y € L such that Ty = aTy + B1.

The following are basic properties of Toeplitz and Hankel operators.

Hf;, = Hyy;

. HyU = U"Hy (U is the unilateral shift);

. KerH, = {0} or 6H? for some inner function 6 (by Beurling’s theorem);
Toy — TpTy = HHy:

. H(pTh = H(ph = T;:;H(p (h S Hoo).

. If U is the unilateral shift on H? then comm(U) = {7 : ¢ € H*}.

AN AW~

D. Sarason [Sa] gave a generalization of the above property (6).
Theorem 2.2 (Sarason’s Interpolation Theorem). [Sa] Let

(i) U =the unilateral shift on H?;
(ii) # :=H?*>o yH? (y is an inner function);
(iii) S := PU| ., where P is the projection of H* onto % .

If T € comm(S) then there exists a function @ € H” such that T = Ty| y with
@]l =IT]].

We then have:

Theorem 2.3 (Cowen’s Theorem). [Co4] If ¢ € L™ is such that o =g+ f (f,g €
H?), then
Ty is hyponormal <= g=c+T;f

for some constant ¢ and some h € H* (D) with ||h|| < 1.

Sketch of proof. Let ¢ = f+3 (f,g € H?). For every polynomial p € H?, ((T(; Ty —
TyTy)p, p) = ||Hp|[* — ||Hgp|[*. Since polynomials are dense in H?,

Ty hyponormal <= ||Hgul|| < ||Hu||, Vu € H’ 2.1

Write ¢ := clran(H?) and let S be the compression of the unilateral shift U to
J . Since % is invariant for U*, we have S* = U*| . Suppose T, is hyponormal.
Define A on ran(Hy) by

A(H7u) = Hgu. (2.2)

T
Then A is well defined and by (2.1), ||A]| < 1, so A has an extension to /¢, which
will also be denoted A. Then we can see that SA* = A*S. By Sarason’s interpolation

theorem,
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Jk € H*(D) with |[k|| = ||A™|| = ||A]| such that A* = the compression of T} to JZ".

Since Tk*H7 = H?Tk*, we have that " is invariant for 7} = T, which means that A
is the compression of T; to 2 and by (2.2),

Hg = TeH. 2.3)

Conversely, if (2.3) holds for some k € H*(D) with ||||. < 1, then (2.1) holds for
all u, and hence Ty is hyponormal. Consequently, T, is hyponormal if and only if
Hg =TiH; and also Hg = I H; if and only if g = ¢+ T5, f for h = k*, which completes
the proof. 0O

Theorem 2.4 (Nakazi-Takahashi Variation of Cowen’s Theorem). [NT] For ¢ €
L=, put
E(@):={keH”: ||k|lo <1and ¢ —kp € H”}.

Then Ty is hyponormal if and only if & (@) # 0.

Proof. Let ¢ = f+g € L™ (f,g € H?). By Cowen’s theorem, T, is hyponormal if
and only if g = ¢+ T;f for some constant ¢ and some k € H” with ||k||. < 1. If
@ =k@+h(hecH”) then 9 —k¢ =g —kf + f—kg € H*. Thus g — kf € H?, so
that P(g — kf) = ¢ (c = a constant), and hence g = ¢+ T3 f for some constant c. Thus
T is hyponormal. The argument is reversible.

2.1.2 Hyponormalityof trigonometric Toeplitz operators

In this section we consider the hyponormality of trigonometric Toeplitz operators,
i.e., Toeplitz operators with trigonometric polynomial symbols. To do this we first
review the dilation theory.

IfB= (12 I) , then B is called a dilation of A and A is called a compression of

B. It was well-known that every contraction has a unitary dilation: indeed if ||A|| <1,

then .
B ( A (I—AA*)2 )
“\(I-AA): —Ar

is unitary. An operator B is called a power (or strong) dilation of A if B" is a dilation
of A" foralln=1,2,3,---. Soif B is a (power) dilation of A then B should be of the
form B = (f: 2 . Sometimes, B is called a lifting of A and A is said to be lifted
to B. It was also well-known that every contraction has a isometric (power) dilation.
In fact, the minimal isometric dilation of a contraction A is given by
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A 00 0
(I—A*A) 0 0 0

B= 0 I 0 0
01 0

We then have:

Theorem 2.5 (Commutant Lifting Theorem). Let A be a contraction and T be a
minimal isometric dilation of A. If BA = AB then there exists a dilation S of B such
that

S— (B 0), ST=TS, and ||S||=|B|.
* *
Proof. See [GGK, p.658].

We next consider the following interpolation problem, called the Carathéodory-
Schur Interpolation Problem (CSIP): Given ¢, --,cy— in C, find an analytic func-
tion @ on D such that

(i) [lofl < 1.
The following is a solution of CSIP.
Theorem 2.6. ([FF], [Ga], [GGK])

€0
P O
CSIP is solvable <= C=| ¢, ¢ co is a contraction.
CN—-1 CN-2 = €1 €0

Moreover, @ is a solution if and only if Ty is a contractive lifting of C which com-
mutes with the unilateral shift.

Proof. (=) Assume that we have a solution ¢. Then the condition (ii) implies that
T, is a contraction because ||Ty|| = ||@]]« < 1. So the compression of Ty, is also con-
tractive. In particular, C must have norm less than or equal to 1 for all n. Therefore
if CSIP is solvable, then ||C|| < 1.

(<) Let ||C|| < 1 and let

0 3 GARNESY g



2.1 Hyponormality and subormality of scalar Toeplitz operators 11

Then A and C are contractions and AC = CA. Observe that the unilateral shift U
is the minimal isometric dilation of A. By the Commutant Lifting Theorem, C can
be lifted to a contraction S such that SU = US. But then S is an analytic Toeplitz
operator, i.e., S = T, with ¢ € H”. Since S is a lifting of C we must have ¢(j) =
¢j (j=0,1,---,N—1). Since S is a contraction, it follows that ||@||.. = ||Tp|| < 1.
O

Now suppose @ is a trigonometric polynomial of the form

N
9()= ), an?" (ay #0).
n=—N

If a function k € H™ satisfies ¢ — k@ € H™ then k necessarily satisfies

=z

N
kY @z =Y a7 " € HA (2.4)
1 n=1

n

From (2.4) one compute the Fourier coefficients k(0), -, k(N — 1) to be k(n) =
¢y (n=0,1,---,N —1), where cy,cy,--,cy—1 are determined uniquely from the
coefficients of ¢ by the following relation

— — —\ —1

co a a a3 -+ an a—|

Cl a az - . a_»n
— a3 .. e E . (2.5)

CN—-1 an a_nN

Thus if k(z) = Y7 ¢,z is a function in H* then ¢ — k@ € H™ if and only if
co,C1,---,cn—1 are given by (2.5). Thus by Cowen’s theorem, if cg,cy,---,cy—1 are
given by (2.5) then the hyponormality of 7y, is equivalent to the existence of a func-
tion k € H™ such that k(j) = cj(j=0,---,N—1)and ||k||. < 1, which is precisely
the formulation of CSIP. Therefore we have:

Theorem 2.7. ([Zhu], [CCL]) If 9(z) = Y _yan2", where ay # 0 and if co,c1, -+ en—1
are given by (2.5) then

Ty is hyponormal <= C=| ¢, ¢ co is a contraction.
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2.1.3 Subnormality of scalar Toeplitz operators

If ¢ € L™, we write
¢, =PpcH?> and ¢_=PloeczH.

Let BMO denote the set of functions of bounded mean oscillation in L!. Then L® C
BMO C L2 Tt is well-known that if f € L?, then H is bounded on H? whenever
P+f € BMO (cf. [Pe]). If @ € L™, then ¢_, @5 € BMO, so that Hg— and Hg- are
well understood.

Throughout this section we assume that both ¢ and @ are of bounded type. We
recall [Ab, Lemma 3] that if ¢ € L™, then

¢ is of bounded type <= kerHy # {0}. (2.6)

From the Beurling’s Theorem, ker Hg— = 6oH? and ker Hg- = 0, H? for some in-
ner functions 6y,6,. We thus have b := @_6y € H?, and hence we can write
@_ = 6pb and similarly ¢, = 6,a for some a € H?. In particular, if Ty is hy-
ponormal then since [Ty, Tp| = HgHg — HyHy = Hy—Hg— Hi—Hg—, it follows that
||[Hg-f|| > ||Hg—f|| for all f € H?, and hence 6, H*> = ker Hg- C ker Ho— = 60H?,
which implies that 6y divides 6., i.e., 64 = 6y60; for some inner function 6;. We
write, for an inner function 0,

H(0):=H*C0H.

Note that if f = 6a € L?, then f € H? if and only if a € H(z6); in particular, if
f(0)=0then a € H(O). Thus, if ¢ = ¢_+ ¢, € L™ is such that ¢ and @ are of
bounded type such that ¢, (0) = 0 and 7y, is hyponormal, then we can write

¢+ =000ia and ¢@_ = 601;7

where a € H(6p0;) and b € 5 (6y). By Kronecker’s Lemma [Ni, p. 183], if f € H™
then f is a rational function if and only if rank H7 < e, which implies that

f is rational <= f = 0b with a finite Blaschke product . 2.7)
Also, from the scalar-valued case of (1.6), we can see that if k € & (@) then

[Ty, Tp) = HyHg — HyHy = HyHg — HigHig = Hy(1 - T )Hy.  (2.8)

The present section concerns the question: Which Toeplitz operators are sub-
normal ? Recall that a Toeplitz operator Ty, is called analytic if ¢ is in H”, that
is, @ is a bounded analytic function on D. These are easily seen to be subnormal:
Toh = P(@h) = @h = Myh for h € H?, where M, is the normal operator of mul-
tiplication by ¢ on L. PR. Halmos raised the following problem, so-called the
Halmos’s Problem 5 in his 1970 lectures “Ten Problems in Hilbert Space” [Hall],
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[Hal2]:
Is every subnormal Toeplitz operator either normal or analytic ?

