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There are two notions of the Square Root Problems.

One is for measures and the other is for operators.

For the the Square Root Problems for measures,

we let 1 and v be probability measures supported in a compact
interval in R;..

Consider the following equation:

We are now interested in the following question [CuE, SS]:
Given a measure p, does there exist a measure v satisfying
(1)?

Also, if such a v exists, represent v in terms of p.

We call this problem the Square Root Problem of measures.
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By [LY2], we notice that (1) can be rewritten as

/t”du(t) :/t”d(y*u)(t),

where x means the convolution [KiYo2].

Thus, the Square Root Problem of measure says that given a
measure p,

does there exist a measure v such that

w=v*v?

In this sense, v is called a square root of the measure .
If (1) is satisfied, then we say that i has a square root v.
Actually, (1) is related to the subnormality and Aluthge
transform of operators.
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‘H : complex Hilbert space

B(#) : algebra of bounded operators on H

S € B(H) is normal if S*S = SS&*

quasinormal if S commutes with S*S, i.e., SS*S = §*S?
subnormal if S = N|y, where N is normal and N(H) C H

and hyponormal if $*S > SS*, thatis, $*S — SS* > 0,
where > means ((S*S — SS*) x,x) > 0Vx € H.
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For k > 1, S is k-hyponormal if
Mc(S) : =(S".8])k >0
[S*,S] [S2,S] --- [S*K S
[S*,8?] [S*2,8%] --- [S*K &7
[S*,SK] [S*2,SF] --- [S*K SA]

where [A, B] := AB — BA.
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Equivalently,
/I S s ... g
S &S s§°s ... s's
32 §*g2 3*2 s2 ... S*k g2 > 0.
ék S*éSk S*éSk . S*k.Sk

(k+1)x(k+1)

(By Choleski’s Algorithm [CHO]).



(1) Background

8
(Bram-Halmos Criterion for Subnormality) [Bra, Con]:
S € B(H) : subnormal < >°(S'x;, S/x;) > 0,
’7
VXo, X1, , Xk € H,VKk > 1. j
The Bram-Halmos criterion can be then rephrased as saying
that [CMX]
S is subnormal if and only if S is k-hyponormal for every k > 1.

Thus,
normal = quasinormal —- subnormal

— k-hyponormal = hyponormal.



(1) Background

9
We consider the polar decomposition of bounded linear
operator.

We can write any complex number z = a + ib in polar form
using the formulas:

a=rcosfand b = rsinf, where § = tan" (g) and
r=+va?+ b2. In other words,

=r(cosf +isind)

where r > 0 and |cos 6 + isin | = cos? 6§ + sin® 0 = 1.
The motivation for polar decomposition of bounded linear
operator acting on a Hilbert space would be the following
equation:

z= (‘z‘) |z| = <|2\> VzZ and |z|?> = zz for any nonzero
complex number z.
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Let S € B(H), with the polar decomposition S = UQ,
where U is a partial isometry and Q is a positive operator.
If ker U = ker Q, then U and Q are unique and

Q:=1|S| =vS*S.

The Aluthge transform of S is the operator
S:=|S|2U|Slz,
the Duggal transform SPof Sis
SP .= |s|U.

the generalized Aluthge transform Seof Sis S = |S|<U|S|—,
where 0 <e <1
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For a matrix S, the polar decomposition of S is

1 1
A N B B V2 0 Y _
S‘(1 1>_<1 75 0o vz )=YS!
The Aluthge transform Sof Sis

() P)(F a)-mom

2

S-S
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The singular value decomposition (SVD) is a decomposition of
a matrix into the products of a unitary matrix, a diagonal matrix,
and another unitary matrix, that is, A= UDV, where U and V
are unitary and D is a diagonal matrix.

The Cholesky decomposition (CD) is a decomposition of a
Hermitian, positive definite matrix into the product of a lower
triangular matrix and its conjugate transpose.

That is, for a given symmetric positive definite matrix A, there is
a unique factorization of the lower triangular matrix with positive
diagonal entries U such that UU* = A.

Example of SVD:
A 2 1\ 1 1 10
N O I N 0 3

1
2 ) = UDV.

N[ =N =
N —
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Example of CD:
A = UU*, where

4 1 - ? % 0
A=l 1 2 1 |JandU=| 2 % O

-1 1 2 _1 5/7 /8

2 14 7

However, it is not easy to find matrices B, C such that B® = A
and C? = B.
We might get B using a numerical algorithm without a long
calculation.

However, when | try to find C, | feel that it is not easy to find C.
If A, B are arbitrary positive operators in B(#), then more.
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1-variable weighted shifts:

H = (?(Z4) with orthonomal basis {e,}2°,
S = W, = shift(ag, a1, - - - ), where 0 < ay (called weight)
W, : (?(Zy) — (?(Z.) such that W,e, = apen, 4 forall n >0,

that is,
0O 0 0 O
ag 0 0 O ---
Wo=| 0 a 0 0 - |.27z,)— *Z).
0 0 a O ---
Wie,=an_1e,-1 foralln>0,wheree_ 1=0anda_1=0
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For W,, = shift(ag, ay, - --), let W, (reps. WD) be

the Aluthge (resp. Duggal) transform of W,,.
Then W, = shift(,/apas, /aiag, - - )

and WP = shift(ay, az, - -).

W, = U, D, (polar decomposition)

— 1 1 —
W, = D2U,D2 and WP = D, U,
0
1 @0

0 and D, = o

- O

where U, =
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The Aluthge transformation was first studied by A. Aluthge in
the paper [Alu] in relation with the p-hyponormal and
log-hyponormal operators.

Definitions:

T € B(H) is said to be p-hyponormal, 0 < p < 1, if
(T*T)P > (TT*)P

and log-hyponormal, if log (T*T) > log (TT*).

If p=1, T becomes hyponormal and if p = % T is called

semi-hyponormal.

Semi-hyponormal operators were introduced by Xia [Xia], and
p-hyponormal operators have been studied by Aluthge.

Any p-hyponormal operators are g-hyponormal if g < p.
But there are examples to show that the converse of the above
statement is not true [Alu].
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Over the last two decades, Aluthge transform has been studied
extensively.

One reason is the connection of Aluthge transformation with
the invariant subspace problem. Another one is that Aluthge
transformation is very useful in the study of non-normal
operators.

Roughly speaking, the Aluthge transform converts an operator
into another operator which is closer to being a normal
operator.

Since every normal operators has nontrivial invariant
subspaces, the Aluthge transform has a natural connection with
the invariant subspace problem.

Moreover, S, SP, and S have the same spectrum.
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Forn>i,welet L; := \/{e,: n > i} denote the invariant
subspace of W, obtained by removing the first i vectors in the
canonical orthonormal basis of (2(Z.).

The moment of W,, is defined by

1 if n=0;
=v(W,) =< "’ ’
7 = n(Wa) {a%---a%w if n#£0.
Recall the Berger Theorem [Con, GeWa] for W, :
W, is subnormal if and only if there exists a probability
measure . (called the Berger measure associated with W,,)

supported on [0, || W,,||?] satisfying
|| Wal?
= [ () (1=0.1.2.0-).
0
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If W, is subnormal with Berger measure 1, then the Berger
measure of Wo|z, is dpug,(t) = Ldp(t), where W, |z, means the
restriction of W, to £; [CuP].

Recall that the Schur product A o B of matrices A and B is the
entry-wise product, i.e., if A = (a;) and B = (bj;) then

Ao B = (a,-jb,-j).

For two bounded sequences a = {ax}z , and 8 = {Bx}32,, the
Schur product a o 8 of o and f is defined by

ao ff:= {akfk}ry- Then, for weighted shifts W, and W3, we
can see that W,, o W3 = W, = shift(agSBo, a1 51, - ).

It is known that if W,, and Wj are subnormal, then the Schur
product W,, o Wj is also subnormal [CuP].
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Recall that for W,,, its Aluthge transform W, is a weighted shift
with weight sequence {,/axaki1}32 o [LLY1].

In particular, in [KiYo2], it was shown that if W,, and Wj are

subnormal weighted shifts with Berger measure &; and &,
respectively,

then the Berger measure associated with the Schur product
W, o Wj is the convolution &1 * &.

Note that if we write /oo = {/ax}32, for a = {ak}i2,, then
since W\/a o W\/a = W,, it follows that
W\/a is subnormal = W, is subnormal.

Therefore, if W\/a is subnormal with Berger measure v, then
W, has the Berger measure v x v.
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/ "dlp(t) = ( / t”dl/(l‘)>2 - / t"d(v = v)(t) - (1)

Hence again, (1) is reformulated as the following:

If W, is subnormal, under what conditions, is W, 5 subnormal ?
We now consider why this is related to the Aluthge transform.
Note that VNVa can be viewed as the Schur product of two
weighted shifts Wa = W\/a o W\/a\[;1,

where W 7|z, = shift(\/aq, /az,--).

Evidently, if W, 7 is subnormal, then W, /., is also subnormal.
Moreover, since the Schur product of two subnormal weighted
shifts is also subnormal, we can see that

21

W, /5 is subnormal = W, is subnormal - - - - - - (2)
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Therefore, from the viewpoint of the Square Root Problem of
measures,

we can say that if W, is subnormal with Berger measure 1, then
1« has a square root = W, is subnormal- - - - - - (3)

We can ask whether the converse of (3) is true.

Hence, by (3), we see that the study of the Square Root
Problem of measures is strongly connected to the study of the
subnormality and Aluthge transform of operators.

However, we don’t know whether the converse of (3) is true.
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If W, is subnormal with Berger measure p and i has a square
root v, then

/t”du(t)z (/ t”dl/(l‘)>2=/l‘"d(1/*v)(f) """ (1)

By the Berger Theorem and (1), we have that W 1 is
subnormal with Berger measure v and

W, 5 is subnormal = W, is subnormal - - - - - - (2)
Therefore,
w has a square root = W, is subnormal - - - - - - (3)

But

: m
W, is subnormal = 1 has a square root.
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Question 1:

If W, is a subnormal weighted shift with Berger measure p, are
the following statements equivalent?

(i) p has a square root;
(ii) The Aluthge transform W,, is subnormal.
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For the Square Root Problems for operators,

recall that matrix B is said to be a square root of A if the matrix
product B? is equal to A (B? = A).

We also recall that an n x n matrix A is diagonalizable if there is
a matrix V and a diagonal matrix D such that V-1AV = D.

This happens if and only if A has n eigenvectors which
constitute a basis for C".

In this case, V can be chosen to be the matrix with the n

eigenvectors as columns, and thus a square root of A is
1

VD2 V-1,

Indeed, we get

(VD% v—1)2 - (VD% v—1) (VD% v—1) VDV T = A...... (4)
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Motivated by (4), we are interested in the following question:
For S € B(H), if S? has a property,

when does S have the same property ?------ (5)

Similarly, for a positive operator S, we can ask what is v/S?
Furthermore, if S has a property,

when does /S have the same property ?-- - - - (6)
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We call (5) and (6) the Square Root Problems of operators.

(5) and (6) are related to the following long-open problems in
operator theory:

(a) characterize the subnormal operators having a square root;
(b) classify all subnormal operators whose square roots are
also subnormal (cf. [KiYo4], [OITh], [Wog].
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Recall:

/ "dlp(t) = ( / t”dV(l‘)>2 - / t"d(v = v)(t) - (1)

If we consider the above Square Root Problems, that is, (1), (5),
and (6), to the case of commuting pairs of subnormal operators,
then these are also strongly related to the Lifting Problem for
Commuting Subnormals (LPCS) which is another long-open
problem in operator theory.

The LPCS asks for finding necessary and sufficient conditions
for a pair of commuting subnormal operators on a Hilbert space
to admit commuting normal extensions.
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Recall:

If & and &> are two measures (over R for example), the
convolution of £ and & is defined by

¢+ )E) = [T+ (&)

or

(& * &)(E) = / 12 () 6 (X) &2 (1)

for any measurable set E in R...
So the convolution of two measures is a measure.

For example, we use convolution of measures in probability
theory.

If a random variable X has the probability distribution P and a

random variable Y has the probability Q, X independent from
Y, then the distribution of X + Y is P x Q.
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Example:

X is the set of numbers of “head" after 3 flips of a fair coin, that
is,

X ={HHH, HHT ,HTH,HTT, THH, THT, TTH, TTT}.

Then, we have:

Prob(x = 0) = &; Prob(x = 1) = 3; Prob(x = 2) =
Prob(x = 3) = §.

The discrete probability distribution P for X : § for x = 0, 3 for
x=1,3forx=2,and § for x = 3.

oW
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A special case is when P and Q are absolutely continuous with
respect to the Lebesgue measure, i.e. dP(x) = f(x)dx and
dQ(y) = g(y)dy.

In that case P x Q has a density which is the convolution of the
two densities: f x g (this time it’s a convolution of functions,
which results in a function).

So d(P * Q)(z) = (f * g)(z)dz, where

(Fxg)(2) = | f(x)9(z—x)adx = [ f(z—y)g(y)dy

Ry Ry

or

(Fxg)(2)= | fx)g(zx")dx= [ f(zy~")g(y)dy

R, R,
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Theorem 2:

(J tdu(t))? = [ t"d(v * v)(t)

Proof:

Recall that if £ and &, are probability measures on R,

then the convolution of £ and & (denoted by & * &) is defined
by:

For every Borel set E C R,

(& * &)(E) := (&1 x &)(p~ ' (E)),

where p: Ry x Ry — Ry is defined by p(s, t) = st.

Since p is a continuous function, p~'(E) is a

&1 x &o-measurable set,

so that the convolution &1 * & is a well-defined measure on R, .
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(continue Proof)
Moreover, &1 x &> is also a probability measure because
(G +L)RY) = (&4 x&)(p " (Ry)) = (& x L)(Ry xRy)
= &(Ry)E(Ry) =1,

Observe that by the Fubini Theorem,

(f t”du(t) = [[ s"t"dv(s)dv(t)
= [s"t"d (v x v) (s, t) = [[ s"t"d(v x v)(p~'(st)) - (7)
= [t"d(v * v)(t).
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Theorem 3:

If W, and Wj are subnormal weighted shifts with Berger
measure & and &, respectively,

then W,, o Wjs is also subnormal and the Berger measure
associated with the Schur product W, o Wj is the convolution
§1 % 2.

Proof:

The subnormality of W,, o Wz comes from the following facts:
For k > 1, if W, and Wj are k-hyponormal, then W, o Wj is
also k-hyponormal.

By the Bram-Halmos criterion, if Kk — oo, then

W, and Wj are subnormal = W,, o Wz =: W,,.s is subnormal.
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(continue Proof)

We now want to show that &; x & is the Berger measure of
Woop-

Let vk, (Waos) be the moment of order k4 > 0 for the subnormal
weighted shift W,,..

Note that for k; > 1

ks (Waos) = (apfo)? - - - (04k1—15k1—1)2
— (ao a2 1) (60 [3,31,1) = Vi (Wa) v (Ws)

where vy, (W,) (resp. v, (W;s)) is the moment of order k; for
W, (resp. W;s).
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(continue Proof)

Recall Berger Theorem:

If T= W,, then W, is subnormal if and only if there exists a
probability measure &, supported in [0, | W, ||?] such that
Vi, (Wa) = [ skidé,(s) forall ky > 1.

Recall the continuous function p from R, x R, to R, such that
p(s1,82) = s18z.
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(continue Proof)
Then, by (7) and (8), we have that for k; > 0,

Vi ( aoB) Vi (We )%(Wﬁ)
= (f s dg; (s ) (f sk dé Sz))
— [l S§1d &1 % &) (s1,82) = [ (5192) d ([(&1 x &) (p~1)]) (s152)
= [(s182)"1 d (&1 &) (5152) = [ th1d (&1 % &) (t = 5152).

It follows from the Berger Theorem that W,,.s has the Berger
measure &1 * &o.
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Recall the following result:

Proposition 4 [CuEXx]:

Let u = Z,’io a;dy, be a finitely atomic probability measure
supported in [0, 1],

where0 < xg<Xxy <---<xy=1andq;>0fori=0,---,N.
If 4 has a square root v, i.e. u = v * v, then

_ [ {0y u(lyxi, 1l nsupp(n)) (%0 =0)
supp(v) = { [\/Xo, 1] N supp(1) (xo #0) (9)
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Theorem 5:
If o = 3" cidx, and o = 307 9y, are probability measures,
then
oo = i
ij
Proof:

Recall p: Ry x Ry — Ry is defined by p(s, t) = st. Note
(P*0)Ry) = (px )P ' (Ry)) = (¢ x 9)(Ry x Ry)
= d(R)e(R1) = (D aidx)(D_ Bidy)
i=1 j=1

= 20y
i
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Example 6: Let aand bbe suchthat0 < a< b? < b < 1.
Then,0 <& <ab<a<b’<b<1.

Let u= ao5a2 4+ a1dgp + andg + a35b2 + aydp + as0q, Where

5
Za,- =1, a; > 0 with a? = 4dqagas, ag = 4agas, and a:‘; = 4azas.
i=0

Note that we can always find infinitely many ag, - -« , as
satisfying the above relations.

Forexample, ag = §, 1 =3, 00 =%, a3 =§, au =5, a5 = §

satisfy the relations.

Let v = \/agda + /a3dp + /561
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(continue Example 6)
Then, by Theorem 5 we have

vxv = (y/agda+ /a30p + /501) * (y/gda + /a30p + /501)
= a05a2 + 2\/agazdgp + 24 /agasdg + a35b2 + 2 /azasdp + asdq
= apdge + 10ap + @205 + azdpe + 4dp + a501

However, we obtain

supp(v) = {a,b,1} # {a,b?, b, 1}
=la,1]N {az,ab, a, b, b, 1} = [/Xo, 1] N supp(p)

which shows that the second row of the set equality in (9) in
Proposition 4 does not hold.
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Theorem 7:

Let u = "N, i, be a finite atomic probability measure
supported in [0, 1],

where0 < xg<xy<---<xy=1anda; >0fori=0,---,N.
If © has a square root v, i.e. u = v *x v, then

{xn-1,1} C supp(v)
{ {0} U ([vxi, 1] Nsupp(p)) (% =0) -+ (10)
[v/X0, 1] N supp(p) (xo #0).
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Proof:

Letv = Y/ B0y, where yo < y1 < -+ < yk. Then, by
Theorem 5, we have

k k
vVxy = (Zﬁjé}’/)*(zﬁjd}’f)
j=0 j=0

= ﬁ§5yg + BoB1dygy; + -+ 5;%5},3-

Note
supp(v * v) = {yga}’o%v e ,,qu}/k,}’/f} .

For convenience, we will use the following notation:
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(continue proof)
(VG < yoyr < o < YoYk )
A A
i o< o < ik
A
PO (supp(v *v)) = : :
A A
YE 1 < Yk-1Yk
A
Vi
...... (#)
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(continue proof)

where < is the standard inequality of real numbers which
produces a partial order on supp(v * v).

Since0<xp<xy<---<xy=1and u=v*v,we have
Y& = X0, Yk—1Yk = Xn_1, and yZ = xy = 1.
Hence, we have yx_1 = xy_1 and yx = 1. Therefore, we obtain

the first inclusion in (10).
Let xg = 0.
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(continue proof)
Let xg = 0.
Since yy = 0, we have
(0 < yf < < n
A
PO (supp(v xv)) = A N
Y1 < Yk—t
A
\ 1
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Since i = v * v, it follows that

supp()\{0} = {y1,- -, ¥« } < supp(u)\{O0}.

Since y2 = x4, we have

supp(l/)\{O}:{y1, 7Yk} '''''' (11)
< [vxi, 1] Nysupp(p)\{0} '

Let xp # 0. Then, we get that supp(v * v) has the partial order
shown in (#). Since y2 = xo, we have

C [¥o, 1] N supp(p) = [/X0, 1] N supp()

Therefore, by (11) and (12), we have the second inclusion in
(10), as desired.

supp(v) = {¥o, -~ , ¥k} (12).
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Recall:

Question 1:

If W, is a subnormal weighted shift with Berger measure u, are
the following statements equivalent?

(i) p has a square root;

(if) The Aluthge transform W,, is subnormal.
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Lemma 8: Let i be a finitely atomic probability measure that
always has its largest atom at 1 in a compact interval in R.

(@) If u has 2 atoms, i.e., u = adp + bé1 (0 < p < 1), then p has
a square root if and only if p = 0;

(b) If uhas 3 atoms, i.e., p = adp + big+cé1 (0 <p<qg<),
then . has a square root if and only if p = g and b? = 4ac;

(c) If phas 4 atoms, i.e., p = adp + bdg + cd, + doy

0 <p<qg<r<1),then y has a square root if and only if
p=0,q=r? and ¢ = 4bd.
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Proof: Since the proofs for (a) and (b) are similar to the one of
(c), we only want to show (c).

(=)

Assume that ;. has a square root.

Then, by Theorem 7, we have

{xn-1,1} € supp(v)

{{O}U([fJ]ﬂsupp( p) (o=0) oo (10)
[vXo, 1] 1 supp(12) (X0 # 0).
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(continue Proof)

Thus, if p=0 (u = adp + bdq + cor + déy), then
supp(v) ={0,r,1} or {r, 1}, because
O0<xo=p<xy=q<r<xy=1.

If supp(v) = {r, 1}, then by Theorem 5, we have

supp(e) = (supp(v))? = {r?,r, 1},

a contradiction.
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(continue Proof)
If supp(v) = {0, r,1}, then

supp(u) = (supp(y))2 = {07 f2, r1 }

In this case, we have p = 0 and g = r?.

If instead p # 0 (u = adp + bdq + cor + déy), then
supp(v) = {r,1}or{q,r,1}.

In this case, (supp(v))? is different from supp(p).
Thus, the case p # 0 cannot occur.

Therefore, we must have that p = 0, g = r? and

supp(v) = {0, r,1}.



(2) Some results

53
(continue Proof)
We now write

v=Xo+yor+2z61 (0<x,y,z<1;x+y+z=1).
Since v * v = p, it follows from Theorem 5 that ¢ = 4bd, that is,
(Xd0 + ¥or + 201) * (X + yor + 261) = adp + bd,2 + o, + ddy

— a=x2+2xy+2xz;b=y?c=2zy;d = 2°
— ¢? = 4bd.
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(continue Proof)

(=)

Assume that p =0, g = r?, and ¢® = 4bd. Put

vi= (1 —\Fb—\/a)5o+\/55r+\/a(51

Then, we have

UV xV
=(1—-vb—Vad)(1+Vb+Vd)d + b2 +2vbVdé, + déy
:(1 —b—d—2\fb\fd)5o+b5,2+05,+d51 =W

and u has a square root.
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Theorem 9: Let W, be a subnormal weighted shift with finitely
atomic Berger measure p having at most 4 atoms.

Then, 1 has a square root if and only if the Aluthge transform
W, of W, is subnormal.