The question is natural because the two classes, the normal and analytic Toeplitz
operators, are fairly well understood and are obviously subnormal.

In 1976, M. Abrahamse [Ab] gave a general sufficient condition for the answer
to the Halmos’s Problem 5 to be affirmative.

Theorem 2.8 (Abrahamse’s Theorem). ([Ab]) If

(i) Ty is hyponormal;
(i1) @ or @ is of bounded type;
(iii) ker[T;, Ty is invariant for Ty,

then Ty is normal or analytic.

Observe that if S is a subnormal operator on ¢ and if N := mne (S) then

ker[S™, 8] = {f: </,[S" S >=0} ={f: [ISAI = [ISfII} ={f: N*feA}.
Therefore, S(ker[S*,S]) C ker[S*,S].
By Theorem 2.8 and the preceding remark we get:

Corollary 2.1. If Ty is subnormal and if ¢ or @ is of bounded type, then Ty is normal
or analytic.

One may ask whether a weighted shift is unitarily equivalent to a Toepltz opera-
tor. The following is the first observation for this question.

Proposition 2.1. ([Ab]) If A is a weighted shift with weights agy,ay,az,- - - such that
0§a0§a1 S ”.<aN:aN+l — ... = 1’
then A is not unitarily equivalent to any Toeplitz operator.

Recall that the Bergman shift (whose weights are given by %) is subnormal.
The following question arises naturally:

Is the Bergman shift unitarily equivalent to a Toeplitz operator ? (2.9)

An affirmative answer to the question (2.9) gives a negative answer to Halmos’s
Problem 5. To see this, assume that the Bergman shift S is unitarily equivalent to
Ty, then ess-ran(¢) C o,(Ty) = 0.(S) = T. Thus ¢ is unimodular. Since S is not
an isometry it follows that ¢ is not inner. Therefore Ty is not an analytic Toeplitz
operator.

1983, S. Sun [Sun] has answered (2.9) in the negative.
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Theorem 2.9 (Sun’s Theorem). ([Sun]) Let T be a weighted shift with a strictly
increasing weight sequence {a, }_o. If T is unitarily equivalent to Ty then

ay=\1— a2 2||T,|| (0<a<1).

Moreover we can say more:
Corollary 2.2. ([CoL]) If Ty is unitarily equivalent to a weighted shift, then Ty is
subnormal.

Proof. This follows at once from Theorem 2.9 together with the observation that the
weighted shift T = W, with weights o, = (1 — a2"2)Z (0 < & < 1) is subnormal:
indeed, if we write r,, := a3a?---a?_| for the moment of W and define a discrete
measure L on [0, 1] by

a2 57, (1 - a®) (z=0)
Z) = o ; 2k R
Hizl(l_aZJ)Mw (Z:ak;k: 172,)

then r, = fol t"du, which by Berger’s theorem, T is subnormal. O

Now If Ty is unitarily equivalent to a weighted shift, what is the form of ¢ ? A
careful analysis of the proof of Theorem 2.9 shows that

y=¢0—apcH”.

But
0 —oay
ap 0 —oa
Ty =T, —al; = @ 0 —oa
ay 0
0 —«o
1 0 -«
~ 1 0 a .
= + K (K is compact)
1 0
=T-az t+K.

Thus ran (y) = 6,(Ty) = 0.(T;—z) = ran(z — ). Thus y is a conformal mapping
of D onto the interior of the ellipse with vertices +i(1 4 ¢) and passing through
+(1 — &). On the other hand, ¥ = ¢ — o@. So AW = AP — &>, which implies

—¥( + o)
0=1—s(W+ay).
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1984, C. Cowen and J. Long [CoL] have announced to answer Halmos’s Problem
5 in the negative.

Theorem 2.10 (Cowen and Long’s Theorem). [CoL] For 0 < a0 < 1, let W be a
conformal map of D onto the interior of the ellipse with vertices +i(1 — o)~ and
passing through +(1 + o). Then Tyray is a subnormal weighted shift that is
neither analytic nor normal.

However, Cowen and Long’s idea does not give any general connection between
subnormality and Toeplitz operators. Thus we would like to ask:

Which Toeplitz operators are subnormal ?

2.2 Bounded type functions and coprime-ness

M. Abrahamse [Ab, Lemma 6] showed that if 7, is hyponormal, if ¢ ¢ H*, and if
¢ or ¢ is of bounded type then both ¢ and ¢ are of bounded type. Its proof given
in [Ab] is somewhat intricate. However via Cowen’s theorem we can easily see it:
indeed, if T} is hyponormal and ¢ ¢ H* then there exists nonzero k € H* such that
¢ — k@ € H”, so that by (1.6), Hy = Hig = HgTi, which implies that kerH, # {0}
if and only if kerHg # {0}, and therefore if ¢ or @ is of bounded type then both
¢ and @ are of bounded type. However, by contrast to the scalar case, @* may not
be of bounded type even though Ty is hyponormal, ¢ ¢ H, v, and @ is of bounded
type. For example, let f € H” be such that f is of bounded type, let g € H be such
that g is not of bounded type and let

_(f+f O
o (137 0).

Then & is not analytic and is of bounded type, but @* is not of bounded type.
Further since @ is diagonal and hence it is normal, and

1 0 X 00
(o 0)# =0 2)
which by Theorem 1.2, implies that T is hyponormal. But we have a one-way im-
plication: if Tg is hyponormal and @* is of bounded type then @ is also of bounded
type (see [GHR, Corollary 3.5 and Remark 3.6]). Thus whenever we deal with hy-
ponormal Toeplitz operators Tp with symbols @ satisfying that both @ and ®* are
of bounded type (e.g., © is a matrix-valued rational function), it suffices to assume

that only @* is of bounded type. In spite of this, for convenience, we will assume
that @ and @* are of bounded type whenever we deal with bounded type symbols.

For a matrix-valued function ¢ € Hl%/Inxw we say that A € Hf,,nxm is a left inner
divisor of @ if A is an inner matrix function such that @ = AA for some A € Hf,,

mxr
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(m < n). We also say that two matrix functions @ € Hy and ¥ € Hy, are left
coprime if the only common left inner divisor of both & and ¥ is a unitary constant
and that @ € H, ,%,,’m_ and ¥ €¢ H f,lmxr are right coprime if @ and ¥ are left coprime.
Two matrix functions @ and ¥ in H, f,,n are said to be coprime if they are both left
and right coprime. We note that if ® € H, Alen is such that det & is not identically zero
then any left inner divisor A of @ is square, i.e., A € H,%,,n: indeed, if & = AA with
Ac H,%,,nw (r < n) then for almost all z € T, rank @(z) <rankA(z) < r < n, so that
det®(z) =0 for almost all z € T. If d € H,%,,n is such that det @ is not identically
zero then we say that A € Hf,ln is a right inner divisor of @ if A is a left inner divisor
of ®.

The shift operator S on Hé” is defined by S :=T,.

The following fundamental result will be useful in the sequel.

The Beurling-Lax-Halmos Theorem. A nonzero subspace M of HZ, is invariant
for the shift operator S on Hén if and only if M = @H%m, where O is an inner matrix
Sunction in Hy;  (m <n). Furthermore, © is unique up to a unitary constant right
factor; that is, if M = AH%, (for A an inner function in Hy, ), then m = r and
O = AW, where W is a (constant in z) unitary matrix mapping C™ onto C™.

We traditionally assume that two matrix-valued functions A and B are equal if
they are equal up to a unitary constant right factor. Observe by (1.6) that for ¢ ¢
L}"‘;,n, HeS = HoT;, = He.;1, = Hypp0 = Tz’;an:,, which implies that the kernel of
a block Hankel operator Hg is an invariant subspace of the shift operator on Hén.
Thus, if ker Hp # {0}, then by the Beurling-Lax-Halmos Theorem,

kerHp = OHzn

for some inner matrix function ®@. We note that ® need not be a square matrix. For
example, let 6; (i =0, 1,2) be a scalar inner function such that 8; and 6, are coprime
and let g € L™ be such that ker H, = {0}. Define

1 [6p6 606, 6y6;
0.=— and & := .
V2 (9092> ( 46,  —q61
Then a straightforward calculation shows that ker Hp = @H? (cf. [GHR, Example
2.9]). But it was known [GHR, Theorem 2.2] that for ¢ € Ly; , € is of bounded
type if and only if kerHp = @Hén for some square inner matrix function ®.
Let {®; € Hy; :i€ J} be a family of inner matrix functions. Then the greatest

common left inner divisor ®; and the least common left inner multiple ©,, of the
family {©; € Hy; :i € J} are the inner functions defined by

OuHE =\/ O:HE  and  O,Hg = () O:Hen.
ieJ ieJ
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The greatest common right inner divisor @), and the least common right inner mul-
tiple @, of the family {©; € Hy; i€ J} are the inner functions defined by

é&Hér = \/ éiHén and é}{nHés = m éiH(zjn.
ieJ ieJ

The Beurling-Lax-Halmos Theorem guarantees that ®; and ©,, are unique up to a
unitary constant right factor, and @ and @), are unique up to a unitary constant left
factor. We write

0, =GCD{®;:icJ}, ©,=LCM{6;:ic ]},
@, =GCD,{0;:icJ}, ©,=LCM,{0;:icJ}.