Proof: (=) If 1 has a square root, then by (3), VNVa is
subnormal, as desired.
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(continue Proof)

(«=) Briefly stated, our strategy to prove the converse is as
follows:

(a) Compute 1z, and note that the weight sequence of W, is a
square root of that of W, o W,|.,.

(b) Observe that v is a square root of p * puz,.

(c) Predict supp () based on Theorem 7 and (b).

(d) Compute the equation v = v = p * u, to obtain our desired
results.
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(continue Proof)
We suppose that W, is subnormal.

Case 1: Let i has 2 atoms, then . = adp + (1 — a) 64, where
O<a<tand0<p<1.

Recall that

if W,, is a subnormal weighted shift with Berger measure p and
L; = \/{ex : k > j} is the invariant subspace obtained by
removing the first j vectors in the canonical orthonormal basis
of (2(Z.y),

then the Berger measure yz; of W, |, is given by (cf. Cu)

e, (1) =~ du(t) -+ (14)

)
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(continue Proof)

Thus, in particular, the Berger measure £ of W, |, is
d¢ =% 2zdn, where o := {ax}i,.

Then, by (14) we have

apép + (1 — a) o4
ap+(1-a)

duc, (1) = ——~du(t) =

t
Y1 (1)
Note that W, o W, |, is a weighted shift with {axaki1}32,-

Thus, the weight sequence of VNVa is a square root of that of
Wa o Wa’£1 .



(2) Some results

59

(continue Proof)

Hence, if W,, has the Berger measure v, then since W,, o W,,|,
has the Berger measure u * ji.,, it follows that v is a square
root of p % gz, .

Since

supp (1 * fic,) = {P27Pa1},

it follows from Theorem 5 that supp (v) = {p, 1}.
We write
v =Xx0p+ (1—x)01,

where 0 < x < 1.
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(continue Proof)
If p # 0, then the equation

VXV =[x [lr,

) _ 5 _ 25
— X202 +2x (1 — x) dp + (1 _)()251 _ &popta(i—a)(1+p)dpt(1-2a)"0

ap+(1—a)

_ ayp .
= X= Jai ("X U 2P 1P
= p=1

which is a contradiction.

Thus, we should have p = 0. Therefore, by Lemma 8 (a), 1 has
a square root.
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(continue Proof)
Case 2: Let i has 3 atoms, then

where0<a,b<l1and0<p<qg<1.
Recall:

il
A, (1) = —dp(t) - (14)
Vj
By (14), note that

_apdp+ bqéq + (1 — a— b)d
e () = =5 bg+ (1—a—b)
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(continue Proof)
Thus, by Theorems 5 and 7, we have

supp (1 + jue,) = { P2, pq, &%, p, 4, 1}
and supp (v) = {p, q,1}. We write
v =X0p+ yoqg+ (1 —x—y)or,
where 0 < x, ¥y, x+y < 1.

If p =0, then the equation v * v = p * p,, implies g = 1 which
drives a contradiction.

If p # 0, then the equation v * v = uu * uz, implies p = g2 and
b? = 4ac. Therefore, by Lemma 8 (b), 1 has a square root.



(2) Some results

63
(continue Proof)
Case 3: Let i has 4 atoms, then

M:aép+b(5q+0(5r+d51,
where 0 < a,b,c,d<1,a+b+c+d=1and

0<p<g<r<i.
Thus, by (14) we have

dug, (1) (apdp + bqéq + cré, + ddy) .

- ap+bg+cr+d
Since
supp (0 * fiz,) = {pz, @°,r%,pq,pr,qr.p,q.r, 1} :

it follows from Theorems 5 and 7 that supp (v) = {p,q.r,1}.
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(continue Proof)
Write
v = X0p + Ydq + Z0r + W1,

where0 < x,y,zzw<landx+y+z+w=1.
We suppose p # 0.
Then, the equation v v = p * pu, implies

2 32 2 b2 2 2
D T Al L 5
2Xy _ ab(p—&-q)’ Ox7 — ac(,(é+r), 2yz _ bc(g—kr)’
__ad(p+1 __ bd(g+1 cd(r+1
2xw = %, 2yw = (g ) and 2zw = %,

where E := ap + bq + cr + d.
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(continue proof)
Note that
ad(p+1) <a p>< d ) ad(p+1)
2 = T o (D) (=)=
o E VE ) \VE E

= 2yp=(p+1)

which gives p = 1, a contradiction.

Thus, we should have p = 0.

Recall: supp (,U * ME1) = {p2> q27 rzqua pr.qr,p.q,r,1 }
In turn, if r # \/q, then the equation 2yz = M implies

b\ﬁqc\f bc(q+r)
“VEVE™ E

which gives r = q, a contradiction.

= 2/qVr=(q+r)
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(continue proof)

Thus, we must have r = ,/qg = q = r2.

In this case, the equation v « v = p * puz, eventually implies

br d c(r+1) cr+bd (r2 +1)
=, W= —F=, Z= ——7", Z°42yw =
YSVE T VE 2VE Y E
which gives

c(r + 1)2+2brd _ CPr+bd(r?+1)
4E E E

— (c2—4bd) (r—12=0.

But since 0 < r < 1, we have ¢® = 4bd.

Thus, we have p = 0, g = r?, and ¢? = 4bd.
Therefore, by Lemma 8 (c), i+ has a square root.
Therefore, our proof is now complete.
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Lemma 10:

Let u = ZLO a;jdy, be a finite atomic probability measure
supported in [0, 1],

where 0 < xo < x4 < ---<xg=1,;>0,and 7 ja; = 1.
Then, p has a square root if and only if

Xo # 0, Xo = X5, X1 = X3, Xo = X3, \%}:%,and

2

(6%

— 1
a2 = o0 + 2\/agag.
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Lemma 11: Let u = Z?:o a;dy, be a finite atomic probability
measure supported in [0, 1], where 0 < xp < Xy < - < X4 =1,
a;>0,and 27 oo = 1.

Then, 1 has a square root if and only if X #0, Xo = X3,

_ 3 _
Xy = X3, Xp = X3’W f anda2—4a + 2, /aga.

Lemma 12: Let W, be a subnormal weighted shift with finite
atomic Berger measure . given as in Lemma 11.
If W, is subnormal, then we have that xo £ 0 and

X2 = XgXp OF X2 = XpX3.
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Lemma 13: Let W, be a subnormal weighted shift with finite
atomic Berger measure  given as in Lemma 11.

If W, is subnormal, then we have that x5 # 0 and

X2 = XXz Or X2 = X Xa.

Theorem 14: Let W,, be a subnormal weighted shift with finitely
atomic Berger measure 1 having at most 5 atoms.

Then, 1 has a square root if and only if the Aluthge transform
W, of W, is subnormal.
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Proof of Theorem 14:

We need Lemmas 11, 12, 13 including the below partial order

relation:

PO (supp(v «v)) =

e

< Yol
A

y?

<

<

2
Yik—1

< Yok
A

< Vil
A

A\
< Yk-1Yk

A

y2

\

/
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Question 15:

If W, is a subnormal weighted shift with Berger measure ., are
the following statements equivalent?

(i) p has a square root;

(ii) The Aluthge transform W,, is subnormal.

Question 16: If VNVQ is subnormal, is W\/a subnormal?

Question 17: For S € B(#) and S > 0, is it true that VSis
subnormal if and only if S is subnormal?
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Question 18: Extend Question 15 to a multivariable version.

Question 19: What is a correction definition of p-hyponormal of
a pair T= (T-|7 Tg)?

For Question 18, we need to define a correct meaning of polar
decomposition for a pair T = (Tq, T>).

Also we need to define a proper Aluthge transform (71, Tz).

Furthermore, we need to extend Theorem 7 for a multivariable
version.
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(1) Quasinormal

2
‘H : complex Hilbert space

B(#) : algebra of bounded operators on H
Definitions: S € B(#) is normal if S*S = SS*
quasinormal if S commutes with S*S, i.e., SS*S = §*S?

subnormal if S = N|y, where N is normal and N(H) C H
and hyponormal if S*S > SS*.
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Known: The only form of quasinormal

1-variable weighted shift is r - Uy = shift(r,r,---),
where r e R;.

For the 1-variable case, we have

normal = quasinormal = subnormal = hyponormal.
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4
Consider n-tuple T = (Ty,-- -, Tp).

Fori,j,k € {1,2,---,n}, Tis called matricially quasinormal
if each T; commutes with each 7}* Tk.

T is (jointly) quasinormal if each T; commutes with each Tj* T;.

T is spherically quasinormal if each T; commutes with
S T
For n-tuple case, we note that

normal = matrically quasinormal = (jointly) quasinormal
— spherically quasinormal —> subnormal.
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Let S € B(H), with the polar decomposition S = U|S]|,

where U is a partial isometry with kerU = kerS and

S| .= V/5*S.

The Aluthge transform of S is the operator
S:=|slzuls},
the Duggal transform SPof Sis
SP .= |S|U.
the generalized Aluthge transform S¢ of Sis S¢ := |S|<U| S|,

where 0 < e < 1.
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For i = 1,2, consider the polar decomposition T; = U; | Tj|.
Then for a pair T = (T, T),

we can define toral polar decomposition of (74, T») as follows:

T = (U1’T1’, U2‘T2|) .

In this case, the generalized toral Aluthge transform of T is
defined by [KiYo7].

To= (T4 T9) = (I U T Tl Wl TIT) (0< e < 1).

We now look at spherical polar decomposition of (71, T):

(T
T_<T2).’H—>H@H

Consider
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Since T is an operator from H into H P H,

T has a standard singular-operator polar decomposition

T = VP, that is,
T\ (W%
( Tz ) _< Va )P’

where V = < 51 ) is a partial isometry from H to H € H and
2

P=(T'T)e =/TiTi + T3 T»

is a positive operator on H. Also, we have (V}, VJ) < 51 > =1
2
on

(ker Ty Nker T,)* = (ker P)*- = (ker V4 Nker V)" .
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Define the spherical polar decomposition as follows:

T=(Ty,T2) = (V41P, V2P).

Hence, we can define

the generalized spherical Aluthge transform Te of T as follows
(0<e<1):

Te = (T{, T5) = (PViP <, PVoP ) D H — H.
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Theorem 1: Assume that (71, T2) = (V4 P, VoP), where
P=(T;Ty + T;T2)"/2, and let

(T, T2) = (Tv, T2) i= (VPVi VP, VPVaV/P).

Assume also that ( Ty, Tz) is commutative. Then

(i) (V4, Vo) is a (joint) partial isometry; more precisely,
ViVy + V5 Vs is the projection onto ran P;

(i) (ﬁ) is commutative.
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Proof (i) An easy computation reveals that

P2 = TiTi+ T3Ta=(ViP)"(ViP) + (V2P)"(V2P)

and therefore (V' V4 + V3 V) man p is the identity operator on
ran P, as desired.

To prove (ii), consider the product
TiT2 = VPViVPVPVoVP = VPV, PVaV/P.
Then

TiToVP = VPT T, = VPT,T, = (VPVoPVsVP)VP
(VPVoVP)(VPViVP)WP = T,T;VP.
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(continue Proof)

It follows at once that ﬁﬁ — ﬁﬁ vanishes onran P, as
desired.

On the other hand, 7’TTZ — /TZ/T: vanishes on ker P.

Since H = kerP @ (RanP*) = kerP € (RanP)
(because P* = P),AA e
we easily see that T4 To — ToT; = 0;

that is (ﬁ) is commutative.
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Theorem 2: Let T = (T4, T2) be a commuting pair of operators.
Then, the spherical Duggal transform T2 is also commuting.

In general, the generalized spherical Aluthge transform Teis
also commuting.