If n =1, then GCD;{-} = GCD, {-} (simply denoted GCD{-}) and LCM,{-}
LCM, {-} (simply denoted LCM{-}). In general, it is not true that GCD;{-} =
GCD, {-} and LCM, {-} = LCM, {'}.

However, we have:
Lemma 2.1. Let ©; := 6,1, for an inner function 6; (i € J).

(a) GCD¢{®;:ie€J} =GCD, {06, :i e J} = 6,1, where 6, = GCD{0;:i e J}.
() LCM{@; : i € J} = LCM,{©; : i € J} = O,,l,,, where 6,, = LCM{6; : i € J}.

Proof. This follows from at once from the definition. O

In view of Lemma 3.1, if ®; = 6,1, for an inner function 6; (i € I), we can define

the greatest common inner divisor &, and the least common inner multiple ©,, of
the ©; by

©,=GCD{6;:icJ}:=GCD,{6;:icJ} =GCD,{6;:icJ};
0, =LCM{0;:icJ} =LCM{0;:icJ} =LCM,{0;:icJ} :

they are both diagonal matrices.

For @ € Ly; we write
D, =P, (P) € Hf,,n and @_:=[P-(P)] € H,%,,n.

Thus we can write @ = ®* + &... Suppose @ = [@;;] € Ly; is such that @ is of
bounded type. Then we may write ¢;; = 6;;b;;, where 6;; is an inner function and

0;; and b;; are coprime. Thus if 6 is the least common inner multiple of 6;;’s then
we can write

b = [(Pij} = [Gijbij] = [Ga,-j] =0OA" (@ =0I, A= [Clj,'] S HI%/I,,) (2.10)

We note that in the factorization (2.10), A(@) is nonzero whenever 0(c) = 0. Let
@ =@ + P, € Ly; be such that @ and P are of bounded type. Then in view of
(2.10) we can write
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&, =@ A* and P =O,B",

where ®; = 6;I,, with an inner function 6; fori = 1,2 and A,B € H, ,%,,ﬂ. In particular,
if e L;}” is rational then the 6; can be chosen as finite Blaschke products, as we
observed in (2.7).

By contrast with scalar-valued functions, in (2.10) ® and A need not be (right)

. . . zZ z .
coprime: for instance, if @ := (z z) then we can write

o (20 11
w05 %) (3 1)

but @ := ((z) 2) and A := (} }) are not right coprime because % (i _12> isa

common right inner divisor, i.e.,

()00 7w ) ()

(2.11)
On the other hand, the condition “(left/right) coprime factorization” is not so
easy to check in general. For example, consider a simple case: @_ := (i ;) One

is tempted to write

_(z 0\ [1 1\
P-= <0 z) <1 1> ’
But (8 (z)) and (i i) are not right coprime as we have seen in the Introduction.
I 1\ _ .«
(1 1) <o,

On the other hand, observe that
1 1
A::\ﬁ (_1] ;) is innerandB::—2 (8 gi)

Again, A and B are not right coprime because ker H (1 n = Héz. Thus we might
11 )

where

choose
®_=(zhA)-B* or d_=A-(zhB)".

A straightforward calculation show that ker Hp+ = AHéz. Hence the latter of the
above factorizations is the desired factorization: i.e., A and zl B are right coprime.

If Q = GCD; {A,®} in the representation (2.10):

® =0QA* =A@ (O = 01, for an inner function 0),
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then ® = Q0 and A = QA, for some inner matrix £, (where Q; € H,%ln because
det® is not identically zero) and some A; € H1124,1~ Therefore if @* € Ly is of
bounded type then we can write

D =A,"Qy, where A; and ©; are left coprime. 2.12)
A7 £y is called the left coprime factorization of @; similarly, we can write

® =Q,A7, where A, and Q, are right coprime. (2.13)
In this case, Q,A7 is called the right coprime factorization of ®.

Remark 2.1. ([GHR, Corollary 2.5]) As a consequence of the Beurling-Lax-
Halmos Theorem, we can see that

@ = Q,A; (right coprime factorization) <= ker Hp+ = .QrHén. 2.14)

In fact, if @ = Q,A7 (right coprime factorization) then it is evident that ker Hp+ 2
.QrH%,,. From the Beurling-Lax-Halmos Theorem, ker Hp+ = @Hén, for some inner
function @, and hence (I — P)(P*®) =0, i.e., &* = DO*, for some D € Hé,,. We
want to show that 2, = © up to a unitary constant right factor. Since @H%,, )
Q,Hé,,, we have (cf. [FF, p.240]) that Q, = @A for some square inner function
A. Thus, DO* = @* = A,QF = A,A*O*, which implies A, = DA, so that A is
a common right inner factor of both A, and ,. But since A, and €, are right
coprime, A must be a unitary constant. The proof of the converse implication is
entirely similar. O

From now on, for notational convenience we write
.f 2 2. 2
ly:=wl, (0 €H") and Hj:=ILHy .

It is not easy to check the condition “B and ® are coprime” in the factorization
F =B*0O (® = Iy is inner and B € Hfln). But if F is rational (and hence @ is
given in a form @ = Iy with a finite Blaschke product 0) then we can obtain a
more tractable criterion. To see this, we need to recall the notion of finite Blaschke-
Potapov product. Let A € D and write

z—A
b = —,
2(2) 1—-Az

which is called a Blaschke factor. If M is a closed subspace of C" then the matrix
function of the form

byPy+ (I—Py) (Py :=the orthogonal projection of C" onto M)

is called a Blaschke-Potapov factor; an n X n matrix function D is called a finite
Blaschke-Potapov product if D is of the form
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D= vﬁ(meer(lme)),

m=1

where Vv is an n X n unitary constant matrix, b, is a Blaschke factor, and P, is an
orthogonal projection in C* for each m = 1,---,M. In particular, a scalar-valued
function D reduces to a finite Blaschke product D = v[[_, b,,, where v = ¢/®. It
is also known (cf. [Po]) that an n x n matrix function D is rational and inner if and
only if it can be represented as a finite Blaschke-Potapov product.

Write Z(60) for the set of zeros of an inner function 8. We then have:

Lemma 2.2. ((CHL1]) Let B € Hy; be rational and © = Ig with a finite Blaschke
product 0. Then the following statements are equivalent:

(a) B(@) is invertible for each o. € Z(0);

(b) B and © are right coprime;

(c) B and O are left coprime.

Lemma 2.2 may be proved by a various way. An elementary proof of Lemma 2.2
is accomplished by using an interpolation problem as in [CHL1, Lemma 3.10].

The equivalence (b)<>(c) in Lemma fails if ® is not a constant diagonal matrix.
To see this, suppose a rational function B € Hy; has a non-constant right inner factor.

Then we may write
_ by 0 M
r=o () ()

where G € Hy; , A € D and M is a non-zero closed subspace of C". Thus kerB(4) 2
M # {0}, so that if two rational functions B and B in H ;,’n have a common (non-
constant) right inner factor then

kerBi(A) NkerBy(A) # {0} for some A € D.

_(ba O 1 [z —
@1.—<0 1) and @2.—ﬁ<1 1).

1 /0 O 0 0
(@1@2)(&)—\/§<1 1) and @1((X)—<0 1) s
we have ker (0,0,)(a) = {(x,y)" : x+y = 0} and ker®;(a) = {(x,y)" : y = 0}.
Therefore ker (©;0,)(B) Nker®;(B) = {0} for any B € D. Thus by the above
remark, @0, and O; are right coprime even though evidently, they are not left
coprime.

We now let

Since

2.3 Pseudo-hyponormality of block Toeplitz operators

If @ € L3, , then by (3.2),
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[Te,To] = Hp:Hor — HpHo + Toro -0 -

Since the normality of @ is a necessary condition for the hyponormality of T,
the positivity of Hy.He+ — H3Hg is an essential condition for the hyponormality
of Te. Thus, we isolate this property as a new notion, weaker than hyponormality.
The reader will notice at once that this notion is meaningful for non-scalar symbols.

Definition 2.1. Let @ € Ly . The pseudo-selfcommutator of Tg is defined by
[Tg,ﬂpr::ngH@*—-Hgfﬂp
T is said to be pseudo-hyponormal if [Tj, T, is positive semidefinite.

As in the case of hyponormality of scalar Toeplitz operators, we can see that
the pseudo-hyponormality of Ty is independent of the constant matrix term &(0).
Thus whenever we consider the pseudo-hyponormality of 7y we may assume that
@(0) = 0. Observe that if @ € Lj; then [Tg,To| = [T, To]p + To+o- oo+ Thus
Ty is hyponormal if and only if T is pseudo-hyponormal and & is normal and (via
Theorem 3.3 of [GHR]) T is pseudo-hyponormal if and only if &(P) # 0.

For ® = ®* + P, € L;‘;In, we write
C(P) = {K €Hy : ®—Kd* ¢ H;;n}.