Remark 3: In comparison with the generalized spherical
Aluthge transform, the generalized toral Aluthge Transform is
not commuting.
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2-variable weighted shift W, g) = (T4, T2) :

Consider double-indexed positive bounded sequences
Ozk,ﬁk S EOO(Z?F), k= (K1 s kg) € Z%_

and let ¢2(Z2) be the Hilbert space of square-summable
complex sequences indexed by Zi.

Define the 2-variable weighted shift W, 3) = (T4, T2) by
Tiex := akekye, and To€k := fk€ke,,

where ¢ := (1,0) and 2 := (0, 1).
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Wo
W, _
T = Ws R W, = Shlft(()éon, [T R )
and
0 50n
DO 0 Bin
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" ape | o
(0,2)
Ws 80,1 81,1 82,1
Qg1 041
(0,1)
80,0 81,0 1B32,0
Q0.0 1,0 .
(0,0) (1,0) (2,0)
Wa

Figure: Weight diagram for 2-variable weighted shift W, s,
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Consider the ordered orthonormal basis with lexicographic
order

E:= {9(0,0)7 €(0,1)> €(1,0)> €(0,2)> €(1,1), €(2,0)> " * - }-
Then, the matrix representation of T; (i = 1, 2) with respect to
the ordered basis E are

0 0 0 0
0 0 0 0
04(070) 0 0 0
0 0 0 0
T1 = 0 a(OJ) 0 0
0 0 04(170) 0
0 0 0 0
0 0 0 05(072)
0 0 0 0
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and
0 0 0 0
Boo O 0 0
0 0 0 0
0 Bo,1) 0 0
h=| 0 0 Buog O
0 0 0 0
0 0 0 Bz
0 0 0 0
0 0 0 0




(3) Aluthge transforms of a commuting pair

18
Lemma 4: Let W, g) = (T3, T2) be a 2-variable weighted shift.
Then B
T1ex = /KO, Ekte
and N
Toek = \/ BrBiteyCktey
for all k € Z2 .
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Theorem 5: Let W, ) be a commuting 2-variable weighted
shift. Then
W(a,ﬁ) = (7’1, ?2) is commuting
S OktepOktegtep = Oktey Vkf2e,
for all k € Z2.
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Proof: Fork € Z2

T2 T1 ek = \/akak+61 /Bk+€1 /Bk+€1 +eo ek+€1 “+e2

= \/(akﬁk+e1 )Okte1 Bktei+ep Ckter+e

= /(Beaki)o e, Bcrey 12,8ty 4, (BY commuting)

=/ Bioncre, (BreyOs22,) Bciey 2, (Y COmMULing)

— \/ﬁkﬂk-ﬁ-ag (ak+81 ak+2€2 ) ek+81 +eo-
On the other hand,

TiToex = \/ BiBk-+ep Ok -+ep Vk-te1 420 Ckteq+ep-
It follows that 71 T, = T> Ty if and only if
OktepOVkte1+ep = Mktey Vk+2e5-
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Theorem 6: Let W(,, 53y = (T4, T2) be a 2-variable weighted shift.

Then the spherical Aluthge transform W, s is a pair of
weighted shifts with the following weights

(a€k1+17k2) + 6(2k1+17k2))1/4

Ty (ki ko) = N(ky ko) E(ki+1,k2)
. v (a(zkukz) +6(2k11k2))1/4 1 i
and
(2 ity + Bee ko)
Tze (ki ko) = Bk ko) Heafot1) ™ Pl 1) (k1 ko+1)

(a(zkhkz) T B(2k1 ,kz))1/4

for all (ki, ko) € Z2.
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Proof: Let P := /T Ty + T; T2. Then, we have the weights of

W(aﬁ) as follows:

Pe(k1 7k2) = \/a%/ﬁ ,kg) + /8(21(1 7/(2) e(k1 7k2) :

Now, T; = V4 P implies

1 ke k€0 ke
V1\/ﬁe(k1,k2) =T (VP ks ky) = (k1,k2) ©(k1,k2)+ 11 .
/

(oF k) + T k)

and similarly for T, and V5, that is,

—1 Blky ko) E(ki ko) +<
Vzﬁe(k1,k2) =T> VP €(ki ko) = G fe) o) 21 4
/
(a(k1,k2) + 5, ,k2>)
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(continue Proof)

In other words, (Vj, V») is a 2-variable weighted shift. Now, let
us compute T; := vVPViV/P and T, := VPV,/P, respectively.
Acting on e, k,), We have

/7\-1 e(k1,k2) = \/ﬁv‘l \/ﬁe(k1 7k2) e \/ﬁ < O[(k1 7k2)e(k1,k2)+61 /4)

1
2 2
(a(k1 qk2)+’8(k1vk2)>

4

_ (K ko) 2 2 /

(2 2 72 \ (ke ko) +e1 +/B(k17k2)+61 Ok ko)+er -
(a(k1 J<2)+B(k1,k2))

and

T _ (kg ko) 2 2 1/4
T26(k1’k2) o (a(2k1 k2)+ﬁ2k1 kz))1/4 (a(k1,k2)+€2 + 5(k1 ,k2)+62) C(ki ko) +eo-
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Theorem 7: If T = W, g), then

(i) the toral Duggal transformT? is commuting if and only if for
all kq R ko >0,

Ak ko +1) X (ki +1,k2+1) = Y(ky+1,k2) X(ky k2 42)-

—— D

(ii) the spherical Duggal transform W, gy is a pair of weighted
shifts with the following weights

2 2
+3
~D L Xlky+1,k0) TP (kg +1,ko)
a(k1,k2) T a(k17k2)\/

2 2
Y ¢k2)+ﬁ(k1 ko)

2

—~ +B2
D L Y(ky ko+1) TP (kg ko+1)
and B, k) = Bk ,kz)\/ :

2 2
iy k) TPk kp)
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T € B(H) is said to be p-hyponormal, 0 < p < 1, if
(T*T)P > (TT*)P

and log-hyponormal, if log (T*T) > log (TT*).

If p=1, T becomes hyponormal and if p = % T is called
semi-hyponormal.

Recall that: Let T € B(H).

i) [Alu] ForO < p < % if T is p-hyponormal, then Tis
p + 3-hyponormal.
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i) [Alu] For % < p < 1,if Tis p-hyponormal, then T is
1-hyponormal.

i) [Tan] If T is invertible and T is log-hyponormal, then Tis
-hyponormal.

iv) [LLY1] For k > 2, the Aluthge transform of weighted shifts
needs not preserve the k-hyponormality.

v) [Ex] The Aluthge transform of a subnormal weighted shift
need not be subnormal.
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N 1 1
1 1
(0.2)
W 1 1 1
1 1
1)
X v 1
X 1 1 .
(0,0) (1,0) (2,0)
W,

Figure: Weight diagram for Example 8
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Example 8 For 0 < x,y < 1, let W, g) be the 2-variable
weighted shift in above Figure. Then

(i) Wi, is subnormal <= x < s(y) :=

y2’
(ii) W(a g is hyponormal <= x < h(y) := W
(iii) W(a g is hyponormal <= x < TH(y) := 1%;
(iv) W(aﬁ is hyponormal

2(1+y2—y*)

(1+v2) (1+52) (VI+r2-y2)

< x < SH(y) =
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(continue Example 8)

s(y) < h(y) < SH(y)and TH(y) < h(y) forall0 < y < 1,
while TH(y) < s(y) on (0,q) and TH(y) > s(y) on (q, 1),
where g = 0.52138.

Then W, g) is hyponormal but VNV((LB) is not hyponormal if
0 < TH(y) < x < h(y),

and W, g) is hyponormal but W, ) is not hyponormal if
0 < h(y) < x < SH(y).

Remark 9: Example 8 shows that the spherical Aluthge
transform may turn the given W, 3) a more nicely behaved
2-variable weighted shift.
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It is known that T € B(#) is quasinormal if and only if T = T
ifand only if T = TP.

We use €, to denote the set of commuting pairs of operators.

Theorem 10: Let T = (T4, T2) € €. The following statements
are equivalent.
(i) Tis spherically quasinormal.

(i) (T4, Tz)DZ (Ty, To).
(iiiy (T4, T2) = (T4, T2).
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Proof of Theorem 10:

Claim: For i = 1,2, T; commutes with P if and only if V;
commutes with P.

Proof of Claim: If T, commutes with P, then

VP2 = (ViP)P = T;P = PT; = P(V;P), and as a consequence
(V)P — PV;)P = 0; that is, V; commutes with P on ranP.

On the other hand, V;P — PV, vanishes on kerP.

(" kerP = kerVq N ker V>)

Since H = kerP € (ranP*) = kerP @ (ranP) (because P* = P),
it now easily follows that V; commutes with P.

The converse is trivial. Thus, we prove Claim.
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(continue Proof)

(i) = (ii):

Suppose that T is spherically quasinormal.

Since for i = 1,2, T; commutes with P2 = T Ty + T; T, then for
i=1,2 T; commutes with P (by the continuous functional
calculus for P).

Observe now that

(T, T2) = (VPViVP,VPVVP) VP
= (VPTi.VPT) = (Ti, To) VP,

so that - -
(T17T2):(T1,T2) on ran\/ﬁ ...... (1)



(3) Aluthge transforms of a commuting pair

33

(continue Proof)

On the other hand, since kerP = ker Ty () ker 75,
it follows easily that

(ﬁ)z(ﬂ,Tg) onkerP------ (2)

Since H = (ranP) @ kerP, we can combine (1) and (2) to prove
that (T1, T2) = (Ty, T2).
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(continue Proof)
(i) = (iii): Note

T - T— (\/ﬁVﬁ/TD,\/EVz\/E) = (V4P V2P)

(\FPT1,\/5T2) - (71 VP, sz/ﬁ)

T; commutes with /P (i = 1,2)

T; commutes with P (i = 1,2)

V; commutes with P (i = 1,2) (by Claim)
TP =T

[
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(continue Proof) R

(i) = (i): Assumethat T? =T.

It follows from above that V; commutes with P (i = 1, 2).

As a consequence, T; commutes with P, which implies that T;
commutes with P? (i = 1, 2).

Therefore, T is spherically quasinormal, as desired.
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Theorem 11: Let T = (T4, T2) = W, ) be a 2-variable
weighted shift.
Then the following statements are equivalent.
(i) T=(Ty, T,) is spherically quasinormal
(T; commutes with T Ty + T; T2);
(ii) There exists a constant ¢ > 0 such that for all
= (k1,k2) S Zi,

2 2 A
Y (ky,ko) + ﬁ(kth) =G

(iy TiTy+ TiTa=c- 1.
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Definition: A commuting pair T = (T4, T») is a spherical
isometry if 7Ty + T;T> = 1.

Corollary 12: A 2-variable weighted shift T = (T, T2) = W, )
is a spherical isometry if and only if

ok + i =1

2
for all k 75 .
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Corollary 13 A 2-variable weighted shift T = (T, T) is
spherically quasinormal if and only if there exists ¢ > 0 such

that %T is a spherical isometry, thatis, T; Ty + T3 T, = |.

We pause to recall an important result about spherical
isometries.

Theorem: 14 [EsPu] Any spherical isometry is subnormal.

Combining Corollary 13 and Theorem 14, we easily obtain the
following result.

Theorem 15: Any spherically quasinormal 2-variable weighted
shift is subnormal.
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In [JKP], I.B. Jung, E. Ko, and C. Pearcy proved that

an operator T € B(#) with dense range has a nontrivial
invariant subspace if and only if T does.

The invariant subspace problem (1932, J. Von Neumann)

Let X be a a complex Banach space with dim(X’) > 2 and

T € B(X).