Thus if @ € Ly; then K € &(®P) if and only if K € €' (®) and ||K|[. < 1. Also if
K € €(P) then Hgp+ = Hie: = T;Hq;i, which gives a necessary condition for the
nonempty-ness of € (P) (and hence the hyponormality of Tg): in other words,

Ke¥(P) = kerHg: C kerHg: . (2.15)
We then have:

Proposition 2.2. Let @ = @ + &, € Ly be such that @ and P* are of bounded
type. Thus we may write

¢'+ = @1A* and P_ = @23*,

where ©; = Ig, for an inner function 6; (i =1,2) and A,B € HI%/I,,' If 6 (D) #0, then
®, is an inner divisor of Oy, i.e., O = @O, for some inner function 6.

Proposition 2.2 shows that the hyponormality of 7, with scalar-valued rational
symbol ¢ implies deg (¢_) < deg(¢..), which is a generalization of the well-known
result for the cases of the trigonometric Toeplitz operators, i.e., if @ =YY 4,7

n=—m=n
is such that T, is hyponormal then m < N (cf. [FL1]).

We conclude this section with the pull-back property on the symbols of pseudo-
hyponormal block Toeplitz operators.
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Proposition 2.3. (Pull-back symbols) Let ® € Ly; be of the form
&, =0)01A* and P_ = OyB* (right coprime factorizations),

where @ is an inner matrix function, ©\ := Iy, with a finite Blaschke product 6,
and A,B € Hf,[n. If Q is an inner divisor of ©y, then

‘5(¢):{K.Q:Ke‘5(cb'*9)}, (2.16)
where @192 .= @* +PH3(¢+Q*). In particular,

T is pseudo-hyponormal <= Tg1 .o is pseudo-hyponormal . 2.17)

Proposition 2.3 guarantees that the analytic part of the symbol @ can be “pulled
back” to a function having the same inner part of the factorization as that of the
co-analytic part without losing the pseudo-hyponormality. In particular, if @ is a
rational function (so the 6; are finite Blaschke products) then Proposition 2.3 says
that the analytic part of the symbol & can be pulled back to a matrix-valued rational
function with the same degree as that of the co-analytic part. This generalizes the
cases where @ is a scalar-valued trigonometric polynomial: If & = f + g, where
f and g are analytic polynomials of degrees m and N (m < N), respectively and if
¥Y=f+ T.v-mg then Ty is hyponormal if and only if 7y is hyponormal (cf. [Cul1,
Lemma 1.5]).



Chapter 3
Subnormality of Rational Toeplitz operators

3.1 Halmos’s Problem 5

The notion of subnormality was introduced by P.R. Halmos in 1950 and the study
of subnormal operators has been highly successful and fruitful (we refer to the book
[Con] for details). Indeed, the theory of subnormal operators has made significant
contributions to a number of problems in functional analysis, operator theory, math-
ematical physics, and other fields. Oddly however, the question Which operators
are subnormal ? is difficult to answer. In general, it is quite intricate to examine
whether a normal extension exists for an operator. On the other hand, Toeplitz op-
erators arise in a variety of problems in several fields of mathematics and physics,
and nowadays the theory of Toeplitz operators is a very wide area. Thus it is natural
and significant to elucidate the subnormality of Toeplitz operators. In 1970, PR.
Halmos addressed a problem on the subnormality of Toeplitz operators T, on the
Hardy space H> = H?(T) of the unit circle T in the complex plane C. This is the
so-called Halmos’s Problem 5, presented in his lectures, Ten problems in Hilbert
space [Hall], [Hal2]:

Halmos’s Problem 5. Is every subnormal Toeplitz operator either normal or ana-
Iytic ?

A Toeplitz operator Ty, is called analytic if ¢ € H”. Any analytic Toeplitz oper-
ator is easily seen to be subnormal: indeed, Tph = P(@h) = @h = Myh for h € H?,
where My, is the normal operator of multiplication by ¢ on L?. The question is natu-
ral because the two classes, the normal and analytic Toeplitz operators, are fairly
well understood and are subnormal. Halmos’s Problem 5 has been partially an-
swered in the affirmative by many authors (cf. [Ab], [AIW], [CuL1], [CuL2], [NT],
and etc). In 1984, Halmos’s Problem 5 was answered in the negative by C. Cowen
and J. Long [CoL]: they found an analytic function y for which Ty o3 (0 < ¢ < 1)
is subnormal - in fact, this Toeplitz operator is unitarily equivalent to a subnormal
weighted shift Wg with weight sequence = {,}, where B, = (1 — az"*z)% for
n=20,1,2,--.. Unfortunately, Cowen and Long’s construction does not provide an

23
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intrinsic connection between subnormality and the theory of Toeplitz operators. Un-
til now researchers have been unable to characterize subnormal Toeplitz operators in
terms of their symbols. On the other hand, surprisingly, as C. Cowen notes in [Col]
and [Co2], some analytic Toeplitz operators are unitarily equivalent to non-analytic
Toeplitz operators; i.e., the analyticity of Toeplitz operators is not invariant under
unitary equivalence. In this sense, we might ask whether Cowen and Long’s non-
analytic subnormal Toeplitz operator is unitarily equivalent to an analytic Toeplitz
operator. To this end, we have:

Observation. Cowen and Long’s non-analytic subnormal Toeplitz operator Ty is
not unitarily equivalent to any analytic Toeplitz operator.

Proof. Assume to the contrary that T, is unitarily equivalent to an analytic Toeplitz
operator Ty. Then by the above remark, T is unitarily equivalent to the subnormal
weighted shift Wg with weight sequence = {B,}, where 8, = (1 — az"*z)% 0<
o <1)forn=0,1,2,--;ie., there exists a unitary operator V such that V*T;V =
Wp. Thus if {e,} is the canonical orthonormal basis for £2 then V*T;Ve; = Wge; =
Bjejr1for j=0,1,2,---. We thus have (V*T},2V)e; = WsWpe; = Bje;, and hence,
T\flz—ﬂf(vef) =0for j=0,1,2,---. Fix j > 0 and observe that Ve; € ker(TlflLﬁjg).

By Coburn’s Theorem [Cob], if | f|*> — [3]2 is nonzero then either 7} > _g2 or T";‘Z P

J J17=Fj
is one-one. It follows that |f|> = B} for j = 0,1,2,---. This readily implies that
Bo = PB1 = B» = ---, a contradiction. O

Consequently, even if we interpret “is” in Halmos Problem 5 as ““is up to unitary
equivalence,” the answer to Halmos Problem 5 is still negative.

We would like to reformulate Halmos’s Problem 5 as follows:

Halmos’s Problem 5 reformulated. Which Toeplitz operators are subnormal ?

Directly connected with Halmos’s Problem 5 is the following question:
Which subnormal Toeplitz operators are normal or analytic ? 3.

Partial answers to question (3.1) have been obtained by many authors (cf. [Ab],
[AIW], [Col], [CoL], [CHL1], [CHL2], [CuL1], [CuL2], [CuL3], [1tW], [NT]).
The best answers are obtained in one of two ways: (i) by strengthening the as-
sumption of “subnormality,” and (ii) by restricting the symbol to a special class of
L>. Indeed, in 1975, I. Amemiya, T. Ito and T.K. Wong showed that the answer to
Halmos’s Problem 5 is affirmative for quasinormal operators ([AIW]):

Amemiya, Ito and Wong’s Theorem ([AIW, Theorem]). Every quasinormal
Toeplitz operator is either normal or analytic.

On the other hand, a function ¢ € L™ is said to be of bounded type if there are ana-

lytic functions y, ¥, € H™ such that ¢(z) = mg;

for almost all z € T. Evidently,
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rational functions are of bounded type. In 1976, M.B. Abrahamse showed that the
answer is affirmative for Toeplitz operators with bounded type symbols ([Ab]):

Abrahamse’s Theorem ([Ab, Theorem]). Let ¢ € L™ be such that ¢ or ¢ is of
bounded type. If

(1) Ty is hyponormal;
(iker [T, Tp] is invariant for T,

then T, is normal or analytic.

Consequently, since ker [T*,T] is invariant for every subnormal operator 7, it fol-
lows that if @ € L™ is such that ¢ or @ is of bounded type, then every subnormal
Toeplitz operator T, must be either normal or analytic.

We say that a block Toeplitz operator Ty is analytic it ¢ € Hy, . Evidently, any
analytic block Toeplitz operator with a normal symbol is subnormal because the
multiplication operator Mg is a normal extension of Tg. As a first inquiry in the
above reformulation of Halmos’s Problem 5 the following question can be raised:

Which subnormal Toeplitz operators are normal or analytic ? (3.2)

In particular, we examine to what extent Abrahamse’s Theorem and Amemiya, Ito
and Wong’s Theorem remain valid for Toeplitz operators with matrix-valued sym-
bols.

3.2 Subnormality of rational Toeplitz operators

Let A € D and write A
7—
by (z) == — eT);
2@ =& (e
b is called a Blaschke factor. If M is a nonzero closed subspace of C" then the
matrix function of the form

by Py + (I —Py) (Py := the orthogonal projection of C" onto M)

is called a Blaschke-Potapov factor; an n X n matrix function D is called a finite
Blaschke-Potapov product if D is of the form

D=v f[ (mem n (Ime)), 3.3)

m=1

where Vv is an n X n unitary constant matrix, b, is a Blaschke factor, and P, is an
orthogonal projection in C" for each m = 1,---,d. In particular, a scalar-valued
function D reduces to a finite Blaschke product D = v[[%_, b,,, where v = ¢/®. Tt
is known (cf. [Po]) that an n X n matrix function D is rational and inner if and only
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if it can be represented as a finite Blaschke-Potapov product. Thus if @ € Ly; is
rational then @, and ®, can be chosen as finite Blaschke-Potapov products in the
right coprime factorizations of (2.10).

The condition “(left/right) coprime” for two matrix-valued functions is not easy
to check in general. However, if one of them is a rational function whose determi-
nant is not identically zero then we can obtain a more tractable criterion on their
(left/right) coprime-ness. To see this, we first observe:

Lemma 3.1. If F € H/%/I,. and M is a non-zero closed subspace of C" then
by Py + (I — Py) is a right inner divisor of F <= M CkerF(A). (3.4)
Proof. Immediate from a direct calculation. O

Corollary 3.1. IfA,B<€ H, ,%4’1 and B is a rational function such that det B is not iden-
tically zero then

A and B are right coprime <= kerA(co) NkerB(a) = {0} for any a € D.

From Corollary 3.1, we can see that if ® = 61, for a finite Blaschke product 6,
then for any A € H 1%4,1’

A and O are right coprime <= A() is invertible for each zero a of 6  (3.5)
(cf. [CHL2, Lemma 3.3]).
For an operator T € A(.5), the essential norm ||T||, is defined by
|IT||e :=inf {||T —K]|| : K is compact}.

It is known (cf. [Pe, Theorem 1.5.3]) that if ¢ € L™ then the essential norm of a
Hankel operator Hy can be computed from the formula

Hle = diste~ (¢, H= +C),

where C is the set of continuous functions on T. In particular, since Hy, is compact
if and only if ¢ € H* +C, it follows that ||Hy||. =0 if ¢ € H* +C.

The following proposition provides important information on & (®) if @ is a
matrix-valued rational function such that 7 is hyponormal.

Proposition 3.1. ((CHKL]) Let @ € Ly; be a matrix-valued rational function such
that Tg is hyponormal. Then & (®) contains an inner matrix function.

We now introduce the notion of a “matrix pole” for matrix-valued rational func-
tions.
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To do so, we first consider a representation for poles of scalar-valued rational
functions. Let ¢ € L™ be a rational function. Then we may write

¢_ = 0a (coprime factorization),

where 6 is a nonconstant finite Blaschke product and a € H?. Since ¢ = 7+ o.,
it follows that @(z) has a pole at z = o € D if and only if 6 has a zero at z = « if
and only if the Blaschke factor b is an inner divisor of 6. Observe that kerHy =
ker Hg— = OH? and that (z— a)H* = bqH? because 1 — iz is an outer function, and
hence (1 — 0iz)H* = H?>. We thus have

@(z) hasapole at z = o <= kerHy, C (z— ot)H>. (3.6)

On the other hand, block Hankel operators have been extensively exploited when

considering properties of matrix-valued functions in Ly, (e.g., matrix-valued ver-

sions of Neharis Theorem, Hartmans Theorem and Kroneckers Lemma). In particu-

lar, if @ € L;';,n is a matrix-valued rational function, then it is known (cf. [Pe, p. 81])
that rank He is equal to the McMillan degree of &_.

For the definition of matrix poles for matrix-valued rational functions, we will
adopt the idea in (3.6).

Definition 3.1. Let ¢ € Ly; be a matrix-valued rational function. Then we say that
& has a matrix pole at oo € D if

ker Hp C (z— o )Hn -

We shall say that an inner matrix function © € Hy; is diagonal-constant if © is
of the form 61,,, where 6 is an inner function. We then have:

Lemma 3.2. Let & = @ + @, € Ly, be a matrix-valued rational function. Thus
in view of (2.10), we may write

&d_ = OB" (right coprime factorization).

Then @ has a matrix pole if and only if ® has a nonconstant diagonal-constant
inner divisor.

Remark 3.1. (i) Recall that if ¢ € Lj‘}” is a matrix-valued rational function then &
is said to have a pole at @ € D if some entry of ®(z) has a pole at z = @. We now
claim that for o € D,

Q is a matrix pole of @ = ¢ is a pole of P. 3.7
Towards (5.1) we write

&_ =0OB* (right coprime factorization).
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Suppose « is a matrix pole of @. Then by Lemma 3.2, ©® = byI,0, for some
inner function ®;. Thus by (3.5), B() is invertible. Since ¢ = ¢* + P, = (B+
&, 0)0* and det O is inner, we have

dot @ — det(B+ 9, 0) _ det(B+ @, 0)
det © b? det®;

But since (B+ @,.0)(a) = B() is invertible, it follows that ¢ is a pole of det P,
which implies that some entry of &(z) has a pole at z = . This proves (5.1).
However the converse of (5.1) is not true. For example if

190
q"_((z) 1)’

then @ has a pole at z = 0. But since

C(z 0\ /1 0\ . . o
P = (() 1) (0 1) (right coprime factorization)

and O = (Z) (1) has no inner divisor of the form b/, it follows that @ has no

matrix pole. Of course, by definition, if » = 1 then a matrix pole reduces to a pole.

(i) From the viewpoint of scalar-valued rational functions, we are tempted to
guess that if a matrix-valued rational function ¢ € Ly; has a matrix pole atz = ot €
D, then & can be written as

D(z)= Y Alz—a)f (N >1;A_y isinvertible), (3.8)
k=—N

where “nonzero” in the scalar-valued case is interpreted as “invertible” in the matrix-
valued case. But this is not true. For example, consider the function

() — (Z‘2+z2 0 )

1
0 z +z
2
Then since P_(z) = (ZO 2) , it follows from Lemma 3.2 that ¢ has a matrix pole
atz=0, while ®(z) =Y7_ ,A;z* withA , = ( (]) 8) non-invertible. However we
can easily check that (3.8) is a sufficient condition for @ to have a matrix pole at
z=a. O

Lemma 3.3. Suppose @ = @* + @, € Ly; is such that P and ®* are of bounded
type of the form

&, =A0; and D_ = B*®, = B[, (left coprime factorization),
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where ©; := I, with an inner function 0; (i=1,2). If Tp is hyponormal, then £, is
a right inner divisor of ©.

In the sequel, when we consider the symbol @ = @* + &, € Ly , which is such
that @ and @* are of bounded type, we will, in view of Lemma 3.3, assume that

P, =A"QQ, and P_ = B, (left coprime factorization),

where 0, = ® = Iy. We also note that £,0Q; = ©: indeed, if 2,2, =0 = Iy,
then (F32)&2 = I,, so that Q; (F5€2,) = I,, which implies that (/5£2,)Q; = I,,, and
hence 2,02, =1y = 6.

Lemma 3.4. Suppose @ = ®* + @, € Ly, is such that P and ®* are of bounded

type of the form
&, = A A} (right coprime factorization)

and
&_ = AyB; (right coprime factorization).

If Te is hyponormal, then A; is a left inner divisor of Ay, i.e., Aj = AryAg for some
Ag. Hence, in particular,

Ay (Ap) Cclran [Ty, T |. (3.9)
Lemma 3.5. Let @, € Ly, . If @ =1y or ¥ = Iy, for some @,y € L™, then
Hpy = T(%Hlp +HopTy. (3.10)

In general, question (3.2) is more difficult to answer, in comparison with the
scalar-valued case. Indeed, Abrahamse’s Theorem does not hold for block Toeplitz
operators (even with matrix-valued trigonometric polynomial symbol): For instance,

if
_(z+z2 O
q)'_( 0 z)’

T = <U+ g Uy l;) > (U := the unilateral shift on H?)
+

then

is neither normal nor analytic, although T is evidently subnormal. We believe this
is due to the absence of a “matrix pole” in the symbol & (see Definition 3.1). That
is, once we assume that a rational symbol has a matrix pole, we can get a version
of Abrahamse’s Theorem (Theorem 3.1 below). This concept is different from the
classical notion of “pole” for matrix-valued rational functions (i.e., some entry in the
matrix has a pole). The two notions coincide for scalar-valued rational functions.

Theorem 3.1. [CHKL] Let @ € Ly, be a matrix-valued rational function having a
“matrix pole,” i.e., there exists o0 € D for whichkerHgp C (z — (X)H%n. If
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(i) Tg is hyponormal;
(ii) ker[Tg, To)] is invariant for Te,

then Tg is normal. Hence in particular, if Tg is subnormal then Tg is normal.

Remark. The assumption “@ has a matrix pole” in Theorem 3.1 is automatically
satisfied if @ is scalar-valued (i.e., when n = 1). Thus, if n = 1, Theorem 3.1 is a
special case of [Ab, Theorem].

On the other hand, in [CuL1, Theorem 3.2], it was shown that 2-hyponormality
and subnormality coincide for Toeplitz operators T, with trigonometric polynomial
symbols ¢ € L. Also 2-hyponormality and subnormality enjoy some common
properties. The following is one of them.

Lemma 3.6. [CuL2] If T € B() is 2-hyponormal then ker[T*,T] is invariant
forT.

In view of Lemma 3.6, Theorem 3.1 can be rephrased as:

Corollary 3.2. Let & = @* + P, € Ly, be a matrix-valued rational function. As-
sume P has a matrix pole, or equivalently, if we write

@_ =OB" (right coprime factorization),

then © has a nonconstant diagonal-constant inner divisor. Then the following are
equivalent:

1. T is 2-hyponormal;
2. Te is subnormal;
3. T is normal.

In particular, [CuL1, Theorem 3.2] can be generalized to the matrix-valued case,
as follows.