Does T have a non-trivial (# {0}, X) invariant subspace (NIS)?
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1934, J Von Neumann (unpublished), 1966, Aronszaju & Smith
(Ann of Math):

T : compact operator = T has NIS.

1978, S. Brown (Integral Equations Operator Theory):
T is subnormal = T has NIS.

1984, C.J. Read: (Bull. London Math. Soc.):
A bounded operator on the classical Banach space ¢4 having
only the trivial invariant subspaces.

1987, S. Brown (Ann of Math):
T is hyponormal with int (o (T)) # @ = T has NIS.

Problem: Prove or disprove ISP for hyponormal operators
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Recall:

For T = U|T| = UP € B(H)
H T = Uz K
I [

° erU=ker e (2)/
® -
U
ranP = (ker T)" = ranT* e ranT
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Theorem 16: Let T = U|T| € B(#) be an operator with dense
range. _
Then, T has a NIS if and only if T2 does,
where TP is the Duggal transform for T.
Proof:
i) If ker T = {0}, then U is unitary and | T| is a quasi-affinity.
(Recall that T € B(H) is said to be a quasi-affinity if it has a
trivial kernel and dense range)
Since B
UTl = U|TIU = TU,
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(Continue Proof)

TP and T are unitarily equivalent. So Lat (T) = Lat (?D),
where Lat(T) be the set of invariant subspaces for T and
Lat (?D) for TP.
i) If ker T # {0}, T has a nontrivial invariant subspace.
Since ker T = ker U, we have that

TP(ker T) = |T|U(ker T) = 0,

i.e., T2(ker T) C ker T. Hence TP also has a NIS.
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Lemma 17: If T € B(#) with dense range, then T¢ # 0
(0<e<).

Proof: If T¢ = 0, then

ITI"U|T|""¢(H) = 0 = U|T|""5(H) C ker (| T[°).
Thus, we have

T(H) = UIT"(TI(H)) € UITI"™ (M) C ker (|T[)
= T(H) Cker(|T|*) =kerT.

Since T has dense range, ker T = H,i.e., T = 0.
This is a contradiction to the fact that T has dense range.
Therefore, we have T¢ # 0.



(4) Invariant subspaces

45

Theorem 18: Consider T € B(#) with a dense range.

Then, for 0 < e < 1, T has a nontrivial invariant subspace if and
only if T¢ dose.

Proof:

If ker T = {0}. Then,for0 <e<1,|T|5 |T|'""¢, and T are all
quasi-affinities and U is unitary, because of (2)/.

Let a set A mean the smallest closed set containing A.

(=)

Let A be a nontrivial invariant subspace for T.

Then, (| T|<N) is nontrivial, indeed, | T|°N # {0} because

N # {0} and | T|¢ is a quasi-affinity.

Also, (| T|<N') # H because

UITI'"(ITI°N) = U|TIN = TN CN £ H
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(Continue Proof)
and U|T|'~< is a quasi-affinity. Hence, (| T|<\) # {0}, A.
Now

T(|T|N) ITICUITI™(ITI°N) = [ T|U|TIV

TITA CITIV € (ITFN).

Hence, we have that T (|T|€N) - (|T|6/\/'), and so

T¢ has a nontrivial invariant subspace.

(=) )
We let M be a nontrivial invariant subspace for T¢.
Then, (U|T|'=<M) # H since

ITIE(U|T]™M) = |TIUIT|""*M=TMCM+H
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(Continue Proof)

and | T|¢ is a quasi-affinity.

Also (U|T|1"=<M) # {0} since M # {0}, |T|'“is a
quasi-affinity, and U is unitary.

Hence, (U|T|'—<M) is nontrivial.

Now we have that

T(UITI'M) UITI(UITIT M) = UITIT(I TIUIT M)
= U|T|"“T*M C U|T|'""*M

C (UIT|'=<M).

Hence, T ((U| T|1—EM)) C (U|T[T-<M), and so T has a
nontrivial invariant subspace.
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(Continue Proof)

Suppose that ker T # {0}.

Since ker T # {0} and T # 0, we have that ker T is a nontrivial
invariant subspace for T.

By Lemma 17, we obtain that

ker TE£H o (3)
On the other hand, since
Te(ker |T|'=¢) = |T|°U|T|"~“(ker | T|'~¢) = 0,
we have that ker | T|'—¢ C ker T.
Since ker | T|'=¢ = ker |T| = ker T # {0}, we have that
ker 7€ # {0} (4)

By (3) and (4), we have that T has a nontrivial invariant
subspace.
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Recall toral polar decomposition of T = (T4, T>)

T:= (Ui Th], U2| T2|).
and the generalized toral Aluthge transform of T
To= (T, T) = (T UITI Tl Wl T (0 < e < 1),
Recall the spherical polar decomposition of T
T = (V4P, VoP), where P = (T Ty + T; Tp)z .
and generalized spherical Aluthge transform of T

Te .= (T5, T5) = (P VP, PVoP' =) (0<e<1).



(4) Invariant subspaces

50

Recall that:

Let T = (Ty, T2) be a commuting pair of operators.
Then,

(i) the spherical Aluthge transform T is also commuting.
(ii) the spherical Duggal transform TP is also commuting.

(iii) the generalized spherical Aluthge transform Te is also
commuting.
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Proof of (iii):

Since ker ( 51 > = kerP, we have
>

kerP=ker VinkerVs------ (5).

Since T is commuting, Vi PV, = VL,PV; on (ran P), and
H = ker P @ (ran P), by (5),

ViPVo = VoPVy .- (6)
Now, it follows from (6) that
[T6, T5] = PE(Vi PV — VoPV;)P'—¢ = 0.

Therefore, Teis commuting.
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Theorem 19: Let T= (T4, -- , Ty) be a commuting n-tuple of
operators with dense ranges.

Then, T has a common nontrivial invariant subspace if and only

if T does.
Proof:
Case 1: T is a commuting n-tuple of quasi-affinities.
(=)
1 : Lat <T) — Lat(T)

| |
M $(M) = (ViPVa- - PVpv/PM)

Want: ¢ is well-defined and if M is nontrivial, then
(v1 PV,. .. Pvn\/ﬁM) is also nontrivial.
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(Continue Proof) R
Let M be a common nontrivial invariant subspace for T.
Since M ¢ Lat(v/PViv/P) fori=1,2,--- , n, we know

VP(ViPVy---PV,WV/PM) C M,
indeed,

VP(ViPVs - PV,v/PM)
= (VPV1VP)(VPVo/P) -+ (VPVyVP)M
C (VPVVP)(VPVoVP) - (VPVp 1 VP)M C -+ C M.
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(Continue Proof)

Since v/P has dense range, V;PVs - -- PV,v/PM can not be a
dense setin H, i.e.,

<V1PV2 . PvnﬁM) LA,
Since T;T; = T;T;fori,j=1,2,--- ,n, we observe
ViPV;P — ViPV:P = (ViPV; — V;PV)P

and V;PV; = V;PV; on ranP. Since P has dense range, we thus
have fori,j=1,2,--- ' n,
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(Continue Proof)

Next, we want to show that (v1 PV, .. PvnﬁM) £ {0}.
Assume that VPV - -- PV,/PM = {0}. Note

Ti(VaPV3 - PVn\/ﬁM) =ViPVs--. PVn\/ﬁM = {0}.
Since T; is one-to-one, we have that
V2PV3PV,-,\//SM:{O} ...... (8)

Repeating this process, we have V,vPM = {0}. Also, by (7)
and (8), we have VivV/PM = {0} fori=1,2--- n.
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(Continue Proof)
Vi

Since V = : is an isometry, we have
Vi

VPM C ker(Vy)n---nker(V,) = ker V = {0},

which is a contradiction because /P is one-to-one and M is
nontrivial. Thus, we have

VyPVy - PVovV/PM # {0}.

Therefore, (V1 PVs5 ... PVn\FPM) is nontrivial. Recall

o : Lat(T) — Lat(T) by (M) = (v1 PV,... Pvn\/ﬁM).
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(Continue Proof)
By (7) again, we obtain

T, (v1 PV, ... PV,,ﬁM) — VP (v1 PV, ... Pvn\/ﬁM)
= ViPVo- - PV, (PV;) VPM = (V1PVs - PVoV/P) (VPViVPM)
C ViPVa- - PVpVPM C (ViPVa- - PVpV/PM).
Similarly, we can show thatfori=1,2,--- , n,
T (ViPVe- - PVs/PM) € (V1PVa- - PVpVPM).

By the previous argument, if M is a common nontrivial invariant

subspace for T, then Y(M) = (VyPVa--- PV /PM) is also a
common nontrivial invariant subspace for T.

Hence ¢ is well-defined and the desired result; that is, if

M € Lat(T) is nontrivial, then (M) € Lat(T) is also nontrivial.
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(Continue Proof)
(=) A
¢: La(T) — Lat (T)
\ |
N () = (VPN)

Want: ¢ is well-defined and if A/ is nontrivial, then (\/I3N) is
also nontrivial.

Let A" be a common nontrivial invariant subspace for
T=(Ty,---, Tn). Then, we have

T VivP
TN=| : |[N= : VPN CEPH; - (9)

T, Var/P =
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(Continue Proof) Now, let us show that (ﬁ/\f) is nontrivial.
Since Ty, T, - - - , T, are all quasi-affinities, we have

kervVP = kerP=ker(TiTy +---+ TiTp)
= ker(Ty)n---Nker(T,) = {0}.

Thus, v/P is one-to-one, and so (x/ﬁ/\/') +{0}.

On the other hand, suppose that (ﬁ/\/’) = H. Since T; has
V;

denserange foralli=1,2,--- ,n, V= : is an onto
Vi

isometry (by (2)/).

Since v/P has dense range, forall i =1,2,--- ,n, Vv/P maps

dense sets in # into dense sets in @, H,i.
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(Continue Proof)
Hence, by (9), we have

(TN) C DL N # D Hiand (TN) = DL M- (10),

where N; = N and H; = H.
Hence, (10) drives a contradiction. Thus, v/PN can not be a
dense set, that is, we have (ﬁ/\/) + H. Therefore, (\/TDJ\/>

is nontrivial.
Recall

¢+ La(T)  Lat(T) given by ¢(\) = (VPN').
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(Continue Proof)

Then, ¢ is well-defined, in fact, for a common invariant
subspace N for T, we have fori=1,2,--- . n

T,(VPN) = (VPVVP) (VPN) = VPVPN

= VPTWV C VPN C (VPN).

Thus, ¢(N) = (ﬁN) is a common invariant subspace for T.

~

Therefore, we have that there is a mapping ¢ : Lat(T) — Lat(T)
such that, if V' € Lat(T) is nontrivial, then ¢(N) € Lat(T) is also
nontrivial.
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(Continue Proof)

Claim 1: If ker(T;) # {0} forsome i € {1,2,--- ,n}, then
ker(T;) is a common nontrivial invariant subspace for T.

Proof of Claim 1: Clearly, ker T; € Lat(T;). By the
commutativity of T, forj =1,2,--- | n,

Ti(Tj(ker(T;))) = T;Ti(ker(T;)) = 0.
Thus, forj=1,2,--- 'n,
Ti(ker(T)) € ker(T)) -+ (11).

Hence, ker T; # {0}, H is a common invariant subspace for T
and we prove Claim 1.
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(Continue Proof)

Case 2: Suppose ker(T;) # {0} forsome i€ {1,2,--- ,n}.
Since T; and T; commute for j =1,2,--- , n, by the above
Claim 1, we have

Ti(ker(T;)) € ker(Ti)- -+ (11)

Therefore, ker(T;) is a common invariant subspace for T.
On the other hand, we consider two subcases,
that is, ker(P) # {0} or ker(P) = {0}.