Corollary 3.3. Let @ € Ly, be a matrix-valued trigonometric polynomial whose
co-analytic outer coefficient is invertible. Then the 2-hyponormality and the nor-
mality of Te coincide.

Proof. Using the notation of Corollary 3.2, write _ := ):’]’-’Zl B_ ij , where B_,, is
invertible. We have

©:=7", and B=B', +B", jz+ - +B 7"

and hence by (3.5) and our assumption, ® and B are right coprime. The assertion
now follows at once from Corollary 3.2.

Since a nonzero coefficient in C is trivially invertible, Corollary 3.3 reduces to
[CuLl, Theorem 3.2]if n = 1.
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Example 3.1. Consider the following matrix-valued trigonometric polynomial

(2747 22
P = <2z2+z2 2z2+z2)' (.11

2 3 3
z z 7 -z
P = d &, =2 .

A straightforward calculation shows that @*® = @P*. If

1 (—z4+72 —z2-2
K:=-
4 < 14z 11—z )’
then ||K|| <1 and ®* = K®}. Thus by Lemma 1.2, T is hyponormal. But a
direct calculation shows that 7 is not normal. We note that

2 2 1 0 *
R

2
where @ = L ( < §2> and B = % (1 ?) are right coprime by Corollary

Then

T V2 \—z 0

z z . . -
= \% » | has a nonconstant diagonal inner divisor of the
-z Z

form zl, so that @ has a matrix pole. But since T is not normal, it follows from
Theorem 3.1 that T is not subnormal.

3.1. However, ®

Remark 3.2. Theorem 3.1 may fail if we drop the assumption “® has a matrix pole”,
or equivalently, “® has a nonconstant diagonal-constant inner divisor” in the right
coprime factorization @_ = @B*. To see this we again consider the function (3.13):

b= ,Z 24:21 .
7+2z Z

We then have

where
1 z 0 2 . .
=L = L
0= 7 (_1 Z) and B = 7 (0 2) are right coprime (by Corollary 3.1).
As we saw in (3.14), Ty is quasinormal, and hence subnormal. But clearly, T is

neither normal nor analytic. Here we note that ® does not have any nonconstant
diagonal-constant inner divisor of the form 61, with a Blaschke factor 6.
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3.3 Quasinormality of rational Toeplitz operators

Amemiya, Ito and Wong’s Theorem does not hold for the cases of matrix-valued
symbols: indeed, if
z 7+2z
o= _ _ , 3.13
(Z +2z z > (313)

then a straightforward calculation shows that

- Ui Ut +2U;
To = (Ui +2U, Ut 3.14)

commutes with T3 T, i.e., Te is quasinormal, but T is neither normal nor analytic.

1
: 1
However if W := 7 <

1 _11 ) , then W is unitary and

(3.15)

W*Tq,wz(U+”]+ 0 )

0 —U,

which says that T is unitarily equivalent to a direct sum of a normal operator, say
2(Uf + U, ) and an analytic Toeplitz operator, say —2U,.. This phenomenon is not
an accident.

Since the self-commutator measures a form of deviation from normality, one
might expect that subnormal operators with finite rank self-commutators are well
behaved. Particular attention has been paid to the case of rank-one self-commutators.
For example, B. Morrel [Mo] showed that every pure subnormal operator with rank-
one self-commutator is unitarily equivalent to a linear function of the unilateral shift.
Subnormal operators with finite rank self-commutators have been much investigated
by many authors. Recently, D. Yakubovich [Ya] gave a nice characterization of sub-
normal operators with finite rank self-commutators under an assumption on their
normal extensions. An operator T € () is said to have no point masses if it has
a normal extension N that has no nonzero eigenvectors.

Yakubovich’s Theorem ([Ya, Theorem 2]) If T € #(5¢) is a pure subnormal op-
erator with finite rank self-commutator and without point masses then it is unitarily
equivalent to a Toeplitz operator with a matrix-valued analytic rational symbol.

By using Yakubovich’s Theorem, we first prove the following:

Theorem 3.2. [CHKL] Every pure quasinormal operator with finite rank self-
commutator is unitarily equivalent to a Toeplitz operator with a matrix-valued ana-
lytic rational symbol.

Theorem 3.3. (Amemiya, Ito and Wong’s Theorem for Matrix-Valued Rational Sym-
bols) [CHKL] Every pure quasinormal Toeplitz operator with a matrix-valued ra-
tional symbol is unitarily equivalent to an analytic Toeplitz operator.
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Proof. Let @ € Ly be a rational function and suppose Ty is quasinormal (and
hence hyponormal). Thus & is normal (cf. [GHR]), and hence we have

(T4, Ta) = HjpHor — HyHe. (3.16)

On the other hand, since @ is rational, it follows from the Kronecker’s lemma that
Hg+ and Hg are of finite rank. Thus by (3.16), Te has finite rank self-commutator.
Now the theorem follows at once from Theorem 3.2. O

3.4 Square-hyponormality of rational Toeplitz operators

The study on the square-hyponormality was originated from [Hal3, Problem 209]. It
is easy to see that every power of a normal operator is normal and the same statement
is true for every subnormal operator. How about hyponormal operators? Problem
209 of [Hal3] shows that there exists a hyponormal operator whose square is not
hyponormal (e.g., U* 42U for the unilateral shift U). However, as we remarked
in the preceding, there exist special classes of operators that square-hyponormality
and subnormality coincide. For those classes of operators, it suffices to check the
square-hyponormality to show the subnormality. This certainly gives a nice answer
to Halmos’s Problem 5 reformulated. Indeed, in [CuL1], it was shown that every
hyponormal trigonometric Toeplitz operator whose square is hyponormal must be
either normal or analytic, and hence it is subnormal. In this section we extend
this result to the block Toeplitz operators whose symbols are matrix-valued rational
functions.

Theorem 3.4. [CHL1] Let @ € L}"}n be a matrix-valued rational function. Then we
may write
d_=B0,

where B € Hﬁz,,n and O := Iy with a finite Blaschke product 6. Suppose B and © are
coprime. If both Tg and Tq% are hyponormal then Ty is either normal or analytic.

Corollary 3.4. Let @ € Ly; be a matrix-valued trigonometric polynomial whose

co-analytic outer coefficient is invertible. If Tep and Tq% are hyponormal then Ty is
normal.

Remark 3.3. In Theorem 3.4, the “coprime” condition is essential. To see this, let

Tp = (Th —g T, 7(3 ) (b is a finite Blaschke product).
b

Since Tj, + T is normal and 7}, is analytic, it follows that T and Tq% are both hy-

ponormal. Obviously, T is neither normal nor analytic. Note that ¢_ = (8 8) =

*
((1) 8) - I, where ((1) 8) and [, are not coprime. [0
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On the other hand, we have not been able to determine whether this phenomenon
is quite accidental. In fact we would guess thatif @ € Ly, is a matrix-valued rational
function such that T is subnormal then T is unitarily equivalent to Ty ¢ T, where
T4 is normal and Tp is analytic.



Chapter 4

Subnormality of Bounded Type Toeplitz
operators

This chapter focuses on subnormality for Toeplitz operators with matrix-valued
bounded type symbols.

4.1 A connection between left coprime-ness and right
coprime-ness

We first need to observe a connection between left coprime-ness and right coprime-
ness. We first recall the representation (2.12), and for ¥ € L;‘;,n such that ¥* is of
bounded type, write ¥ = @,B* = B*®,. Let Q be the greatest common left inner
divisor of B and ®,. Then B = 2B, and &, = Q£, for some B, € H/%,,n and some
inner matrix £2,. Therefore we can write

¥ = B;Q,, where B; and £, are left coprime: 4.1)
in this case, Bj €2, is called a left coprime factorization of ¥. Similarly,
¥ = AyB;, where B, and A; are right coprime: “4.2)

in this case, Ay B} is called a right coprime factorization of V.

In the sequel, when we consider the symbol @ = &* + ¢, € L}‘l}n, which is such
that @ and @* are of bounded type and for which Ty is hyponormal, we will, in
view of Proposition 2.2, assume that

P =A"Q102, and P_ = B;€, (left coprime factorization), (4.3)
where 010, = ® = 61,. We also note that 2,0 = @: indeed, if 2,2, = O = 01,

then (61,91)2; = I, so that Q;(601,£,) = I,, which implies that (61,2,)Q; = I,
and hence 2,02, =01, = 0.

35



36 4 Subnormality of Bounded Type Toeplitz operators

We recall the inner-outer factorization of vector-valued functions. If D and E are
Hilbert spaces and if F is a function with values in Z(E, D) such that F(-)e € H3(T)
for each e € E, then F is called a strong H>-function. The strong H>-function F is
called an inner function if F(-) is an isometric operator from D into E. Write &g
for the set of all polynomials with values in E, i.e., p(§) = Yi_, p(k) ¢, p(k) € E.
Then the function Fp = Y7_, F p(k)z* belongs to H3(T). The strong H>-function
F is called outer if

clF - Pr = H(T).
Note that every F € H, 1%/1,, is a strong H>-function. We then have an analogue of the

scalar Inner-Outer Factorization Theorem.