If ker(P) # {0}, then ker(v/P) = ker(P) # {0}. Since T; # 0 for
allj=1,2,--- ,n, ker(P) # H. Thus, we have ker(P) # {0}, #,
so that

T (ker(\/ﬁ)) =VPVVP (ker(\fP)) C ker(V/P).

Hence, T has a common invariant subspace.
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(Continue Proof)

If ker(P) = {0}, then ker(v/P) = {0}, so that v/P has a dense
range.

I (\/ﬁ(ker(r,-))) = H, then
Viv/PVP(ker(T})) = Ti(ker(T;)) =0 = Viv/P(H) =0

so that, V; = 0, that is, T; = 0. Thus, this drives a contradiction
to T; # 0. Therefore, (\/ﬁ(ker( ))) # H.

<\f( r(T, ))) — {0}, then ker(T;) = {0} (because of
ker(v/P) = {0}) which is contradictive to our assumption.
Thus, ( (ker(T))) # {0}. Therefore, we have

(VP (ker(T))) # {0} A.
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(Continue Proof)
Now, we have for j=1,2,--- . n,

T (VP(ker(T))) = (VPVVP) (VP (ker(T)))
_ (\/T:vj) (P (ker(T;))) = VPTj (ker(T;))
C VP (ker(T) (by (1)
c (VP (ker(T))).

Hence, <\/ﬁ(ker(7',-))> is a common nontrivial invariant

subspace for T.
Therefore, we have the desired result.
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A commuting n-tuple T = (Ty,---, Tp) is said to doubly
commute

if T;T; = T;T; and T,-Tj* = Tj*T,-foraII i,j=1,2,--- ;nand i # j.
Lemma 20: Let T = (Ty,---, Tp) = (U1| T1|,--- , Un|Th|) be a
doubly commuting n-tuple of injective operators.

Then, we have fori,j=1,2,--- ;nand j #j

@) |7l | Tj| = ITITil, (0) Uiy = Ui, and (0) [Tif=Uj = U T2
Lemma21: f T=(Ty,---, Tp) = (Us|Tq|,--- , Un| Tn|) is @
doubly commuting n-tuple of operators, then Tis commuting
n-tuple of operators.

Proof:

Note thatfori,j=1,2,--- | n

Ty = I TEUITIE T YT = [ TEYITETEUITIS = TT.
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Theorem 22: Let T = (T4, - -, T,) be a doubly commuting
n-tuple of quasi-affinities.

Then, T has a common nontrivial invariant subspace if and only

if T does.
Proof:
(=)
p: La(T) —» Lat(T)
| |
K Uy Un| T2 - | Tol2K

Then p is well-defined and if K is nontrivial, then
Uy - Un| T4 |% e \Tn|%IC is also nontrivial.



(4) Invariant subspaces
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| |
c I Ti[2| o2 - | Tal2£
Then ¢ is well-defined and if £ is nontrivial, then
|T1|2|T2|2 - - | To|2 L is also nontrivial.
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Theorem 23: Let T=(Tq,--- , Ty) be a commuting n-tuple of
operators with dense ranges.

Then, T¢ has a common nontrivial invariant subspace if and
only if T does.

Proof: Want to show that there are mappings

Jor: Lat ('TE) — Lat(T)

| |
M a(M) ;

| |
BN) «+— N 3P
such that if M € Lat (Te) (resp. N € Lat(T)) is nontrivial, then
a(M) € Lat(T) (resp. S(N) € Lat ('T'E)) is also nontrivial,
where a(M) := (V4 PV, - PV,P1=¢(M)) and B(N) := P (N).
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(1) Generalized Aluthge transforms for commuting

pairs

2
‘H : complex Hilbert space

B(#) : algebra of bounded operators on H
Let S € B(*), with the polar decomposition S = U|S]|,
where U is a partial isometry with kerU = kerS and

S| := VS'S.

The Aluthge transform of S is the operator

S:=|S|2U|S]z.



(1) Generalized Aluthge transforms for commuting

pairs

3
The generalized Aluthge transform S¢ of S'is

Se = |S|cUIS|,

where 0 < e < 1,
and the Duggal transform SPof Siis

SP .= |s|U.



(1) Generalized Aluthge transforms for commuting

pairs

4
Recall toral polar decomposition of T = ( Ty, T2)

T:=(Ui|Tq|, Ua| T2]) .
and the generalized toral Aluthge transform of T
To= (T3, T5) = (T Ui T | T G| TI'™) (0 < e < 1),
Recall the spherical polar decomposition of T
T = (V4P, VoP), where P = (T Ty + T; Tp)z .
and generalized spherical Aluthge transform of T
Te .= (T6, T5) = (P VP, PTVoP' =) (0<e<1).



(1) Generalized Aluthge transforms for commuting

pairs

5

Recall that:

Let T = (T4, T») be a commuting pair of operators. Then,
(i) the spherical Aluthge transform 'I' is also commuting.
(i) the spherical Duggal transform T? is also commuting.
(iii) the generalized spherical Aluthge transform T¢ is also
commuting.
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In [JKP2], I.B. Jung, E. Ko and C. Pearcy proved that T and T
have the same spectrum.

In [CJL], M. Cho, I.B. Jung, and W.Y. Lee also proved that T
and TP have the same spectrum.

We next show that these results may be extended to the toral
and spherical (generalized spherical) Aluthge transform.

For this, we introduce the Taylor spectrum and Taylor essential
spectrum of commuting n-tuples T = (Ty,--- , Tp).

For additional facts about this notion of a joint spectrum, the
reader is referred to ([Cu1], [Appl], [Cu3]).
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Let A = An[e] be the complex exterior algebra on n generators
e1,...,enpwith identity g = 1,

multiplication denoted by A (wedge product) and complex
coefficients, subject to the collapsing property

eine+eNne=0(1<ij<1)ande Nne =0.

The elements e, A... A g, (1 <ji <...<jx < n)form a basis
for Ak, where

N = (eg) =C,N' = (&))@ - D (en),

N =(esNe) D @(ep_1Nep),and N = (g1 A--- A ep).
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The exterior algebra over C is then given by

A= {ZJaJeJ:eJ:eh AT andaJeC}.
A = Anle] is graded, that is, A = & A, with A" A AK C AIFK,
. n
Moreover, dim Ak = <k> , S0 that, as a vector space over C,

n
AK is isomorphic to (C(k> =CoCo---®C.

n
<k> - sums
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Some properties of wedge product.

(i) (k-form) A (¢-form) — (k + £)-form, (k,¢ € Z.),

(i) (Wi +wa)An=wi An+wsAn,

(i) egNej=—eNeand e N e =0,

(iv) (eine)Nexk=eiN(eAek),

(V) wAhan=a(wAn)=awAn if aisa0-form,ie., a € C.
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forms Geometric meaning basis

0 A0 = (gg) = C 1

1 AN =(e))@-- @ (en) e1,...,6n

2 N =(ejN&)D---®(ep_1ANey) e Nea...,en1Aen
n N'= (et N---Nep) ey N---Nep
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Denote A = Aq[e] = & A’ and we call Ay[€] the exterior
algebra on n generators with inner product

(0t
<elveJ> _{ 1ifl=Jd °’

where I,J C {1,2,....n},e;=e, Ne, \N...\€,
ey=¢e,Ne, N...N\gj, {iy ik s Je €{1,...,n}.
(Anlel, (,)) is Hilbert space with orthonormal basis

{607817627...,en,e1/\627...,61/\.../\en} ={e:1C{1,...,n}}.
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If S € B(X), one keeps the same symbol S to denote the
operator defined on Ap[e, X] by S(>_,xe)) =>,S(x) e

Let E; : An[e, X] — Aple, X] be given by e, — e; A e/ and we
call it the creation operator.

We will now compute E; relative to the above mentioned inner

product.
Any form e; € Ay[e, X] can be uniquely decomposed as

er=e N+,
where &', £¢” have no e; contribution. Then
(Efeney) = (e Ejey)
= (eng,einey)+ <§”, e\ 9J> = (¢, ey).

Therefore, Efe; = ¢'.



(2) Taylor spectra

13
Claim: E;E; + E;E/ = §j.

Proof of Claim: If /i = j, then
(ETEj+ EiEf)(e) = (EfEi+EE)(eing +¢£")
= E'Ei(¢") + EiEf(e)
Ei(eine”)+ E¢
g rent =e.
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If i  j, then

(EfEj+ EiE})(ei nE' +£7)

= E;*(e,- NeiNE + e N 5//) + E/(fl)
= —E,*(e,- AN A &+ e N &M+ E,(E’)
=—eg N +egNE =0

Moreover, E; is a partial isometry
( E,'E;kE,' = E,‘(/ — E,'E,-*) = E,' — EI-ZE,-* = E,’)
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Given a normed space (Banach space) X’; the exterior algebra

over X is defined to be

={>X xes:ey=6,A...Ag,and x; € X}.

The subspace

N = N[X] = Ne, X]
= {Z'J'ZKXJQJ 18y =€ /\.../\ejk and Xy € X}

and A'[e, X] can be identified with XY @ X @ --- @ X.
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Koszul Complex

Set Ale, X] = X @c Agle] = X @c BT N = &7 X ®c N,
where Ay[€e] is in page 11.

LetT=(Tq,---, Tp)and Dy := "7, T; ® Ej;, where T; is an
operator on X and

Dr: A(X) — A(X)
I ‘ .
xX®e; 27:1 T,-x,®e,-/\e/

(note that Y, xje1 = >, X ® €))
Then Dy o Dy = 0.
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Claim: DyoDy =0

Proof of Claim:
Dro Dr(xi @ e) = X114 TiTixi © EjEje
=30 TiTxi® EiEje + 321, TiTixi ® EiEje; + 351 TiTjxi ® EiEjey

=YL TiTixi® EiEje; — 31 TiTix; @ EiEje; = 0
(because T;T; = T;T))
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From the above Claim given above, we have RanDy C KerDy.
Thus this naturally leads to a cochain complex (because
KerDi™' /RanDj : cohomology for all i € {0,1,--- ,n—1}),
called the Koszul complex for T = (T4,..., T,), and
denoted K(T,X):

Do Di p—1 D=0
0% xon T xeonal T ... L o xear 5,

where D denotes the restriction of Dy to the subspace X @ A'.

If RanDj = KerDf™ (all i € {0,1,---,n— 1}), then the above
cochain complex is said to exact.
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Taylor spectrum o7 (T) :

Let T = (T4, T>) be a commuting pair of operators on a Banach
space X. We define T to be invertible in case its associated
Koszul complex K(T,X) is exact, that is,

RanDj = KerDf™' (all i € {0,1}).

The commuting T is said to be non-singular on X, if
RanDj = KerD{™ (all i € {0,1}).

or(T) == {(M,A2) € C?: (T1 — A1, T2 — Xo) is singular}
={(M,X2) € C2: K((T1 — M\, T2 — X2) /H)) is not exact}
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J. L. Taylor showed that, if X (# {0}) is a Banach space, then
or1(T) is a nonempty, compact subset of the polydisc of
multiradius r(T) := (r(T1),...,r(Tn)),

where r(T;) is the spectral radius of T;. ([Tay1], [Tay2]).