Inner-Outer Factorization. (cf. [Ni]) Every strong H 2_function F with values in
P(E,D) can be expressed in the form

F =F'F¢,

where F¢ is an outer function with values in (E,D’) and F' is an inner function
with values in Z(D’, D) for some Hilbert space D'

We introduce a key idea which provides a connection between left coprime-ness
and right coprime-ness.

Definition 4.1. If A € H,[’,;n is an inner function, we define
D(A) :=GCD{6I,: 6 isinner and A is a (left) inner divisor of 61, } ,

where GCD (-) denotes the greatest common inner divisor.

Lemma 4.1. If A € Hy; is an inner function then
D(A) =31, for some inner funtion J. (4.4)

Note that D(A) is unique up to a diagonal-constant inner function of the form
s I,.

If one of two inner functions is diagonal-constant then the “left” coprime-ness
and the “right” coprime-ness between them coincide.

Lemma 4.2. Let A € Hy; be inner and © := 01, for some inner function 6. Then
the following are equivalent:

(a) ® and A are left coprime;
(b) O and A are right coprime;
(c) © and D(A) are coprime.

Lemma 4.3. Let A € H,%,,n be such that det A is not identically zero and © := 01, for
some inner function 0. Then the following are equivalent:

(a) ® and A are left coprime;
(b) © and A are right coprime.
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In Lemma 4.3, if 0 is given as a finite Blaschke product then the “determinant”
assumption may be dropped.

Lemma 4.4. Let A € H1‘24I1 and © := 01, for a finite Blaschke product 6. Then the
following are equivalent:

(a) ® and A are left coprime;
(b) © and A are right coprime;
(c) A(@) is invertible for each zero o of 6.

Proof. Immediate from Lemma 4.3 and (3.5).

4.2 A matrix-valued version of Abrahamse’s Theorem

As afirst inquiry in the reformulation of Halmos’s Problem 5 the following question
can be raised:

Is Abrahamse’s Theorem valid for block Toeplitz operators ?

In this section we provide two matrix-valued version of Abrahamse’s Theorem. We
first observe:

Lemma 4.5. Let 6y be a nonconstant inner function. Then g, contains an outer
function that is invertible in H”.

We are ready for:

Theorem 4.1. (Abrahamse’s Theorem for matrix-valued symbols, Version I) [CHL3]
Suppose ® = P* + D, € Ly is such that P and P are of bounded type and det P
and det D_ are not identically zero. Then in view of (4.1), we may write

@®_ =B*O® (left coprime factorization).

Assume that © is a diagonal inner matrix function (which is not necessarily
diagonal-constant) and that © has a nonconstant diagonal-constant inner divisor
Q = ol, (0 inner) such that 2 and @Q* are coprime. If

(i) Te is hyponormal; and
(i) ker [Ty, To) is invariant under Te ,

then Ty is either normal or analytic. Hence, in particular, if Tep is subnormal then
it is either normal or analytic.

In Theorem 4.1, if ® has a nonconstant diagonal-constant inner divisor of the
form w1, with a Blaschke factor w, then we can strengthen Theorem 4.1 by dropping
the “determinant” assumption.
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Corollary 4.1. Suppose ® = @* + P, € Ly, is such that @ and ®* are of bounded
type. Then in view of (4.1), we may write

@®_ =B*O (left coprime factorization), 4.5)

where O is a diagonal inner matrix function. Assume that ©® has a nonconstant
diagonal-constant inner divisor Q = I, with a finite Blaschke product ® such that
Q and ©® Q* are coprime. If

() Te is hyponormal; and

(ii) ker [Ty, Tw) is invariant under T,

then Tg is either normal or analytic. Hence, in particular, if Te is subnormal then
it is either normal or analytic.

Corollary 4.2. (Abrahamse’s Theorem for matrix-valued symbols, Version II) [CHL3]
Suppose @ = @* + P, € Ly is such that P and P are of bounded type and det D
and det D_ are not identically zero. Then in view of (4.3), we may write

Cb_,_ :A*®0®2 and P_ = B*@z,

where @y0, = 01, with an inner function 0. Assume that A,B and ©, are left
coprime and ®, has a nonconstant diagonal-constant inner divisor Q = wl, (©®
inner). If

(1) T is hyponormal; and
(ii) ker [Ty, To) is invariant under T,

then To is either normal or analytic. Hence, in particular, if Te is subnormal then
it is either normal or analytic.



Chapter 5
A Subnormal Toeplitz Completion

Given a partially specified operator matrix with some known entries, the problem of
finding suitable operators to complete the given partial operator matrix so that the
resulting matrix satisfies certain given properties is called a completion problem.
Dilation problems are special cases of completion problems: in other words, the

dilation of T is a completion of the partial operator matrix (f

operator theorists have been interested in the subnormal completion problem for
block Toeplitz matrices. In this chapter, we solve this completion problem.

A partial block Toeplitz matrix is simply an n X n matrix some of whose entries
are specified Toeplitz operators and whose remaining entries are unspecified. A
subnormal completion of a partial operator matrix is a particular specification of the
unspecified entries resulting in a subnormal operator. For example

. 1-T.%
(O T. ) 5.1

is a subnormal (even unitary) completion of the 2 x 2 partial operator matrix

. ?
? )

A subnormal Toeplitz completion of a partial block Toeplitz matrix is a subnormal
completion whose unspecified entries are Toeplitz operators. Then the following
question (the most simple case) comes up at once: Does there exist a subnormal

?
r,) . Inrecent years,

Toeplitz completion of (?7 ; ) ? Evidently, (5.1) is not such a completion. To

answer this question, let

D= <5/ (5> (p,yeL™).

If T is hyponormal then by Theorem 1.2, & should be normal. Thus a straightfor-
ward calculation shows that |@| = |y/| and Z(¢@ + W) = z(¢@ + V), which implies that
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¢ = —y. Thus a direct calculation shows that

% _ * *
[TCD,T‘P]_ <* TZTZ_I),

which is not positive semi-definite because 7.7; — 1 is not. Therefore, there are

no hyponormal Toeplitz completions of (C ’ ) However the following prob-

T-

lem is a nontrivial: Complete the unspecified Ti)eplitz entries of the partial block
Toeplitz matrix A := Tf ; ) to make A subnormal. Unexpectedly, the answer to

this problem is very difﬁculi and complicated. In this chapter we are interested in
the following problem which is a more general version:

Problem 5.1. Let ), be a Blaschke factor of the form b, (z) := f:%z (A € D). Com-
plete the unspecified Toeplitz entries of the partial block Toeplitz matrix

T; ?
A::( ‘70! T- ) ((X,ﬁED)
] By
to make A subnormal.

We begin with:

Lemma 5.1. Let

Ea (P> 0o
. WeL
(w b)) (@VELD

be such that Tg is hyponormal. Then o, = 3.

Theorem 5.1. [CHL3] Let ¢,y € L™ and consider
T T
A= Lo ¢ a,peD),
(5 7) @pen

where b, is a Blaschke factor of the form b)(z) := IZ:%Z (A € D). The following

Statements are equivalent.

(a) A is normal.

(b) A is subnormal.

(c) A is 2-hyponormal.

(d) o = B and one of the following conditions holds:

1. 9=e%bg+¢ and w=e% ({c€C;0,0c]0,2n));
2.9 =uby+e?\/1+[uPby+{ and y ="M (u L eC pu#0,
lul #1, 6 €0,2m)),
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except in the following special case:
¢_ = bg0ja and y_ = by 0]b with (ab)(ct) = (646;)(ax) # 0. (5.2)

However, if we also know that @,y € L™ are rational functions having the same
number of poles then either (2) holds for || =1 or

0 =%y +2°by+{ and y=e9 (6,0€[0,27),{cC): (53)
in this case, A+ e "0 { is quasinormal.

Remark 5.1. 'We would also ask whether there is a subnormal non-Toeplitz com-
pletion of (f ;ﬁ) Unexpectedly, there is a normal non-Toeplitz completion of

9
<TZ i ) . To see this, let B be a selfadjoint operator and put

Iz
r—( & TA+B
\L+B T )

Then

7+ 1) — (TB+BL~ (LB+BT)  T.B-+ BT~ (T:B-+ BT.)
T \BE+T.B— (BT.+T:B) T.B+BT.—(I:B+BT,) )’

so that T is normal if and only if

T:B+ BT, = T.B+ BTz, ie. [T.,B] = I B). (5.4)

2 1\"
a;:=0 and an::—3<1—<—2)) forn > 2.

Let D = diag(a,), i.e., a diagonal operator whose diagonal entries are o, (n =
1,2,---) and foreachn =1,2--, let B, be defined by

We define

. N
Bn = —Fdlag(an,lﬂ;z” .

Then

1 1
1Bl < Spsup{on1} < 57

which implies that

We define C by
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o)
i
ngK
&

3
I

Then C looks like:

1 1
SIS
00045 0 % 0 %
0000 % 0 & 0
0000 0 % 0 X

11
c_0000 0 0 & 0
00000 0 0 2%
0000 0 O 0 0
0000 0 O 0 O
0000 0 O 0 0
Note that C is bounded. If we define B by
B:=D+C+C",

then a straightforward calculation shows that B satisfies equation (5.4). Therefore

the operator
T— Iz T.+B
T,+B T:

is normal. We note that 7; + B is not a Toeplitz operator. O



Chapter 6
Unsolved problems

6.1 The scalar case

Even though C. Cowen and J. Long have answered Halmos’s Problem 5 in the neg-
ative, we don’t know any more knowledge on the subnormality of Toeplitz opera-
tors. Indeed, Cowen and Long’s subnormal Toeplitz operator Ty 57 O< A<,
f = v -so called the ellipse map- is given by Theorem 2.10) is the (originally) only
non-analytic and non-normal subnormal Toeplitz operator. Thus the following two
problems are interesting and the affirmative answers for these problems provide a
good chance to understand the subnormality of Toeplitz operators.

Problem 6.1. For which f € H”, is there 2 (0 <4 < 1) with 7}, ;7 subnormal ?

Problem 6.2. Suppose v is as in Theorem 2.10 (i.e., the ellipse map). Are there
g € H”, g # Ay +c, such that Ty, ¢ is subnormal ?

On the other hand, if Ty is the subnormal operator in the Cowen and Long’s
Theorem then & (@) = {A} with || < 1. Also it is easily check that if T, is normal
then &(¢) = {¢®}. Thus we are tempted to guess that if 7}, is subnormal and non-
normal then & (@) = {A} with |A| < 1. However we were unable to decide whether
or not it is true.

Problem 6.3. If T}, is subnormal, does it follow that &(¢) = {A} with [A| < 17?

If the answer to Problem 6.3 is affirmative then for ¢ =g+ f, the subnormality
of T, implies g — A f € H? with |A| < 1, so that g = A f + ¢ (c a constant), which
says that the answer to Problem 6.2 is negative.

From Lemma 3.6, if T € B(J) is 2-hyponormal then ker [T*,T] is invariant
for T. / Thus this fact together with Abrahamse’s Theorem says that if Ty, is 2-
hyponormal and if @ or @ is of bounded type then T}, is subnormal, so that T;, has a
nontrivial invariant subspace. The following question is naturally raised:
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Problem 6.4. Does every 2-hyponormal Toeplitz operator have a nontrivial invari-
ant subspace ? More generally, does every 2-hyponormal operator have a nontrivial
invariant subspace ?

Write C(K) for the set of all complex-valued continuous functions on K and
R(K) for the uniform closure of all rational functions with poles off K in C(K).
It is well known ([Bro]) that if T is a hyponormal operator such that R(c(T)) #
C(o(T)) then T has a nontrivial invariant subspace. But it remains still open whether
every hyponormal operator with R(c(T)) = C(o(T)) (i.e., a thin spectrum) has
a nontrivial invariant subspace. Recall that T € Z(.#) is called a von-Neumann
operator if o(T) is a spectral set for T, or equivalently, f(7T) is normaloid (i.e.,
norm equals spectral radius) for every rational function f with poles off o(7). B.
Prunaru [Pru] has proved that polynomially hyponormal operators have nontrivial
invariant subspaces. It was also known ([Ag]) that von-Neumann operators enjoy
the same property. The following is a sub-question of Problem 6.4.

Problem 6.5. Is every 2-hyponormal operator with thin spectrum a von-Neumann
operator ?

Although the existence of a non-subnormal polynomially hyponormal weighted
shift was established in [CP1] and [CP2], it is still an open question whether the
implication “polynomially hyponormal = subnormal” can be disproved with a
Toeplitz operator.

Problem 6.6. Does there exist a Toeplitz operator which is polynomially hyponor-
mal but not subnormal ?

In [CuL2] it was shown that every pure 2-hyponormal operator with rank-one
self-commutator is a linear function of the unilateral shift. McCarthy and Yang
[McCYa] classified all rationally cyclic subnormal operators with finite rank self-
commutators. However it remains still open what are the pure subnormal operators
with finite rank self-commutators. Now the following question comes up at once:

Problem 6.7. If T, is a 2-hyponormal Toeplitz operator with nonzero finite rank
self-commutator, does it follow that Ty, is analytic ?

For affirmativeness to Problem 6.7 we shall give a partial answer. To do this we
recall Theorem 15 in [NT] which states that if 7, is subnormal and ¢ = g, where
g is a finite Blaschke product then Ty, is normal or analytic. But from a careful
examination of the proof of the theorem we can see that its proof uses subnormality
assumption only for the fact that ker 7, Tp] is invariant under 7. Thus in view of
Lemma 3.6, the theorem is still valid for “2—-hyponormal” in place of “subnormal”.
We thus have:

Corollary 6.1. If Ty is 2—hyponormal and @ = q@, where q is a finite Blaschke
product then Ty is normal or analytic.

Corollary 6.2. If T, is 2-hyponormal and & (@) contains at least two elements then
Ty is normal or analytic.
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Proof. This follows from Corollary 6.1 and the fact ([NT, Proposition 8]) that if
& (@) contains at least two elements then ¢ is of bounded type.

We now give a partial answer to Problem 6.7.

Proposition 6.1. Suppose log|@| is not integrable. If Ty is a 2-hyponormal operator
with nonzero finite rank self-commutator then Ty is analytic.

Proof. 1f T, is hyponormal such that log|¢| is not integrable then by an argument
of [NT, Theorem 4], ¢ = g@ for some inner function g. Also if Ty has a finite rank
self-commutator then by [NT, Theorem 10], there exists a finite Blaschke product
b e &(@). If g # b, so that £(¢@) contains at least two elements, then by Corollary
6.2, T is normal or analytic. If instead g = b then by Corollary 6.1, T, is also normal
or analytic. O

Proposition 6.1 reduces Problem 6.7 to the class of Toeplitz operators such that
log|@| is integrable. If log |@| is integrable then there exists an outer function e such
that |@| = |e|. Thus we may write ¢ = ue, where u is a unimodular function. Since
by the Douglas-Rudin theorem (cf. [Ga, p.192]), every unimodular function can be
approximated by quotients of inner functions, it follows that if log || is integrable
then @ can be approximated by functions of bounded type. Therefore if we could
obtain such a sequence Y, converging to ¢ such that Ty, is 2-hyponormal with finite
rank self-commutator for each n, then we would answer Problem J affirmatively. On
the other hand, if Ty attains its norm then by a result of Brown and Douglas [BD],
@ is of the form ¢ = l% with A > 0, y and 6 inner. Thus ¢ is of bounded type.
Therefore by Corollary 6.2, if Tj, is 2-hyponormal and attains its norm then 7, is
normal or analytic. However we were not able to decide that if Tj, is a 2-hyponormal
operator with finite rank self-commutator then 7, attains its norm.

6.2 The block case

6.2.1. Nakazi-Takahashi’s Theorem for matrix-valued symbols. T. Nakazi and
K. Takahashi [NT] have shown that if ¢ € L™ is such that T, is a hyponormal
operator whose self-commutator [7;, 7] is of finite rank then there exists a finite
Blaschke product b € &(¢) such that deg (b) = rank [T;;, Tp]. What is the matrix-
valued version of Nakazi and Takahashi’s Theorem ? A candidate is as follows: If
P € Ly, is such that T is a hyponormal operator whose self-commutator [Ty, To) is
of finite rank then there exists a finite Blaschke-Potapov product B € & (&) such that
deg(B) = rank[T3,Tp|. We recall that the degree of the finite Blaschke-Potapov
product B is defined by

deg(B) := dim s#(B) = deg (detB). (6.1)

In this sense, we would pose the following question:
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Problem 6.8. If & € Ly, is such that Ty is a hyponormal operator whose self-
commutator [T3, 7] is of finite rank, does there exist a finite Blaschke-Potapov

product B € &(P) such that rank T3, Tp| = deg (detB) ?

On the other hand, in [NTT], it was shown that if ¢ € L™ is such that T, is subnor-
mal and ¢ = g, where q is a finite Blaschke product then T, is normal or analytic.
We now we pose its block version:

Problem 6.9. If ¢ ¢ Lﬁn is such that T is subnormal and ¢ = BP*, where B is a
a finite Blaschke-Potapov product, does it follow that T is normal or analytic ?

6.2.2. Subnormality of block Toeplitz operators. In Remark 3.3 we have shown
that if the “coprime” condition of Theorem 3.4 is dropped, then Theorem 3.4 may
fail. However we note that the example given in Remark 3.3 is unitarily equivalent
to a direct sum of a normal Toeplitz operator and an analytic Toeplitz operator.
Based on this observation, we have:

Problem 6.10. Let & € Lj; be a matrix-valued rational function. If 7¢ and T3 are
hyponormal, but 7 is neither normal nor analytic, does it follow that T is unitarily
equivalent to the form

<T6‘ 79 > (where T} is normal and 73 is analytic) ?
B

From the view point that if 7 € () is subnormal then ker [7*, T is invariant
under 7, we might be tempted to guess that if the condition “7g and Tq% are hy-
ponormal”is replaced by “T is hyponormal and ker [T, 7| is invariant under Tg,”
then the answer to Problem 6.10 is affirmative. But this is not the case. Indeed,

consider
T — 2U+U* U*

Then a straightforward calculation shows that 7 is hyponormal and ker [T, To)
is invariant under T, but T is never normal. However, if the condition “Tg and
Té are hyponormal” is strengthened to “Tg is subnormal”, what conclusion do you
draw ?

6.2.3. Subnormal completion problem. Theorem 5.1 provides the subnormal
Toeplitz completion of

ur ? . . 5
9y U (U is the shift on H-). (6.2)

Moreover Remark 5.1 shows that there is a normal non-Toeplitz completion of (6.2).
However we were unable to find all subnormal completions of (6.2).

Problem 6.11. Let U be the shift on H2. Complete the unspecified entries of the

. (U7
partial block matrix

0 U* > to make it subnormal.
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