When n = 1, the Koszul complex is

DO D1=0
0% xont I xoal L0

o-(33)

and
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o o
N——

(- Dr=TQE,

Dr(x®eg) =D¥(x® &) = T®E(x® e) = Tx® Eeg
=Tx®e Ney=Tx ® ey and

Drx®e)=Di(x®e)=Tx®EX®e)
=Tx®Eer=Tx®e Ne=0.)
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Also

e (22

{(x,y): Tx=0}=N(T)® X.

and

R(Dr) = {0} @ R(T)
If N(Dr) = R(Dr), then T = T is invertible.
It follows that o1 = 0.
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When n= 2, thatis, T = (T, Tz), the Koszul complex is

DO D] D2=0
0% xeon T xeoal T xear? 50,

where D and D} are defined by D%x = Tix & Tox (x € &) and
D-1|-(X1 @Xg) =—Toxi + T1Xxo (X1,X2 S X)

Then, we have

N(Dr) = {N(T1) " N(T2)} ® {(x1,x2) : Toxs = Tixe} © X
R(Dr) = 0@ {(Tix, Tox) : x € X} @ {R(T;) + R(T2)}, where

. 0 0 0 0
T, 0 0 0

— N T ®E =
Dr ;'g" ., 0 0 0
0 -T, T; O
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0 0 0
2 _,_1
DT:,E;T"@E': (T2> 0 0
. 0 (-T2 T4) 0

(- Dr=Y%,Ti®E,
DT(X® eo) = D-?-(X@ eo) =Tix® Eey ® Tox ® Egg
=TixeNegd Toxxe  ANeg=Tixe; d Thox® e and

Dr(xi@er®x®e)=Dix®e & x e
=-—Toxy@eNer+ Tixo® ex A ey.)
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When n =3,
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For an n-tuple T = (Ty,..., Tp), the first mapping DY can be
interpreted as D9 : X — X" defined by D%x = &7, Tix (x € X).
Similarly, DY : X — X" is defined by

D (@ x) = S0y (—1)7" Tixi.

For hyponormal W, = shift(«ag, a4, - ),

o(W,) :={xeC: W, — Xis notinvertible} is a closed disk
with the radius || W, ||

S € B(H) is called a Fredrolm operator if S(H) is closed,

dim (ker S) < oo, and dim (ker S*) = dim (H/S(H)) < oc.

e (W,) :={X € C: W, — Xis not Fredrolm} is a circle with the
radius || W, ||

The Fredrolm index of the open disk is

dim (ker W,,) — dim (ker W) = —1
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Recall: let S € B(*) and its range admits a closed
complementary subspace. Then S(#) is closed.

Proof: Let C be a closed complement for the range. We can
assume that S is injective since ker S is a closed subspace and
hence #/ker S is a Banach space so we can replace S by the
induced map from this quotient.

Consider H = S(H) ¢ C and the map W : H & C — H defined
by W (x,c) = S(x) + c. Then, the space H & C is Banach
space with the norm ||(x, ¢)|| = ||x|| + ||c||, W is bounded linear
operator, and by the open mapping theorem,

Ran (W) = W (H @ {0}) = S(#) is closed.

Thus, dim (H/S(H)) < co = S(H) is closed.
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Recall that the Taylor spectrum o7(T) of T = (T4, Tp) is

or(T) == {(M,A2) € C2: K((T1 — A1, Ta — X2) , H) is not invertible }

T is called Fredholm if ranDy is closed and

dim (ker Dy /ranDr) < oc.

We can also define the Taylor essential spectrum o 7(T) of
T= (T4, T>) as follows:

o7e(T) := {(M,X2) € C%: (Ty — Ay, T2 — \2) is not Fredholm}.

The Fredrolm index of (Tq, To) is
S, (=1) dim (Ker[);+1 /RanD-’i-).
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Recall:

Assume that (T4, T2) = (V4 P, Vo P), where

P=(T;Ty + T3 T2)"/2, and let

(Th, T2) = (Th, T2) == (VPViVP,VPVoVP).

Assume also that ( Ty, Tz) is commutative. Then we have:
(i) (V4, Vo) is a (joint) partial isometry; more precisely,

Vi Vi + V5 Vs is the projection onto ran P;

(i) (Ty, T2) is commutative.
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Theorem 1: Let T = (T4, T) be a commuting pair. Then, we
have that T is (Taylor) invertible if and only if Tis (Taylor)
invertible.

Proof:

Consider a short Koszul complex K(T,H) associated to T on #:

H
KTH) :0—H-Ls @ "2y o,
H

T4
T2 ) and D.} = (_TQ; T1)

If T is invertible, that is, K(T,%) is exact, then T is injective,
(=T, Ty) isonto, and ran (T) = ker(—Tp, T1).

where D9 =T =
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(Continue Proof)
H
KTH): 0 — # = @ Y 4 5 o
H
Lo Ly Ly
- H —
KTH): 0 — H & @ 2V 4 oo
H
5 e I
H
KTH): 0 — # 5 @ 2V 4 5 o
H
................................................... (0)
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(Continue Proof)
Claim 1: If T = (T4, T») is invertible, then VP is invertible.

Proof of Claim 1:

Since T is invertible, T = T = VP = Vi Pis
T Vo

injective.

Thus, ker (T) = {0}. Since ker(T) =ker(P) = {0}, Pis
injective, that is, v/P is injective.

For any operator T € B(H, K), we note

T € B(#,K) is injective if and only if R(T*) isdensein # ---(1)
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(Continue Proof)

T € B(#,K) is injective if and only if R(T*) isdensein # ---(1)

(why?)
H T=V K
| |
ker T =ker V =ker P ker T*
D D
_>

ranP = (ker T)* = ranT~ i ranT
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(Continue Proof)
Since T is injective, it follows from (1) that

TH)+T, (M) =P(Vi(H)+ V3 (H)=H 2)
= P(H) 2 P (Vi (H)+ V3 (H)) =H.

Since P is continuous, by (2), P is onto, that is, v/P is onto.
Therefore, we have proved Claim 1.
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(Continue Proof)
By Claim 1, we can see that ¢ = ¢ =: VP and ¢ := VP & VP
are all isomorphisms. N R
Since ¢, ¢, and ¢ are all invertible, T is injective and T is onto,
because T is injective and T is onto. Thus, we only need to
show that B -

ran (T) = ker(—Tp, Ty).

(S):
If y € ran (7‘) then there exists x € H such that

T(X)=y=y1+y2 € HDH, thatis,
VPViVP(x)=y;and VPVoV/P(X) =y ++--- (3)
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(Continue Proof)
Note that

(—vPVo/P, VPV, V/P) ( 2 )

= (—VPVoPViVP + VPV PV2\/P) (x)
= (—VPV:PViVP+ VPV, PV2\/:B§ VP(z)
(- VPisinvertible)

— VP(-ToTi + i T) (2)
=VP(~T1T2 + T1T2)(2) = 0

whenever x € ran /P and VP (z) = x.
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(Continue Proof)

Therefore, y € ker(—ﬁﬁ. Thus, we have
ran (T) Cher(<Tp, Tr)-++-+(4)
(2):

Conversely, if y € ker (—/Tgﬁ} ), then we can say
y=Yy1+Ys € HEPH and

(—VPVo/P.VBVi\/P) ( “ ) _0o
— ﬁ(—VQ\/ﬁ(%)Jr V1\/ﬁ(,\’2)> =0
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(Continue Proof)
Now, by (5) and Claim 1, we have

~VoVP(y1) + VivVP(y2) =0+ - (6)

If y1,y» € ran /P (.- /P is invertible), then there exist
X1, Xz € H such that yy = VP (x7) and y» = VP (x2). Thus, (6)
implies
VP () + WP () =0 — (-To. ) ( 0 ) =0
Xo . (7)

— X=X{ + X2 € ker(—=Tp, Ty) =ran (T)

Hence, there exists z € H such that Ty (z) = x; and
T2 (Z) = Xo.
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(Continue Proof)
Note thatfori=1,2

Ti(z) = x;
= VPViVPVP(2) = VPx =y
— \/ﬁ\/l\/P(W) =y, (8)

= Y =Yi1+ )Y €Eran <T>,

where w = VP (z) € H.
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(Continue Proof)
Therefore, we have

ker (— T, T1) C ran (?) ...... (9)
Recall
ran (7') C ker(—/Tzﬁ}) ...... (4)

Therefore, by (4) and (9), we have
ker (—Tp, Ty) = ran (?) ...... (10)

that is, if T is invertible, then T is also invertible.
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(Continue Proof)

(=) Let T be invertible. We first prove the following claim:
Claim 2: If T is invertible, then v/P is invertible.

Proof of Claim 2: Since Tis invertible, Tis injective and Tis
onto. Since Tisonto, T1 (H) — To (H) = H, that is

VPViVP(H) —VPVoV/P(H) =H
= VP (VivP (1) - Vov/P(
— VP (VivP(H) - VaVP(H)) C VP (H) = 1.

Thus, v/P is onto. Since H = (ran ﬁ) @ ker VP,

ker+/P = {0}, which says that v/P is injective. Therefore, v/P
is invertible and we have proved Claim 2.
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(Continue Proof)

~ _ _ —1
Since T is invertible, we let ¢ = ¢ := (\/ﬁ) and
-1 -1
7=(vP) @ (vP) ().
By Claim 2, we can see that ¢, i, and ¢ are all isomorphisms.

Since ¢, p, and ¢ are all bijectives, T is injective and T is onto.
Thus, we only need to show that

ran (T) =ker(T).

(C) : If y € ran (T), then there exists x € H such that
T(X)=y=yi+ys € HPH, thatis, for i = 1,2 V;P(x) = y,.
Observe

(—VuP, V4 P) ( ? > — (—VuPV; P + PV;PVsP) (x)
o .
=(—-ToT1 + T1T2) =0.

..(11)
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(Continue Proof)
Thus, y € ker (T). Therefore, we have

ran (T) Cker(T)------ (12)

(2):
Conversly, if y € ker (T),theny = y1 + y» € HP H and

(—=VaP (1) + ViP(y2)) =0 = —VPVoP (y1) + VPViP(y2) =0
— —VPVVP (VP (1)) + VPViVP (VP (2)) =0

JP L -
= ( \/gg;; > € ker (T) = ran (T)

Observe that Claim 2 implies that there exists v/P (z) € H for
any z € 1, because v/P is onto.
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(Continue Proof)
Thus, by (13), we have that for i = 1,2

VPVVP (VP (2)) = VP (%)

— Ti(2)=yi= y €ran (7).
Hence, we have
ker(T) Cran (T)------ (14)
Therefore, by (12) and (14), we have
ker (T) =ran (T),

that is, if Tis invertible, then T is also invertible. Hence, we
complete our proof.
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Next consider whether T is Fredholm if and only if Tis
Fredholm.

Theorem 2: Let T = (T4, T») be a commuting pgir.
Then, we have that T is Fredholm if and only if T is Fredholm.

Proof:
Claim 1: If T = (Ty, T») is Fredholm, then /P is Fredholm, that

is, vP(H) is closed, dim (ker\/l3> < 00, and
dim (%/\//3(7{)) < oo.

Proof of Claim 1: Since T is Fredholm, ran (T) is closed in
HEP H and ran (—Tp, Ty) is closed in H, and

dim (ker(T)),dim (ker (=T, T1)/ran(T)) ,dim (H /ran(— Ty, T1)) < oc.
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(Continue Proof)
Since dim (ker (T)) < oo and ker (T) = ker (P), we have

dim (ker (P)) = dim (ker (vVP)) < cc.

Since dim (ker(ﬁ)) < oo and /P is continuou, we have
H = ker VP @ (ran VP) = kervP® (ran vP) and
dim (#/VP(H)) < oc.

Thus, vV/P(#) is closed and +/P is Fredholm.
Therefore, we have proved Claim 1.
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(Continue Proof)

Claim 2: Ii Tis is Fredholrl\, then VP is Fredholm.

Proof of Claim 2: Since T is Fredholm, ran(T) is closed in
HEPH and ran(—?'g, 7’1) is closed in H, and

dim(ker (T)), dim(ker (— T», T1)/ran(T)), dim(# /ran(— Tz, T1)) < oo.
Since dim (H/ran(—?'g, 7’1)) < o0, we have
H = ran(— T, T1) & N, where dim (N) < oo, that is,
VPViVP(H) = VPVeVP(H)+ N="H
— Jﬁ(wﬁ(m _ Vg\/T’(H)) FN=%H
= VP(H)+NDH=VP(H)+N="1.
Thus, dim (#/v/P(H)) < . Since H = kerv/P & (ran V/P),
we have dim (ker(ﬁ)) < oo0.

Jasang Yoon
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(Continue Proof)

(=) Let T be Fredholm. Then, by Claim 1, /P is invertible in
the Calkin algebra & = B(#H)/K(#), where K(#) is a maximal
norm-closed ideal of compact operators in B(#). Consider the
following Koszul complexes:

Let K(T) := K(T.£) and K(T) := K(T.¢£).

£
KT o — & L @ B ¢ o0
3
o1l o [ A LY
_ ¢ -
KT 0o — ¢ L o 2 ¢ 50
£
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(Continue Proof) N

let¢ =9y =+vPandp=vVP@&VP. Then, Top=poT.
Hence, by the similar argument of Claim 1 in the proof of
Theorem 1, we can see that T is Fredholm.

(«<=) Let T be Fredholm. By Claim 2, we have that /P is

_ _ —1
invertible in the Calkin algebra &. Let ¢ = ¢ = (\/TD) and

—1 —1 ~ _
P = (\/13) ® (x/ﬁ) . ThenBo T = To¢. By the similar
argument of Claim 2 in the proof of Theorem 1, we have that T
is Fredholm, as desired.
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We now consider whether T—\ is invertible if and only if T-\is
invertible, where A = (A, \2) € C.

For this, we recall the criss-cross commutativity of pair of
operators.

Let A = (A4, A2) and B = (B4, By) be pairs and consider

AB : = (A{By,ABy).

If A and B are commuting pairs, there is no reason that AB
remains a commuting.

To ensure that AB remains a commuting pair, suitable extra
conditions are needed.

One of conditions is the so-called “criss-cross commutativity”.
The pairs A and B are said to be criss-cross commuting
provided that forevery 1 < i j k<2

A,'BjAk = AkBjA,' and B,'AjBk = BkAjB,
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The pairs A and B are said nearly commuting provided that
AiB; = B;A; for every i # |.

Example of criss-cross commuting tuples of operators:

010 01 2
LetA= (A, A)= (|00 1],]0 0 1])
({o 0 o] [o 00
120 110
andB = (B;,B)=| | 0 1 2],{0 1 1D
([oo1 00 1

Then A and B are commuting pairs. Furthermore. they are
criss-cross commuting.
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Recently, C. Benhida and R. Curto have proved the following
result:

Lemma 3: LetS = (S1,S,) and T = (T4, T2) be pairs of
operators satisfying the criss-cross commutativity condition.
If ST and TS are both commuting, then

o1 (ST)\{(0,0)} = o7 (TS)\ {(0,0)}
and o7, (ST)\ {(0,0)} = 07 (TS) \ {(0, 0)},

where o7 (T) means the Taylor essential spectrum of T.
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Corollary 4: Let T = (T4, T») be a commuting pair. Then, we
have

o7 (?) —or(T) - (16)

Proof: We put A = (V4+/P, Vov/P) and B = (vVP,V/P). If
A = (0,0), then we use Theorem 1 for (16).

If A # (0,0), then we use Lemma 4 for (16) and our proof is
completed.
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Corollary 5: Let T = (T4, T») be a commuting pair. Then, we
have

1o (F) = om (M) (17

Proof: We put A = (V4+/P, Vov/P) and B = (vP,V/P). If
A = (0,0), then we use Theorem 3 for (17).

If A # (0,0), then we use Lemma 4 for (17) and our proof is
completed.
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Theorem 6: Let T = (T4, T»2) be a commuting pair. Then, for
0 <e<1,we have

o7 (T) =or (T)

and
OTe <?6> = O0Te (T)
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We next study the Fredrolm index of (T4, T2). We recall that
the Fredrolm index of T = (T4, T») is

1

ind (T Z )’ dim (kerD'Jr1 /ranDT>

i=0

Theorem 7: Let T = (T4, T2) be a commuting pair. Then, we
have that T is Fredholm if and only if T is Fredholm.
Furthermore,

ind (?) — ind (T).

Proof: We note that if T (resp ?) is Fredholm, then ¢ = ¢ = VP
is invertible in Calkin algebra & = B(H)/K(H).

Since /P is invertible in Calkin algebra &, by the similar proof
in Theorem 1, we have that ind ('T') — ind (T), that is,
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(Continue Proof)

ind (T)
= dim (kerTy NkerT,) — dim (ker( To, T1)/ranT) + H/ran( To, Th)
= dim(ker Ty NkerT,) — dim(ker(— T2, Ty)/ranT) + H /ran(— Tg, Ty)

— ind (‘T‘)
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Lemma 8: Let A = (A4,A2) and B = (By, By) be criss-cross
commuting pairs

LetC = (A1 By —)\,AB> — )\2) and D = (B1A1 — A, BoAs — )\2),
where there exists at least one k such that Ay # 0 (k = 1,2).
Then, C is Fredholm if and only if D is Fredholm.

In this case, we have

ind (C) = ind (D) and
dim (keng” /ranog) — dim (kerD,";1 /ranD,"3> (i=0,1),

where ind (C) is the Fredrolm index of C.
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Theorem 9: ForO<e<1andT=(T; — A\, To — A\2), we have

ind (?) — ind (T),

where A\ # 0 (k =1,2).
Proof: Clear from Theorem 7 and Lemma 8.
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Open problems:

Problem 1. ([Exn], [LY2])
If W, is a subnormal weighted shift with Berger measure p, are
the following statements equivalent?

(i)  has a square root; (ii) The Aluthge transform W, is
subnormal.

Problem 2. [CuYo5] Let S be an operator and let k > 2.

Do the k-hyponormality of S imply the k-hyponormality of S2?
Do the k-hyponormality of S and S imply the k-hyponormality
of §2?

Concretely, the k-hyponormality of W,, and W,, imply the
k-hyponormality of W2?
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A quasinormal operator is said to be purely quasinormal if there
exists no subspace M of H which is invariant under T such that
T|am is normal, where Ty, means the restriction of T to the
invariant subspace M.

We recall that the Hilbert space dimension of the subspace
(Uy(H))" is called the multiplicity of a unilateral shift U...

We let multi (U,) be the multiplicity of a unilateral shift U...
Theorem 8: ([Bro], [Con]) S € B(H) with a polar decomposition
S = U|S] is a (purely) quasinormal operator if and only if there
exists a positive operator A € B(H) with ker A = {0} such that
S = U, ® A, where U, is a unilateral shift with

multi(Uy) =ne N, U= U; ® Iy, and |S| = [y ® A with

H =M & N. Furthermore, if the polar decomposition S = U|S|
is unique, then, up to a unitary equivalence, U, and Ain

S = U, ® A are uniquely determined.
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Hence for n > 1, 8" = U] ® A" and (S*)" = (U3)" ® A", so that

(S*) S — I®A2n Sn(s*) SN — Un ASn,
and S"(S*)" 8" = U7 @ A"

Therefore, we have [S", (S*)" S"] =0, thatis, S" is
quasinormal. Thus, we can ask:

Problem 3. If S? is quasinormal, then is S quasinormal?

-\ 2
Problem 4. If S and (S) are both quasinormal, then is S
quasinormal?
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We can also give an answer to Problem 4.

For this, we let H = (3(Z) = /X {ei}-
Givenintegers mand h(h>1,0 < m< h—1), define
Hm = ViZolenitm}; clearly,

For a weight sequence o = {an}2,, we let

(o]
Woc(h:m) := shift (ng;éahi-s-m—&-n) i=0 ;
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For a weight sequence o = {an}2,, we let

i h-1_ <

Wa(h:m) := shift <nn:0ahl+m+n> i—o
that is, W,,(n.m) denotes the sequence of products of weights in
adjacent packets of size h, beginning with ;- - - amip—1.
For example, given a weight sequence a = {an}52,, we have
Wa(2:0) = Shift(OéoOq , 0003, ) and
Wa(3:2) = shift(a2a3a4, a506Q7, " "+ )
Forh>1,and 0 < m < h—1, we note that W, (x.m) is unitarily
equivalent to W5, . Therefore, W is unitarily equivalent to

70 Wa(nm) [CuP]
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Problem 5. [CuYo5] When does the subnormality of S imply
the subnormality of S ?

Problem 6. Let T = (T4, T) be a commuting pair and
spherically quasinormal with purely quasinormals Ty and To.
Can we say that there exist a (joint) isometry U = (U, U») and
P>0suchthatT=U® P?

Problem 7. If W, g is a subnormal with Berger measure p,
are the following statements equivalent?

(i) » has a square root; (ii) The spherical Aluthge transform

—

Wia,s) Of W(q,g) is subnormal.
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We use g (resp. H) to denote the set of commuting pairs of
subnormal operators (resp. subnormal pairs) on Hilbert space.
For k > 1, we let $x denote the class of k-hyponormal pairs in
$o-

Clearly, o0 € -~ C Hx C - C H2 C Hy C Ho. The main
results in ([CLY1], [CuYo1]) show that these inclusions are all
proper.

Recently, in [LLY3] we gave a negative answer to the Lubin’s
question (iii):

If (T4, T2) is a pair of commuting subnormal operators on H, do
they admit commuting normal extensions (i) when p( Ty, T2) is
subnormal for every 2-variable polynomial p, (ii) when T; + sT,
(all s € C) is subnormal, or more weakly, and (iii) when T + T>
is subnormal?
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Problem 8. [Lu1] If T = (T4, T2) € $H9, do T admit commuting
normal extensions when T; + sT, (all s € C) is subnormal?
Problem 9. [CLY1] I TV = (T2, T,), T2 = (T4, T2) € Heo,
then do T admit commuting normal extensions?

For Problem 9, we split the ambient space ¢2(Z2 ) into an

: m—1 n—1 4,(m,n)
orthogonal direct sum @5, ©g-g H,, ', where

HEZ;;)) = V{€miipnkiq  k=0,1,2,---,£=0,1,2,---}.

Let W(m ”)|H(mn be the restriction of W(m " 10 the space

2 (p,a) (@5)
(m,n) (m,n) (m.n) 4q
Hpq) - Eachof 7, o reduces 7" and T3, and W, 5" i
subnormal if and only if each W™ ”)\ ) is subnormal.

(a.8)
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We let o k P )|H(mn and B (ki k \ (mn ) be the weights of

m,n
W((aw@))|H 7
Problem 10. [CLY11] If one of T3") and T(':2) is spherically
quasinormal, then do T admit commuting normal extensions?
Problem 11. Let S = (54, Sz) and T = (T4, T2) be doubly
commutative.
If (S1,S2) = (W1Q, WoQ) (resp. (Tq, T2) = (V4 P, VoP)) is the
spherical polar decomposition of S (resp. T),
is it true that (S1 T, S Tg) = (W1 Vi QP, W5 VZQP) is the
spherical polar decomposition of ST =(S; 71, S> T5)?
Problem 12: If T=T =T, thenis T (jointly) quasinormal?
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